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PaccMoTpeH mpakTH4eCKM YHHMBEpPCAJIbHBI METOJ  AHAJUTHUYECKOTO  OIMCAHMS
MH(POPMALMOHHBIX JaHHBIX. B mpeiaraeMoM y4eOHOM MOCOOMHM TO CIIEIHAIBHBIM (DyHKIHSIM
NPUBEICHbl IOAPOOHBIE CBEJEHHMS O 3aMEYaTeNbHBIX allpPOKCHUMATHBHBIX CBOMCTBax
KJIACCUYECKUX OPTOrOHAJIBHBIX TOJIMHOMOB U (YHKIMHA HENpepbIBHOTO U JUCKPETHOTO
aprymMeHTa, KOTOpble Ha OCHOBE MeToAa HauMmeHbliux kBaapaTtoB (MHK) mnozBomstor
JIOCTaTOYHO MPOCTO AHAJIUTHYECKU OMMCHIBATH PE3yJbTAThl HATYPHBIX MCIBITAHUM, YUCIOBBIX
pacueToB, IaHHBIX SKCIIEPUMEHTOB U T.II.

N3ydeHnue cpaBHHUTENbHBIX ANNpPOKCUMATUBHBIX CBONCTB OPTOTOHAJbHBIX 0a3HCOB U3
yyciaa  KIACCHYECKHUX  BBI3BAHO  HEOOXOJUMMOCTBIO  TMOJYYEHHMS  3aJlaHHOW  TOYHOCTH
AQHAJIUTUYECKOTO ONKCAHMsI CUTHAJIOB Han00J1e€ KOPOTKUM OTPE3KOM OPTOrOHAJIBHOIO psifa. ITO
no3BojsieT 3((EKTUBHO pellaTh 3aJauyd pAclo3HaBaHUsA B IIUPOKOM CMBICIE, a TaKXke
CHOCOOCTBYET YCHELIHOMY PEIeHHIO 0OpaTHBIX HEKOPPEKTHO MOCTaBJIEHHBIX 3a]1ay.
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M1 JOJIDKHBI 3HATh — MBI 6YI[6M 3HATh.

J.I'uns06epr.

BBenenue

TenaeHUMU K pocTy 00beMOB MH(POPMALMOHHBIX MAaCCHUBOB M MOBBIIIEHUIO TPEOOBaHUH K
TOYHOCTH M TIOJIHOTE UX 00pa0OTKM 32 MUHUMAJIbHOE BPEMsI 3aCTaBISIOT Pa3paOOTUNKOB HOBBIX
MHQOPMALMOHHBIX CHCTEM HapaluBaTh WX BBIYHCIHTENBHBIE MOITHOCTH. HempepsiBHOE
yBEJIMYEHUE OBICTPOJCHCTBUSA BBIYMCIMTEIBHBIX KOMIUIEKCOB BEIET K pOCTY CTOMMOCTH
00paboTku MH(pOpMalMHU, AAJEKO HE Bcerza oOecreuuBasi BBINOJHEHHE TPeOyeMbIX YCIOBHUN
00paboOTKH JaHHBIX.

TakuM o00pa3oM, B HACTOsIEE BpPEMs OCTAeTCs aKTyalbHOM 3ajjadya CO3JaHUSl HOBBIX
METOZI0B 00paOOTKM JaHHBIX, KOTOpBIE, HApAMYy C OOCCIEYCHHEM 3aJaHHOW TOYHOCTH U
CKOpPOCTH  00paboTku, He TpeboBaau Obl 0043aTENLHOTO  YBEJIMYEHHS  MOIIHOCTHU
BBIYUCIUTENBHBIX KOMIUIEKCOB.

[upokoe pacrnpocTpaHeHne UU(GPOBBIX BBIYMCIUTEIBHBIX MalIMH OOBICHAETCH,
[JIaBHBIM 00pPa30M, YHUBEPCAIBHOCTBIO LU(PPOBBIX PacueTOB U BBICOKUM OBICTPOAECHCTBUEM
coBpeMeHHBIX DOBM. Kpome Toro, Hanuume CpaBHUTEIBHO HEJOPOIHX IMepcoHalbHBIX OBM
pa3IMYHOM MOIIHOCTH OOYCIIOBHJIO TIpeBpalieHHe NHU(POBBIX pacueToB (HaKTHUECKH B
€MHCTBEHHYIO BBIUMCIUTEIbHYIO TEXHOJOIHIO. B TO e BpeMs, HENpepbIBHOE YCIIOKHEHHE
OOJBIIMHCTBA pPelIaeMbIX 3a]1a4, HE0O0X0AUMOCTb BO MHOTHX CIIy4asiX MHOTOKPaTHON U(PPOBOH
00pabOTKM MacCHBOB J@HHBIX CBOAMT K MHHHUMYMY JOCTIDKEHHMsS IO YBEJIWYEHHUIO
obicTponeiictBuss nuppoBbix OBM. C  npyroil CTOpOHBI, B CIOXHBILGHCS CHUTyaluu
IPEJCTaBISIETCST SIBHO HENOCTATOYHBIM HCIIOJIb30BAHME JIOCTHIKEHUM OTpaciedl 4ucTou
MaTeMaTUKu (aHajau3a, TeOMETPHH, aireOpsl W T.A.) NMPU CO3JaHUH AITOPUTMHYECKOTO H
OpOrpaMMHOr0 obOecredeHusi. BpIMmonHAT, ke Ha UHU(POBOM TEXHMKE aHaJIUTUYECKHE
npeoOpa3oBaHusl W BBIBOJABI (OPMYJ Ha OCHOBE MaTeMaTHUECKUX 3aKOHOMEpPHOCTEH mpu
OTIPENIEICHUN XapaKTEPUCTHK CIIOXHBIX OOBEKTOB PA3IMYHON (DM3NYECKON MPHUPOIBI BechbMa
3aTPyAHUTENILHO U HEYAO0OHO JUIs JalbHEHIIEro HCIOIb30BAHHUS.

B npennaraemom nocobun onucaHbl pe3ysbTaThl MOMCKA BO3MOXKHBIX ITyTeH COBMEILICHHS
U(PPOBBIX PACUETOB C AHATTUTHYECKUMH MPEOOPA30BAHUSIMUA U BHIBOJIAMH C IIEJIBIO TOBBIIICHUS
TOYHOCTM U CKOpOCTH BbluMcieHud Ha OBM. Ilpu 3TOM coxpaHsercs HarjisgHOCTh
AQHAJIUTUYECKUX BBIBOJIOB M BO3MOYKHOCTbh Ha Ka)/IOM IlIare BBIYMCICHUN UMETh aHATUTHUECKOE

MMPEACTABJIICHHUEC BBIYHUCIISICMBIX XAPAKTCPUCTUK, NCKOMBIX ITAPaMCTPOB U OLICHOK.



Ycenemnas — peanuzanus KOMOWHHUPOBAHHOTO METO/1a 00paboTKu JTaHHBIX
HEINOCPEACTBEHHO 3aBUCUT OT (OpPMbI AHAJUTHUYECKOTO ONUCAHUS HUCXOAHBIX YHCIOBBIX
MacCHBOB. AHAlU3 BO3MOXHBIX METOOB TMOJYYCHHs] aHATUTHUYECKOrO OMHCAaHMs Mokaszan [1-
10], yro Hambonee MONHO TOCTABICHHBIM YCJIOBHUSM OTBEYA€T METOJ, OCHOBAHHBIA Ha
aNMPOKCUMAIUH JaHHBIX OTPE3KaMH OPTOTOHAJIBHBIX PSOB C MCIIOJIB30BAaHHEM KIIACCHUYECKUX
OPTOTOHAJBHBIX TOJIMHOMOB M (DYHKIIMH HENPEPHIBHOTO M JUCKPETHOTO apryMeHTOB [7].
3ameuaTeNbHbIE aNMpPOKCUMATUBHBIE CBOMCTBA OPTOTOHAIBHBIX Oa3UCOB OMPEICISIIOT HX
NPUBJICKATEIBHOCTh TMPH PEIICHUHM yKa3aHHBIX paHee 3ajady, a HCIOJIb30BAHUE PE3yJIbTAaTOB
anmpOKCHUMAIlMK B Pa3sHOOOPA3HBIX AHATUTHYECKUX NpeoOpa3oBaHUSAX U BBIBOJAX IS
MOJTy4yeHus: TpeOyeMbIX OLIEHOK WM XapaKTEPUCTUK JAENaloT KJIACCHYECKHEe OpPTOrOHaJbHbIE
0a3uchl TMEPCIEKTUBHBIM HWHCTPYMEHTOM B HMEIOIIEMCS MHOXKECTBE METOJOB M IOAXOI0B
AQHAJTUTUYECKOTO ONUCAHMS HU(PPOBBIX MHOOPMAITMOHHBIX MAaCCHBOB.

Teopus K1acCUUECKUX OPTOTOHAJIBHBIX 0a3UCOB €CTh 0000IIeHNE Teopuu psiioB Pypre Ha
anredpandeckue MOJIMHOMBI. VX oTiMuuTeNbHass OCOOEHHOCTh COCTOMT, TJIABHBIM 00pa3oM, B
TOM, YTO B OOJBIIMHCTBE (HOpPMYJ, 3aJAIOIMIUX KOHKPETHBIE 0a3UChl, UMEIOTCS IMapaMeTphl,
U3MEHEHHE KOTOPBIX MOYKET 3aMETHO MEHSTh CBOMCTBAa OPTOTOHAJIBHBIX MOJIMHOMOB M BECOBBIX
GyHKIMH, 00pa3yromuX KOHKPETHBIH OpTOTOHaNbHBIN Oaszuc. I[locmemnee 0OCTOSTETHCTBO
O0COOCHHO BaXKHO B 3aJayaX ONTHMAJbHOM aHATUTHUYECKOM allpoKCHMAallMW, KOrJa 3a/JaHHas
TOYHOCTh JIOJDKHA OBITH OOecredyeHa HamOoJiee KOPOTKUM OTPE3KOM OpPTOTOHAJIBLHOTO psja.
[IpumeHeHrne  cHeNMaNbHBIX  aJaNTHBHBIX  MpOLEAyp  OOecleurnBaeT  ONTUMAIbHYIO
(KBa3MONTHUMAJIbHYIO) AHAIMTUYECKYIO allpOKCUMAIMI0O JaHHBIX Ha I1HdpoBeix OBM B
aBTOMaTHYeCKOM pekume. [losiBisieTcs: peanbHasi BO3SMOXHOCTh BeCbMa dPPEKTHBHO MPOBOUTH
pa3HOOOpa3HbIC aHATMTUYECKHUE MPEOOPA30BAHMS M BBIBOJIBI, CIIOCOOCTBYIOIIME MOJIYUYCHUIO B
aHANUTUYEeCKOU (popmMe HeOOXOIMMBIX OIICHOK U XapaKTEPHUCTHUK.

Hapsiny ¢ TeopeTMuecKMMH OCHOBaMH, B Y4e€OHOM IIOCOOMH TPHBEIEHBI IPUMEPHI
NpUMEHEHUsT 000OIIEHHOTO CIIEKTPATbHO-aHATUTUIECKOTO METOAA IMPH PEIICHHH MIHPOKOTO
Kpyra TNpUKIAJAHBIX 3aJad, MpekIe BCEro 3ajJad pacro3HaBaHHMs 00pa3oB M aHaiIu3a
n3o0paxenuif. Tak kak 000OLUIUTH METOM HAa (PYHKIMH JABYX MEPEMEHHBIX OKa3aJIOCh CIOXHO,
JanpHelee ero pasBUTHE JUIS JAHHBIX M[poOJeM MU0 MO MyTH HCIOJb30BaHHS
apaMeTPUIECKOro OMUCAHUS TUIOCKUX U MPOCTPAHCTBEHHBIX M300paxeHuit. [Ipu 3Tom miockue
M300paKeHHsI OIHUCHIBAIOTCS CUCTEMOM U3 JIByX YpaBHEHHH OJHOrO IEPEeMEHHOro, a
MPOCTPAHCTBEHHBIE KOHPUTYpALlMU OJHO3HAUHO OMPEIENAIOTCS CUCTEMON U3 TpeX ypaBHEHUU
onHoro mepeMeHHoro. Ilpum TakoM moaxone TpedyeTrcs BEKTOpU3AUS IMOCTYAIOIIEro
n300paKeHHs, T.€. TIPEJACTABICHUE €r0 MaTEeMaTHUECKOTO OITMCAHUS B TTapaMEeTPHUECKON Gopme

B BHUJE CHUCTEMbl YpPaBHEHU OJIHOrO apryMeHta. B nanbpHeillieM aHaiu3e MOJTHOCTHIO



NPUMEHUMBI aJTOPUTMBI M TMPOrpaMMbI, HapaOOTaHHBIE UISI OJHOMEPHBIX (YHKIHHA OJIHOTO
aprymMeHTa. B sToMm ciydae mpusHakamMu OOBEKTa paclo3HABAaHMS BBICTYNMAIOT KO((UIIMEHTHI
pa3NoXKEHUS MPOSKIHM Mo Haubojee MOAXO/IIEMY OPTOHOPMHPOBAHHOMY Oa3zucy W3 4uclia
KJIACCUYECKHUX.

[Ipemiaraemasi BBIYMCIUTENFHAS TEXHOJOTHS OOECIIEYMBAET BHICOKOE OBICTPOACHCTBHE
IpU peleHnd HHPOPMAIIMOHHBIX 33a7a4, TpeOyeMyI0 TOYHOCTh BBIYMCICHUN M MX HATJSITHOCTD
IPU CPAaBHHUTEIFHO HEOOJBIIONW CTOMMOCTH TaKMX BBIYMCIIMTENCH 3a CUET pacrapauieIHBaHUs
ornepauuii M BBICOKOH yHH(UKanuu OJ0KOB, MX oOpasyroumx. IlporpamMmmupoBanue s
peleHus pa3Ho00pa3HBIX 3a/1a4 HA YHUBEPCAIBHBIX BBIYUCIUTENSAX OyJeT CBEICHO K MUHUMYMY
3a CYET MPEIBAPUTEIBHOTO BBINOJIHEHHUS AaHAIWTHYECKHX IpeoOpa3oBaHMl W BHIBOAOB B

npocTpaHcTBE K03 PUIHMEHTOB pa3IokKeHHUs.



NmaBsa l. Obwme cBepeHuns

1.1. Ananu3 MeToa0B U TpeOoBaHUS K 00paboTKe U(PPOBBIX HHPOPMAITMOHHBIX

MaCCHBOB

Pa3Bute coBpeMeHHBIX yHHMBEpcaldbHbIX OBM noguuHEHO TIVIaBHBIM — 00pa3zom
YBEIMYCHUIO CKOPOCTH BBITTOJHEHHS BEIYMCIIUTEILHBIX OMEPAINii 32 CUET YBEIMICHUS TAKTOBOM
4acTOThI LIEHTPAJILHOTO MPOLIECCOpa U paclapauleIMBaHus BBIYUCIUTENBHBIX Mpoueayp. Takoe
HalpaBJIEHUE PA3BUTHS BBIYMCIUTEIBHON TEXHUKU TPeOYeT BHICOKOPA3BUTOM TEXHOJIOIMUYECKON
0a3bl, HAJTAXKEHHOTO MPOU3BOACTBEHHOI'O MpOIEecca, a TakKe OONBIIMX MaTepHANIbHBIX 3aTpar
MpH CO37aHUU U dKcIuTyaTaruu DBM HoBbIX nokosieHuid. OiHaKo nake HoBeliue cynep-OBM,
BEpOSITHEE BCET0, HE BHECYT MPUHIMIHAIBHBIX M3MEHEHHH B Tpoliecc mU¢poBOor 00pabOTKH
CUTHAJIOB.

O¢ddexTuBHaAT 00pabOTKa MOCTYyMAIONMIEH N3MEPUTENBHOM MHPOPMaLUU ISl 00ecTieueHHS
OTEPATUBHOTO PEHICHWS IITUPOKOTO Kpyra TPUKIATHBIX 3a1ad  OylneT OmpenensiTbes
BBIIIOJIHEHUEM CJIEYIOLUIMX OCHOBHBIX TpPEOOBAaHMM K MaTeMAaTH4YeCKOMY OOECHEeUeHHI0 H
cpenctBaM o0OpabOTKM JaHHBIX: CIIOCOOHOCTH IMepepadaThiBaTh OOJBIION 00BEM MOCTyMArOIIEH
UHPOpPMALMK 32 MHUHUMAJIbHOE BpeMs B  YCJIOBUSX OKECTKMX OTPaHMYCHMHA  TIO
sHEpronoTpedieHnto, Macce ©W  rabaputam, obOecrmeunBasi TPU  OTOM  BBICOKYIO
IPOM3BOUTEIBHOCTh BBIYMCIUTENBHBIX YCTPOHCTB U TpeOyeMyl0 TOYHOCTh BBIYMCIICHUH;
BO3MOXHOCTb pacHapajyieIMBaHUsl BBIUMCIUTENBHBIX ONEpalnuii uid X peanusanuio Ha OBM
HOBBIX TIOKOJICHHH; IIOMEXOYCTOHYMBOCTh HCIIOJIb3yeMBbIX aiaroputmoB. Kpome Toro,
pa3pabaTbiBaeMble MaTeMaTHYeCKHE TPHUEMBl JOJDKHBI oOecrednBath 3((eKTHBHOCT |
YCTOMUMBOCTh DELICHUS HEKOPPEKTHO IIOCTABJIEHHBIX 3aJad, B TOM YHUCIE B 3aJaydax
JMAarHOCTHKH, aHAJIN3a U300paKEHUH U pacrio3HaBaHHs 00pa3oB.

PaccMOTpUM COOTHOIICHHS M@Ky YMCIOBBIMH U aHATUTHYECKUMHU crioco0amMu 00paboTKu
JAHHBIX, WCXOJS W3 OCHOBHBIX TpeOOBaHMIA, NPEABABISEMBIX K MeETogaM o00paboTKH
nHpopmarmoHHBIX MaccuBoB. [Tox nHbOpMarmoHHBIM (ITM(DPOBBIM) MACCUBOM OY/IeM IMTOHUMATh
YIOPSIOYEHHYIO COBOKYITHOCTh LIM(POBBIX 3HAYEHNH KOHEUHON pa3MEpHOCTH, OTOOPAXKAIOLIYIO
OTIpe/IeICHHbIE XapPaKTEPUCTUKU WM 3aBUCUMOCTH 00 M3y4aeMOM OOBEKTE WIIM SIBIICHHUH.
W3Bnedenuto mone3noil napopMalmu U3 nocrynaromux Ha IBM mHQOpPMAaIMOHHBIX MacCHBOB
CIIy’KaT CyIIECTBYIOIINE U pa3pabaThiBaeMble BHOBb METOJIBI, CIOCOOBI M aJITOPUTMBI 00pabOTKH

JaHHBIX.



[TpoBenemM cpaBHHUTEIBHBIM aHAMH3 d(PGEKTUBHOCTH PEHICHHUS BCETO KOMILIEKCA 3aj1ad
CYHIECTBYIOIIMMH CIIOCOOAaMU M BO3MOXXKHBIMU (popmMamu xpaHeHUs: (akTorpaduyeckon
unpopmaimu. bypHoe paszsutue 1udpoBoit BeruncnutenbHol TexHuku B CIIIA o0ycnoBuio
BIIOJIHE YJOBJIETBOPUTENIbHOE obecneueHne mnoTtpedbureneil mudpossiMu OBM u mpuseno k
TOMY, YTO TIpH TMPOBEICHUU HAYyYHO-UCCIIENOBATEIBCKUX pPabOT IU(POBBIE pacCUeThl CTAIH
OCHOBHBIM CIIOCOOOM pEILIEHUS] BCEBO3MOXKHBIX MAaTEMAaTHYECKUX 3a/lad MPaKTUYECKH BO BCEX
00JacTsIX HAyKH U TEXHUKU. DTOMY TaKKe B 3HAUUTEIHHOW CTETNEHH CIIOCOOCTBOBAJIO Pa3BUTOE
MaTeMaTHYecKoe obOecriedeHrne, Haau4ue OOJIBIINX MPOTPAMMHBIX KOMIUIEKCOB JJISl PEIICHUs
pa3HOOOpPa3HBIX 3a7ad.

B namelt ctpane cnoxxuiuch apyrue ycnoBus. HexBatka HE0OXOAMMBIX BbIUUCIUTEIbHBIX
MOIIHOCTEH, a TaK)K€ CIOXKUBIIMECS TPAJAMUIUUA PYCCKONH MATEeMAaTUYECKOW IIKOJBI MPUBETH K
tomy, 4To B CoBerckoM Coro3ze u Terneps B Poccun OCHOBHBIE YCHIIMS YUEHBIX U CHEIUAINCTOB
OBLTM COCPENOTOYCHB Ha MCIOJIB30BAHUH AHATUTHYECKUX METOJOB MpU pemieHuu 3amad. Ha
MEPBOM JTare yIelsaoch 00JblI0e BHUMaHuEe Hanbosiee MoJIHOMY MaTeMaTHYeCKOMY ONHUCAaHUIO0
UCCIIETyeMbIX OOBEKTOB. 3aT€M MPOBOJIWINCH AaHATUTHUYECKHE HCCIeNOBaHUs, IPeoOpazoBaHus
U YIIPOIIEHUS UCXOIHBIX aHATUTUYECKUX COOTHOIIICHUH 3a cueT 000CHOBAHHBIX JOMYIICHUN st
BBISIBJICHHUS OCHOBHBIX CBOMCTB HM3y4aeMbIX OOBEKTOB W SIBJICHUH B II€JIOM. Takoil MOIXOJ
00yCIJI0BMJI HEOOXOIUMOCTh TIATEILHOTO BEIOOpa MaTeMaTHUECKOroO armapara py MpoBeIeHUN
KOHKPETHBIX  HWCCJICJIOBaHHMM, AaKKypaTHOH W TOHKOW paboThl C  aHAIMTHYCCKUMU
COOTHOIIEHUSIMH, MPOJAYMBIBAHUIO KAXIOTO MOCIEAYIOLIETO I1ara npeodpazoBaHuii, 4ToObl, HE
HapyIasi 3aJJaHHBIX yCIOBUH, IOTYYUTh OTBET, aICKBATHO OTOOpaKAIONMINK H3y4aeMoe SIBJICHUE
B OTIPEJICJICHHOM JIMaIa30He JOMyIIeHUN. B pe3ynbrare npoaenaHHON aHAIUTUYECKONW paboThI,
BBITOJIHSIEMbIE HCCIIEIOBAHUS 110 CBOEMY HAYYHOMY YPOBHIO HE TOJBKO HE YCTYMalIH 3aMagHbIM
pa3paboTKaM, HO ¥ HEPEAKO JANEKO MPEBOCXOIUIH UX TOCTHKEHUSI.

B cBeTre cka3aHHOrO pPacCMOTPUM OCHOBHBIE JOCTOMHCTBA W HEJOCTATKH, IMPUCYIIHE
MUGPOBEIM W AHATUTHYCCKMM METOJaM TPH  PEIMICHWH 3aJad C  HCIOJIb30BAHUEM
BBIUHCIUTENbHON TeXHUKH. [Ipu 3TOM Oy/neM OCHOBBIBAThCS Kak Ha COOCTBEHHOM OIIBITE, TaK U
Ha HEKOTOPBIX BBIBO/IAX, BBICKa3aHHBIX B pab0OTaxX Ipyrux aBTOpPOB (CM., Hampumep, [10]).

[Ton aHamuTU4ecKUMH OyJleM MOHUMATh TAaKHE PEUICHHS, B KOTOPBIX MCKOMas (yHKITUS
F(x) BeIpaxkeHa yepe3 HE3aBUCUMBIC IIEPEMEHHBIE X B BUC AaHAIUTUYECKUX 3aBUCUMOCTEH WIIH
dopMyi, OECKOHEUHBIX WM KOHEYHBIX pANOB WMIM uHTerpajioB. Ilox dyucineHHbIMH Oyaem
MOHMMATh PEIICHUs, MOJlydaeMble YHCICHHO TMOcie MPHUOIMKEHHON 3aMEHBbl HMCXOTHBIX
ypaBHEHHUU IpyruMu, Oojiee MpOCThIMU. Hampumep, MOXXHO BbIpaxaTh MPOW3BOJHBIE HYepe3
KOHEYHBIC PA3HOCTH, a pemieHue TuddepeHINATLHOTO YPaBHEHHS OMUCHIBATH PEIICHUSIMU

Pa3HOCTHOTO ypaBHEHHA. DBblunclieHHe UWHTErpajlioB  anmpoOKCHUMHUPYETCS  Pa3iMYHbIMH
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dopMyllaMi CyMMHPOBaHHS. Pe3ynbTaroM yKa3aHHBIX TPOLEAYpP SBISETCS OOBIYHO TaOIUIA
pELICHUI TPU ONPEICIICHHBIX 3HAYEHUSIX HE3aBUCUMOM MIEPEMEHHOM.

OcHOBHBIE CBOMCTBa aHAIUTHYECKUX perieHuil. K mnpenmyliiecTBaM aHaTUTHUYECKUX
peH_ICHI/Iﬁ MOKHO OTHCCTU CJIICAYIOIIUC. BO3MOKHOCTH HCCICAOBAHHA BJIMSIHHUA (bI/ISI/I‘-IeCKI/IX
[IapaMeTpoOB, HAYaJbHBIX M TPaHUYHBIX YCIOBHM HAa XapakTep pEIICHUs; pPe3yJbTaThl
AQHAIUTUYECKUX PEUIeHHH CrocoOCTBYIOT pa3paboTKe aJeKBATHBIX MaTEMaTHYECKHX MOJesen
UCCIIETyeMbIX SIBIICHUH, XOPOIIO TMPHUCHOCOONEHBI Ui pEIIeHUs 3a]ad MapamMeTpUuecKon
I/I,ZLGHTI/I(bI/IKaLII/II/I U JUArHOCTUKU COCTOSIHUSA UCCICAYCMBIX OGBGKTOB; AHAJIUTUYCCKUC PCIICHUA
6onee mH(POPMATHBHBI, YeM TAOIHIBI YHCEN, BBIYMCICHHUE PEIICHUS NMPH JIOO00M KOHKPETHOM
3HaYEHUH apryMeHTa X MOJKHO cJlieJaTh KaK YToJHO TOYHO; BO3MOXKHOCTb BBIYHCIICHUS
3HAUEHUS PEIICHHs B OJHOM TOYKE X, HE MpuOerasi K BEIUUCICHHUIO 3HAUEHUH B JPYTHX TOYKAX;
BO3MOXXHOCTh OTpEACNICHUs] 3HAUEHUS MCKOMOTO TMapaMerpa B JIOO0OW TOYKe, a HE TOJIBKO B
y37aX CETKH; yCTONYHUBOCTh MOIYYaEMOro pe3yJibTaTa.

Cpenu HEOCTAaTKOB aHAJIUTUYECKUX PEIICHUH MOXKHO HA3BaTh CIEIyIOIIME: HA MPAKTHUKE
OOBIYHO pETUCTpUPYEMble HH(POPMAIIMOHHBIE MacCHBBl (DOPMHUPYIOTCS B BHJIE YHCIOBBIX
Ta6J'II/IL[, 4TO0 ACHIaCT HCEBO3MOXHBIM HCTOCPECACTBCHHOC HCIIOJIB30BAHUC AHAJIUTUYCCKHUX
npeoOpa3oBaHMii B 3amadax oOpaOOTKM [@HHBIX; HAJIMYWE TPYAHOCTEH, CBSA3AHHBIX C

aBTOMAaTH3allkel MMoJy4eHUs pe3yibTaTa B mpuemieMoi popme.

OCHOBHBIE CBOMCTBa YHCICHHBIX pelleHud. [IpemMmyiiecTBaMu YHMCIEHHBIX pENICHUN
SBIISIOTCSA: YHUBEPCAJIbHOCTh, BO3MOXKHOCTh IOJIYYEHHS pe3yJibTaTa B TEX CHydasx, KOrjaa
AQHAJTUTUYECKOE PEIICHHE HEBO3MOXKHO; BBICOKOE OBICTPOJIECHCTBHE COBPEMEHHBIX HHU(POBBIX
BBIYUCITUTENHHBIX MAIlMH, OCOOCHHO NpHU 00pabOTKe IEeNIOYMCIICHHBIX JaHHBIX Ha ODBM. U3
HEJOCTAaTKOB YHCJCHHBIX PEHICHUH MOXXHO BBIIEIUTH CIEAYIOIIHE: BbIUKCICHHE 3HAYEHUs
napaMerpa B TOUYKE M HEBO3MOXXHOCTH OIpPEAETICHHS XapaKTepa ero M3MEHEHUN B OKPEeCTHOCTH
BBIUMCJICHHOIO 3HAYEHHUS; IIOABJIEHUE B CIOXKHBIX pacueTax pas3JIMYHOIO THIA CUETHBIX
HEYCTOMYMBOCTEH, YTO PE3KO CHMYKAET LIEHHOCTh MPOBOJMMBIX BBIUMCIEHHH; CIOKHOCTU
UCIIONIb30BAaHUsl PE3YyJbTAaTOB pacueTa NpU CO3AAHUM U JOBOAKE MAaTeMAaTUYECKUX MOJeIei;
HAKOIUICHHE B pacyeTaxX HEYUYUTHIBAEMbIX OIINOOK OKPYTICHHUS.

B ocHoBe onmchiBaeMoil 37eCh HOBOM MH()POPMALMOHHONW TEXHOJOTUU JICKUT HPUHIIHIL
peanu3anii KOMOMHHPOBAHHOTO YUCICHHO-aHATUTHIECKOTO METOA, MO3BOJISIONIETO MTOBBICUTH
OTIEPAaTUBHOCTh M JIOCTOBEPHOCTh OOpaObOTKM WH(MOPMAIMOHHBIX MACCHBOB, a TaKkKe
UCIIONB30BaTh MPEUMYIIECTBA, KAaK YHUCIOBBIX PACUETOB, TAK U aHATTUTHUECKUX MPeoOpa3oBaHU
U BBIBOJIOB. [/ BKJIIOUEHUS aHAIMTHYECKUX MpeoOpa3oBaHUM B mporecc o0pabOTKU JTaHHBIX
HEO0OXOJMMO Ha IEPBOM JTale MOoJydyaTh ¢ TpeOyeMOil TOYHOCThIO aHAIUTUYECKOE OMHCAHUE

HI/I(prBI)IX MacCHBOB. OTOT JTaml SBIIICTCA BeCbMa BaXHbIM, TaK KaK BBbIIIOJJHCHHOC
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AHAJTUTHYECKOE OMMCAHUE MCIOJIB3YETCs B JaJTbHEUIIEM KaK MCXOMHBIM MaTepHuall Uil aHaju3a.
BeiOop MaremaTnueckoro amnmapata B 3HAaUMTENbHOM cTenmeHM OyAeT onpenenarb
3¢ (EKTUBHOCTh AHATUTUYECKUX BBIBOJIOB.

Hcxons #3 HUMEIOMIETOCs ONbITa, MOXHO C(HOpMYyIUpOBaTh CIEAYIONIME OCHOBHBIC
TpeOOBaHUS K AHATUTHYECKOMY OINHCAHUIO IUPPOBBIX HHPOPMALMOHHBIX MAaCCHBOB:
o0ecrieueHHe 3aJaHHOM TOYHOCTH OIMCAHUSA BO3MOXHO Oo0jiee MHPOCTHIM AHATUTUYECKUM
BBIpQ)KEHUEM; IIPOCTOTA peasin3alui Ha HUPPoBbIX DBM; BO3MOXKHOCTh BBIITOJIHEHHS TPOLIEAYP
B aBTOMAaTHMYECKOM pEXHME; aJalTHUBHOCTh aJTOPUTMOB aHAJUTHUYECKOT'O OIUCAaHHUA K
0COOEHHOCTSIM KaKIOTr0 CHUTHAJa; YHHU(PUIMPOBAHHOCTH CTPYKTYPHI OMUCAHUS HE3aBHCHMO OT
IOpUPOABI U OCOOEHHOCTEN CUIHAJa; BO3MOKHOCTh PEAIN3allii METO/Ia B YCIOBUSAX OTCYTCTBHUS
anpuopHOi MH(OpPMAIK O CUTHAJIE.

Beimonnenne  chopMyTUpOBaHHBIX ~TpeOOBAaHMM MpH  AHAIUTHUYECKOM  ONMHMCAHUH
UH(QOPMALMOHHBIX COOOIEHUH, 33JaHHBIX U(PPOBBIMH MACCHUBAMH WM HEMPEPHIBHBIMU
KPUBBIMH, IIOJIyYEHHBIMH B OKCIHEPUMEHTE, MNO3BOJIMT B IOJHOM Mepe BOCHOIb30BAThCA
IpEeuMyIIeCTBaMU aHAJIMTUYECKUX NMPeoOpa3oBaHU NMPU PELIeHNUH 3a7a4 0OpabOoTKH JTaHHBIX B
cUCTeMax YIpPaBJICHHs, HABUTALMU U paclo3HaBaHMsg OOpa3oB. YUET BHIIIECKA3aHHOTO
NPUBOJUT K HEOOXOJMMOCTH BBIOOpA TOAXOAIIETO METOJa OINWCAaHWS W BO3MOXXHOCTHU
NPUMEHEHHUs aJallTUBHBIX MPOLENyp A JOCTHXKEHUS 33JaHHOW TOYHOCTH HamboJiee MpOCThIM
AHAJIMTHYECKUM BbIpakeHreM. OCHOBHOW TEOPETHYECKOM 3ajladyeid B JAHHOM ClIydae SIBISETCS
3ajada NpUOIKeHHs (ammpokcuMmanuu) (yHKIUHM, 3aJaHHBIX YHMCIOBBIMM MacCHBaMHU WM
KpuBbIMU. Ee pelieHne mO3BONSIET HCCIENIOBaTh KaueCTBEHHBIE CBOMCTBA W YHCIIOBBIC
napaMeTpel HMCCIEAYEMBIX OOBEKTOB ITyTEM AaHAJIMTUYECKOTO OIHMCAHUS COOTBETCTBYOIIUX
XapaKTEPUCTHUK U UX MOCIETYIOIEro U3yYeHHU .

[Ton anmpokcuMarueil MOHUMAIOT 3a/1auy HaxoxaeHus ans ¢yHkiuu f(x) Gonee mpoctoit
npubmKaroneit GyHKIuU ((X) U3 3a1aHHOTO KJiacca, OJM3KOH B ONpeeIeHHOM cMbIcie K f(X).
Teopust anmpokcuMaiui B coBpeMeHHOM BHjie ocHoBaHa [1.JI.UeOrimessim [11]. B HacTosmiee
BpeMs DPAa3BUBACTCS TEOpUs HAWIYUIIEro NpUOMKeHUs (QYyHKIMA anreOpandyecKuMH WA
TPUTOHOMETPUUYECKMMH IOJMHOMaMH. bonbmioll BkIax B pPa3BUTHE TEOPUM IOJUHOMOB
Haunyuiiero npubnmmxenus BHec C.H.bepumreitn u ero yuenuku [2,3]. Hapsgy c
TEOPETUYECKHUMHU JIOCTIDKEHUSIMH B 3TOW 00JacTH TOJYYEHbI M XOPOLIME IPaKTHYECKHUE
pe3yJIbTaTHI.

B 3amauax aHanuTmdeckoro nmpuOIMXKeHHs (YHKUUH LIMPOKO NMPUMEHSIOTCS U ApYTHUe
HOJXO/bl, HampuMep, HHTEPIOJIALMOHHBIE (HOPMYJIBI, AAOLIMe NPHUOIMKEHHOE BBIPAXKEHHE

¢yukuuu f(x) mocpencTBOM HMHTEPHOISAIMOHHOTO MHOrouwieHa Pn(x) (Heiorona, Jlarpamxka u
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np.) creneHu n. Bo Bropoil monoBuHe XX-ro CTOJETHSI CYIIECTBEHHOE Pa3BUTHE MOJIYYUIIO
MpUOJIMIKEHNE TaK Ha3bIBAEMBIMH CIUTAMH-PYyHKIUAMH [ 1].

TpyaHOCTH, CBSA3aHHBIE C HCIOJIIB30BAHUEM PACCMOTPEHHBIX METOJOB MPHOIMKEHUS IS
AQHAJTUTUYECKOTO OMUCAHUS 3HAUCHUM, MTOJTYYEHHBIX B X0/1€ SKCIIEPUMEHTAIbHBIX UCCIIEI0BAHUM,
3aKJII0YaloTCs B cienyromeM. M3Mmepenus Bcerga MPOU3BOIATCS C HEKOTOPOW MOTPEIIHOCTHIO,
MO3TOMY JUIsl CHIDKEHHUS BIUSHUS OIIMOOK HaOMIOACHMS] YBEIMYMBAIOT HUX YHUCIO U
COOTBETCTBEHHO 00BEM IONly4aeMbIX JaHHBIX [25,26]. 3amaya OIGHKHM HEU3BECTHBIX

napamMeTpoB MPUBOAUT K NPUHOHUITY HAWMMCHBIIMX KBaApaTOB, COCTOAIICM B MHUHUMHU3ALIUA

2

n n
dbynkimonana @ =J. y(x)—Zal-x’ dx, tne y(X) — u3MepeHHas 3aBHUCHMOCTD, Zaix’ - ee
i=0 i=0

ITOJIMHOMHUAJIBHOC HpI/I6J'II/I)KCHI/IC, d; — HCKOMBIC 3HAUCHHA I1apaMCTPOB. OI[HaKO MECTOL
HAaWMEHBIIUX KBAJApPAaTOB I TNPUONMKEHHUs HAOMI0MaeMbIX 3HAYCHUN aHATUTHYCCKUMU
BBIPQXXCHUSIMH HMMEET CYILIECTBEHHBIH HEIOCTaTOK. Eciu oka3biBaeTcs, UTO MPHOIMKAIOIINN
MHOT'OYJICH IUIOXO OIIHUCBIBACT HU3MCPCHHLIC 3HAYCHHUA U Tpe6yeTc;1 IIOBBICUTH TOYHOCTH
OTMCAHMs, TO JJS BBIUMCIECHUS KO3(PHUIMEHTOB HOBOTO OMNMCHIBAIOIIErO IMOJMHOMA Oosee
BBICOKOHM CTENEHW MPUXOIUTCS BCIO MPOIEAYPY MOBTOPATH 3aHOBO. Crioco0, pa3paOOTaHHBIN
[1.JI.YeOpImeBbIM, CYIIECTBEHHO YIPOIIAET HEOOXOIWMBbIE BBIUMCICHHS TMPH pealnu3aluu
MCTO/la HAMMCHBIIINX KBAIpPAaTOB. CYTB 3TOTO cn0006a B TOM, 4YTO HpH6HH)K8.IOH.[PIfI MHOT'OYJICH
HIICTCAd HC B BHUAC CYMMBEI CTENEHEN X, a B BHUAC KOM6I/IHaHI/II/I MHOI'O4JICHOB, BI)I6paHHBIX
crienagbHbIM oOpa3zoM. /lyis 3Toro mo cmocoOy HaWMMEHBIIMX KBaaApaToB [27] HEoOX0AUMO

UCKaThb MUHUMYM (YHKLIHOHAJIA

2

® =[] y(x)- Y 40;(x) | dx (1.1.1)
i=0

MoXHO TOKa3aTh, 4TO BapHAallMOHHAs 3aqadya MUHMMU3auuu QyHkuumoHana w3 (1.1.1)
NPUBOJUT K CHUCTEME YpPaBHEHW, peIIeHHe KOTOPOW JdaeT 3HadeHUs Kod(pPHuIueHTOB A

NCKOMOT' O HpI/I6J'II/I>KaIOI_HeFO MHOT'OYJICHA
n
y(x)=2 4ip;(x) (1.1.2)
i=0

rae o; (x) - OpTOTOHaJbHbIE MHOTOWIeHbl YeOblmeBa, Aj - KOIPQHUIMEHTH PA3IOKECHUSI

¢yHKIMM y(X) HO OpTOroHaNbHBIM mosinHOMaMm YeObimeBa. IlpennoxeHHsii YeObleBbIM
NOJXO/ 3aKJII0YaeTcsi B TOM, YTO OT NPHUOJMKAIOIIEr0 MHOIOYICHAa, B KOTOPOM METOJOM
HaVMEHBIINX KBAJpaTOB OMNpENeNsioTcs KO3(QQHUIUEHThl NpU CTENEHSAX IepeMEeHHON X,

NepexoasiT K HpI/I6JII/I)KaIOH_[eMy MHOT'OYJICHY B BHUAC CYMMblI MHOTOWICHOB ITOBBIINIAIOMINUXCA
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creneneir (1.1.2), B koropoM kodddunueHTs! npu QYHKIMAX @, (x) TaKXKe ONPEIEIIAIOTCS

METOZI0M HaUMEHBIINX KBaapaToB. B aTOM ciydae nobasiienue HOBbIX ciaraembix B (1.1.2) ms
TIOBBIIICHHUS] TOYHOCTH ONMCAHUS HE BJICYET M3MEHEHUS YK€ BBIYMCICHHBIX KOA(POUIIMEHTOB A;.

B mnpennoxeHHOM npouenype IOIMHOMBI (@, (x) SIBJISIFOTCA  B3aUMHO OPTOIOHAJIBHBIMH, a

koo dunmentsr A; HazwpBaloTCs KodpduumeHTamMu pasznokeHus QYHKIUU Y(X) MO CHUCTEME

OPTOTOHAJIBHBIX ITIOJINHOMOB @; (X) .

BrniepBbie opTOroHanbHbIe pa3iioKeHUs (B YACTHOM ClIydae TPUTOHOMETPUUYECKUX 0a31COB)
WCIIOJIB30BAIMCh B paborax ['roiirenca, Dinepa u beprymm. Teopus mocieaHux, BKIIIOYas
BONPOCHl PA3NOKEHUS IO HUM TPOU3BOJIBHBIX (YHKIUH, OTBEUAIOUIUX OIMpeAeICHHBIM
ycnoBusM, paspabotana B Tpynax ®Pypse u Beifepmrpacca [12]. K nacrosmemy BpemeHH
pazpaboTaHa TEOpUsI MHOTHMX JAPYTUX CHUCTEM OPTOrOHAJbHBIX MHOroujaeHoB. Ilpu sToMm
anredpandyeckue OpTOrOHANbHBIE MHOTOWIEHB OOBEAMHSIIOTCS B JIBE TPYMIbI: KIACCHUYECKUE
OpPTOTOHANILHBIE TIOJTUHOMBI HEMPEpPHIBHOIO AapryMEeHTa M KJIACCHYECKHE OPTOrOHAaJbHBIC
MOJIMHOMBI JIUCKPETHOTO apryMeHTa [4, 13]. YkazaHHbIe rpyIibsl 0a3ucOB 00BEIUHSIOTCS LETBIM
pAaoM OOMMX TPU3HAKOB, KOTOPbIE IO3BOJSIOT  YIOBIETBOPUTH CPOPMYJIUPOBAHHBIC

Tpe6OBaHI/I${ 1o aHaHTHBHOﬁ aHAJIUTHYCCKOM AIIMPOKCUMAIIUN SKCIICPUMCHTAJIbHBIX TaHHBIX.

Bonpocs! 1 ynpaxHeHwus.

1) CdopmynupoBaTh OCHOBHBIE CBOWCTBA H  CpPaBHHUTEIbHBIE  XapPaKTEPUCTUKU
AHATTMTHYECKOTO ¥ U(POBOTO METOIOB MTpH 00padOTKEe MHPOPMALIMOHHBIX TaHHBIX.

2) OcHOBHOE OTIWMYHE CrHoco0a peanu3anuu MeToja HauMeHbmux kBanapaToB (MHK),

paspaborannoro [1.JI. YeOwimeBsiM u Tpaaumronnoro MHK.
1.2. Cuctembl OpTOrOHAJIBHBIX MHOTOUJICHOB. ANMPOKCUMAIIHS.

B cooTBeTCTBUM C OCHOBHBIMH MOJIOKEHUSAMH (YHKIMOHATIBHOTO aHanu3a [18] u Teopun
anmpokcuMaruu [2,7,19], mpexae Bcero, clieAyeT OIEHUBATh MMOCTYANe HHHOPMAIIHOHHBIC
CUTHAJbl C TOYKM 3pEHUS UX MPUHALICKHOCTH K OIpeneieHHOMY (YHKIUOHAILHOMY
MPOCTPAHCTBY. 3aTeM, OMUPasCh HA TEOPUIO aNMpPOKCUMAIIUW, OMPEACNATh CIOCOOBI
AQHAJTUTMYECKOTO  OINHUCAHUS HCCIeNyeMbIX HMH()OPMAIMOHHBIX JAaHHBIX, KOTOpBIE OBl
MaKCUMaJIbHO CIOCOOCTBOBAJIM TMPEOJNOJICHUIO TPYAHOCTEH, CBSI3aHHBIX C 00pabOTKOU
MH(GOPMAIMOHHBIX MAacCHBOB M YCIICIIHOMY pELICHHIO 3a/ad paclo3HaBaHUS B IIHPOKOM
CMBICTIE.

Bynem paccmaTpuBaTh CUTHAJIBI M MPOLECCH KaK 3JIeMEHTHI f, g, y,..., IpUHAAIexKaIIme

abcTtpakTHOMY mpocTpaHCTBY. OJHUM W3 OCHOBHBIX TOHSATHH (DYHKIIMOHAIBHOTO aHaIM3a
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ABJIACTCA TMOHATHUC MCTPHUYCCKOI'0 IMPOCTPAHCTBA, B KOTOPOM BBCACHO PACCTOAHUC MCEKIY
JJICMCHTaMH.
MeTpI/I‘leCKI/IM MMPOCTPAHCTBOM R Ha3zpIBaeTCs MHOXKECTBO JIOOBIX DJIEMEHTOB f, g Y,..., B

KOTOPOM OIPCACIICHA OOAHO3HAYHAA HCOTPULATCIIbHAA HeﬁCTBHTGHLHaH Q)YHKI_[I/IH, Ha3bIBaCMas

b
paccTossHUEM  MEXAYy  TOuKamMu  (3JIEeMEHTaMu) p(f.g)= _H f(x)—- g(x)]2 dx u

YIOBJIETBOPSIOLIAs CIEAYIOIIUM YCIOBUIM (aKCHOMaM):
p(f,g) > 0; p(f,f) = 0, u p(f,g) = 0, Torna u ToabKO TOTA, KOrHAa f = g;
p(f,g) = p(g,f) - akcuoma cummerpuy; (1.2.1)
p(fy) < p(f,g) + p(gy), f,y, geR - akcuoma TpeyronpHuKa.

Ecim B MeTpHuYeCKHX MPOCTpaHCTBaX R IOMOJHUTENBHO ONpPENECHBI ONEpalys CIO0KECHUS U
orepanys YMHOXEHHS 3JIEMEHTOB MHOXKECTBA Ha YMCJIO (BELIECTBEHHOE UM KOMIUIEKCHOE), TO
TaKU€ METPUYECKHE IPOCTPAaHCTBA  HA3BIBAIOTCS  JIMHEWHBIMM  (MJIM  BEKTOPHBIMM)
npocTpancTBaMu L. DiieMeHThl TMHEHHBIX TPOCTPAHCTB HHOTIA HA3bIBAIOT BEKTOPaAMHU.

Jluneiinple mpocTpaHcTBa L Ha3pIBalOTCS HOPMHUPOBAHHBIMHU IPOCTPAHCTBAMH, €CIM B HHUX

3aJaHa HEKOTopas HEOTpHIATeNbHas (QYHKLUSA ||f|| ||f|| Ha3bplBaeTCs HOPMOM Bekropa f.

o o 1
HpOCTeI/IH_II/IM OpuUMEpPOM JIMHECUHOTO HOPMHPOBAHHOI'O OJHOMEPHOI'O IIPOCTPAHCTBA L

1
ABJIACTCA IpAMas JIMHUSA, €CIIN UL BCAKOTO YHCJIa X €L’ moja0oXuTh ||X|| = |X| .

[TycTh 1715t mocne10BaTeIbHOCTH TOYEK {X,} MPSIMOIl BbIMoNHAETCS Kputepuid Ko [20].

B 9TOM Ciydae MOCIEIOBATETBHOCTh TOYEK {X,} METpHUYecKoro mpocrpanctea L'
Ha3bplBaeTCsl  (yHIAAMEHTAIbHOM. MeTpuueckoe MpPOCTPaHCTBO, B  KOTOPOM  Kaxjaas
(byHIaMeHTallbHasl T0CJIEA0BAaTEIbHOCTh CXOAMTCA K 3JEMEHTY U3 TOTO e IpPOCTPaHCTBA,
Ha3bIBaeTCsl NOJAHBIM. [lonHblE JMHENWHbIE HOPMHUPOBAaHHBIE INPOCTPAHCTBA HA3bIBAIOTCS
npoctpancTBaMu banaxa unm B-mpocTpaHcTBaMu. BakKHBIM 4acTHBIM ClydyaeM IpPOCTPaHCTBA
banaxa siBisiercst runb0epTOBO MPOCTpaHCTBO H, B KOTOPOM, KpOME pacCTOSIHUA MEXIY ABYMs
JJIEMEHTaMU W HOPMBI, OINPEICIICEHO TaKKe€ TaK Ha3blBAEMOE CKaJIPHOE IPOU3BEACHUE
3JIeMeHTOB. [ 'mib0epToBO  (yHKUMOHAJIbHOE mpocTpaHcTBa H oOnamaer cienyromumu
cBorctBaMu: H - KOMIUIEKCHOE JIMHEWHOE IPOCTPAHCTBO; B IpocTpaHcTBe H kaxknoi mape
aJeMeHTOB f, g comocTaBiseTcss HEKOTOpoe, B 00IeM ciydae KoMmruiekcHoe uucio (f,g), kotopoe
Ha3bIBAIOT CKAIAPHBIM IPOU3BEICHUEM 53JIEMEHTOB f M g, yIOBIIETBOpSIOIIEE CIEAYIOIIUM

YCIIOBUAM:

a) (f,g)=(g.f): (122)
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0) (a1f1 +062f2,g)=al(fl,g)+a2(f2,g);

B) (f, ) > 0 u BemecTBEHHOE YHCIIO;

r) (f, f) = 0 Torna u Tonpko Toraa, koraa f= 0.

b
Hopwma snementa f onpenensiercsi BRIpaXxeHHEM || f || =Jf ) =] I f?(x)dx . TIpoctpascTBo

H nonHo m GeckoHeUHOMEpPHO, TO €CTh B HeM Ui Jioboro f MOXXKHO HaWTH n JUHEHHO
HE3aBHCHUMBIX JJIEMEHTOB. OnemeHThl f, g mpoctpanctBa H Ha3pIBalOTCS  B3aMMHO
oproroHansHbiMu, ecnu (f,g) = 0. PaccMoTpum B nmanmpHedeM B KayecTBE SJIEMEHTOB

2 2
['mneOepToBa mpocTpaHcTBa GYHKIWHU, MPUHAIeKamue npocTpanctBy L. I[IpoctpanctBom L
Ha3bIBAIOT COBOKYMHOCTh BCEX HM3MEpPHUMbIX (YHKIMII Ha WHTepBaie (a,b), BTOpas CTENEHb
KOTOPBIX HHTErpupyeMa B cMbiciie Jlebera, TO ecTh UX HOpMa OMNpENEISIETCS PaBEHCTBOM

b
2
|| f ||=|| f || , = I f7(x)dx, a cnoxeHne W YMHOXEHHE HA YHCIO MOHHMAETCs B OOBIYHOM

a
CMBICIIE.
B yTtounenue nonsTus ndmepumas QyHKIUS BXOAUTH He OyzaeMm. Bce BcTpeuatromiuecs
HIDKE MHTErpajibl, KOTOpble MOHUMAIOTCS B cMbiciie Jlebera, sBisrorcs cxopsmmumuca. Mexons
U3 HYX]J MPAKTUYECKUX MPHJIOKEHUH JOMyCTHMO, €CIIM YMTaTeslb OyleT AyMaTb BCE BpeMs O
HeTPEePHIBHBIX QYHKIMAX U HHTErpaiax Pumana.

@Oynkuus f(x) Ha3piBaeTcs PpyHKIMENH C HHTETPUPYEMBIM KBaJIpaTOM, €CIIU
b
[ /2 (dx < oo (1.2.3)

W OTHOCHTCS K L.

[Ipu p(x) #1 Beipakenue (1.2.3) umeet BUj

lff 2 (x) p(x)dx <o, (1.2.3%)

u f(x)orHocures k L2 .

OCHOBHBIMU CBOMCTBAMH (DYHKLIUN C HHTETPUPYEMBIM KBAJIPATOM SIBIISIFOTCS CIEAYIOLIHUE:
e Beskas QYHKIUS C MHTETPUPYEMBIM KBaJpaTOM €CTh HHTErpupyemas GyHKIIHS;
e [MpousBeACHHE JBYX (GYHKUUMH C  HMHTEIpUPYEMBbIM  KBaJpaTOM  €CThb
UHTEerpupyemas GyHKIHS;
. 2 2,
e cymma aByX (yHKui u3 L7, Taxke npuHamiexur L7

2
® eCIlU O - MPOU3BOJIBHOE YHCio, Torna of € L~
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CkansipHoe mpomssefenne ¢yukimii f ¥ g B mpoctpanctBe L ompenensiercs (opmyIioit
b b
(f,g)zJ.f(x)g(x)dx, a B INPOCTPaHCTBE Lf) UMEEeT BUJ (f,g)zjf(x)g(x)p(x)dx. B L’

BBIIIOJIHSIOTCS. HepaBeHcTBO Komm-Bymsikosekoro  (f, g)> <(f, £)(g,2) u HepaBeHCTBO

tpeyromsunka /(f + g,/ +2) <(f,f) ++/(g.2).

[Ipobnema anmpoKCUMAaluU B THILOEPTOBOM MPOCTPAHCTBE.

[lycte Ha otpeske (a,b) 3amaHa HeoTpulatenbHas BecoBas ¢yHkims p(x). Torma

CKaJIIpHOE TIPOU3BE/ICHHUE B L dynkumii @, (x) Gyzer:

(P1.)) = fcﬂl (x)- @, (x) p(x)dx, (1.2.4)

KOTOPOE ONpeAeNeHO AN @,(X), TAKUX, 9TO +/ P(x) - @;(x) MMeeT MHTerpUpyeMblil KBagpaT Ha

2
(a,b). Nnu B Gonee 0OIIEM BHIE CKAJISIPHOE MMPOM3BEAEHHE B L~ Ompenensercs MHTErparioM

Crunrneca:
(21.0,)=[0,(x) 9, (V) d (), (12.5)

rae o(x) — HeyObiBaromas ¢ynkuus. Ecnu a(x) abconmroTHo HenpepbiBHas GyHKuus, 1o (1.2.5)
ceomutes k (1.2.4), rie p(x) =a'(x).

Ecmu xe «a(x) sBusercs QyHKIHMEW CKauyKkoB, TO €CTh €CIM OHA KyCOYHO-TIOCTOSIHHA M UMEET
CKa4K{ BEJIMYMHEI j, B TOYKAaX X = X,, To uHrerpan (1.2.5) ceogurcs K cymMMme, KOTopas 3a1aeT

CKAJIPHOC ITPOU3BCIACHHUC (byHKL[I/Iﬁ AUCKPETHOI'O apTryMCHTA!:
CRAEDIACARACHE (1.2.6)

rae j(x;) - pyHKIUS CKauKoB.

[IpuBeneHHOE ONpeeeHIEe OTHOCUTCS K (DYHKIIUSAM JUCKPETHOTO apryMEHTa.

JlBe (QYHKIMU Ha3bBIBAIOTCS OPTOTOHAIBHBIMU (B3aWMOOPTOTOHAIBHBIMH), €CIH UX
CKaJsipHOE TMpou3BeleHrue paBHO Hy0. CemeilicTBO ()YHKUMN Ha3bIBalOT OPTOTOHAIBHOW U
HOPMHUPOBAHHOU cucTemoi (06a3ucom) Ha oTpe3ke (a, b) OoTHOCHUTENbHO Beca p(X), ecinH s

JTFOOBIX ABYX Pa3NUYHBIX (DYHKIMH (3JIEMEHTOB) 3TOTO CEMEICTBA CIPABEIITUBO PABEHCTBO:

b D comiz
((p,»,coj)=I@(x)-coj(x)p(x)dx={ s (12.7)

l,ecnui=]
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Ka)KIIYIO OpPTOrOHAJIbHYIO CUCTEMY MOXHO HOPMHPOBATH, C€CJIIM 3aMCHHUTbL HCHOPMHPOBAHHBLIC

GyHKIIMM @, (X) HAa HOpPMHPOBAHHBIE @, (X) 1O hopMmye:

0.
}62 ) (1.2.8)

a

0,09 = (7,().5,™) 2 7, (@) =

3amMeTuM, 4TO BCSKYIO MOCIIEI0BATEIHLHOCTh JIMHEMHO HE3aBUCUMBIX (DYHKITUI {1//n (x)} MOXHO

peoOpa3oBaTh JIMHEWHON KOMOWHAITUECH
?,(x)= 2 Cuyri (x) (1.2.9)
k=0

B cUCTeMY (YHKIMH {gon (x)}, OPTOTOHAJIBHBIX OTHOCUTENBHO CKaJsIpHOTO npousBeneHus (1.2.4)
win (1.2.5). Onpenenenue ko3pduuneHtoB C,, OCYIIECTBIAETCS B COOTBETCTBUU C IPOLIECCOM

oproronammsanuu I'pama-IlImuara [21], paspaGoranueiv M. Ipamom (1883) u . IlImuarom
(1905).
YacTto noj€3HO, MpPU PACCMOTPEHUU HEKOTOPOH cuUCTeMbl (GyHKUMH f, f),..., [ >

ONPEACNIUTh SIBJISAETCS JIM 3Ta CHUCTEMA JIMHEWHO He3aBUCUMOM. I ATOM 1enum moCTpOuM

KBaJpaTHyto MaTpuly A (Matpunyy I'pama) pazmepHoctu NxN:

a4 iy
a, a, A,y (1.2.10)
A=
Ay, Ayy oo Ayy
[l DJIEMEHThl Marpuubl a, =(f;,f;) - €CTb MONapHOE CKAIAPHOE NPOU3BEICHUE BCEX

JJIEMEHTOB CUCTEMBI f,, f,,.er f -
MoxHO yTBepkIaTh, 4To cucreMa QyHKUUHA f,, f,,..., f,, JTUHEHHO HE3aBUCUMA TOT/Ia U TOJIBKO

TOT]1a, KOT/1a OMPEACIUTEIh COOTBETCTBYIOIICH MaTpUIlbl [ paMa MmooKUTEIHHO OMPEIeIICH.

To ectb, ecnu 0603HAUUTD Uepe3
L(fys e fy) =|4] = detH(fi ’f/‘)H (ompenenutens I'pama),

TO YCJIOBHE JIMHEHHON HE3aBUCUMOCTH PpyHKIHMH f,, f,,..., /)y TOXKAECTBEHHO yCIOBUIO

L(fys fors i) >0, (1.2.11)

T.€. onpenenurens ['pama 6oble HYIIS.

Hns onpenenurens ['pama cripaBeyinBO HEPABEHCTBO:

F(flvfzv--':fN) < F(fl)r(fz)r(fN) = (flafl)(fzafz)m(fNafN) > (1-2-12)
rae U(f,) =l f; [
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Ipuuewm, ecu I'(f,, f5,.... fy) #0, To TouHOE paBeHCTBO B (1.2.12) BO3MOXKHO TOrZA U TOJBKO

Torna, korga GyHKUuu f,, f5,..., f,; MOMapHO OPTOrOHAIbHEL. JIeiCTBUTEIBHO, TOT 1A

a, 0 .. 0
0 a, ... O

4] = det = aypay -ty = (i ) as o)l fs ). (12.13)
0 0 .. awy

BooGie, ms BekTopHOro mpoctpaHctBa L ompenenurens I'pama paBeH kBazgpaty oObema N-

MEPHOTro napaenenunena, HOCTPOEHHOTO Ha BEKTOpax f,, f,,..., fy € L.
Paccmorpum npumep. Iloctpoum marpuity I'pama juist HekoTopoit napsl GyHKIMHA y, =14+ 2x u

y, =2+ 2x Bupoctpanctse L’ (0,1) u Halinem eé onpeneuTens:

(oso) = [ 42001+ 200 =
()= [@ 420+ 20dx =7 (1.2.14)

(os) = e 0) = [ (4 2002+ 20 =

319
(VorYo) o>y |3 3] 1 1 1
[(y,,y,)= = = (13-28-19-19)= (364 -361) = —.  (1.2.15)
T ey ey 190280 9 9 3
3 3
I/ICXOILSI N3 IMOJIOXKUTEJIIBHOT'O 3HAYCHUS ONPEACTIUTEIIA MaTPULBI FpaMa
1
F(yo,y1)=§>0, (1.2.16)

MOXHO yTBEPKAaTh, UTO JaHHBIC PYHKIMU Y, U ), JTUHEHHO HE3aBUCHMBI.
OmnpenenuM JIMHEHHYI0 HE3aBUCUMOCTb HEKOTOpOH cucrtembl (yHKUuil w,,y,,...W, €L,

UCTIONB3YSl JIMHEHHYI0 KOMOWHAIINIO
9,(0)=Y Cpr, (%) (12.17)
k=0

[Toctpoum cucremy GyHKUMH W,,W7,,...,7 v, € L, OMAPHO OPTOTOHAJIBHBIX OTHOCUTEIBHOI'O

ckansspHoro npousBenenus (1.2.4) unu (1.2.5).

Jis onHO3HAuHOrO HaxoxJaeHus 3HadyeHuil C,, HeoO0XO0AMMO MOTPeOOBaTh BBINOJIHEHUS
JIONOJIHUTEIBHOTO YCJIOBHUS, HAllPUMEP, OPTOHOPMUPOBAHHOCTH @, P, ,...,,_, I BBIOMPATH

IPOM3BOJIFHO BEIMYMHY OJIHOTO M3 N-bIX Kod(hduimentoB. s ymobctBa OyneMm BBIpaxarhb

19



HOBBI 3JIEMEHT ¢, (X) HMHIYKTUBHO 4e€pe3 Yy>K€ MOCTPOEHHbIE 3JEMEHTbl OPTOrOHAIbHOM

CHCTEMBI MIIAJIINX MOPAAKOB @, (xX),®,(x),...,¢, ,(X) 1 2IeMEHT npexHeil cucrems! ¥, (x) B

BUJIE:
0.2V, (9+ S0, (219
MMest B BUIY, UTO @y =/, .
3arem momyuum @, (X) =y (x) + a0, (X).
Toraa u3 ycioBHsi OpTOrOHAJILHOCTH Naphl @, U @, (X) MOIYYHUM PABEHCTBO:
(©0,91) = (@, W1 + A10@0) = (@g, 1) + 1o (@g,9) =0, (1.2.19)
OTKY/Ia JIETKO BBIPAXKAETCs ¢, = — (Po:91) :
(P052,)

Jlajee NOCTpOEHHE BEAETCSl MHAYKTUBHO, IPU 3TOM 3HaueHus kodpduiuentos «,, s (1.2.18)

OyayT BBIpaXaTbCsl B BUJIE:

ank = _M . (1220)

(@0 20)
[TponemoncTprpyem oproroHanusanuio I'pama-IlIMuara Ha ciaemyromem npumepe. Panee ObLI0

IIOKA3aHO JIMHEHHas He3aBUCUMOCTb GyHKuMid y, =1+2x u y, =2+2x. Onpenenum

o 2 —1-
ckaisipHoe npoussenenue Gpyukumnii 8 L, (0,1) ¢ Becom p(x) =1:

1
(Vi>y ;) =[yi(0)y,; (x)dx. (12.21)
0
HepBLIﬁ AJICMCHT BBICTpaPIBaeMOﬁ OpTOFOHaHBHOﬁ CUCTEMBI, COTJIACHO MCTOAY, OIIPECACIINM
paBHbBIM yOZ
Yo =Vo =142x. (1.2.22)
Haiinem
1
19
N (1+2x)(2 +2x)dx (j
__(yo,yl)__l _\3)_ 19
0= "7~ ~~- 1 = = .
: 13) 13
(Yo, Y0) [+ 221+ 2x)dx (J
0
Torna
- - 19 7 12
V=Y +ta,,y, = 2+2x—E(I+2x)=E—Ex.

T[IpoBepuM TOydeHHYIO Mapy (yHKIHiA Ha opToroHansHocTh B L7 (0,1) :
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=0.

13 13 137, 13

1 1 3 [
o 7 2x 24 7x x* 8x 7+1-8
Foyde=[ (1 2>(f—f de=[ (= A = ) =
0 0

S S——

Wrak, HalineHHble (YHKIIMN B3aUMHO OPTOrOHAJIBHBI.

B pasnnuHbIX NPUIIOKEHUSIX YacTo JJIs MPUOIMKEHHOTO TMPEJICTaBICHUs] HEKOTOPOU (DyHKIHH

n

/(x) WMcHoNB3yeTcs cHCTeMa IMHEHHO HE3aBUCHMBIX JIEMEHTapHBIX (GyHKIui 1,x,x°,X°,...,x

Haxoxnenue ko3¢ duunentos C, , Ipu KOTOPIX JIMHEHHAss KOMOUHALUS 9TUX QyHKLIMI

f(x)=Cy+Cix+Cyx* +..+C, x" (1.2.23)
HauMeHee YKIOHseTcs OT QyHKIuu f(x) (B CpeAHEKBAAPATUYHOM CMBICIE) SIBISETCS
CYIIHOCTBIO METOJa HaWMMEHBIIMX KBaapaToB. OmHAKO, MOXHO YTBEpXkaaTh [27], dTO
HaXO0XJE€HHE TakuxX Kod(p(UIMEHTOB Ha TMPAaKTUKE 3a4acTyl0 CONPSDKEHO C CEepbe3HBIMU
BBIYUCTUTENbHBIMUA TPYTHOCTSMHU.
Tenepb MBI 3HaEM, UTO JIOOYIO CUCTEMY JIMHEWHO HE3aBUCHMBIX (DYHKIUH, MPU OIMpeIeICHHOM
WHTEpBAJIC U CKAJISIPHOM MTPOU3BEICHNUN, MOKHO TIpeoOpasoBath 1o ¢opmynam (1.2.18), (1.2.20)
u (1.2.8) B cuctemy GyHKIHNA, OPTOHOPMHUPOBAHHBIX HA JAaHHOM HHTEPBaJE. DTO OKAa3bIBACTCS

BeChMa MOJIE3HBIM, T.K. TIPH 3TOM anmpokcuManus QyHkiuu f(x) B BUjaE

S (x) = Gy (x)+Cy (%) +...+ C,p, (x) (1.2.24)
CBOAUTCHA JIMIIb K BEIYUCIICHUIO CKAJISAPHBIX HpOI/ISBeIIeHI/Iﬁ
C,=(f.y,). (1.2.25)

Ecnmu ompenenuts ckamsipHoe npousBeneHue (1.2.4) c BecoBoit dyHkmueit p(x)=1 Ha

2 3
uaTepBane [—L1], TO momyumm w3 cuctemnl 1,x,x°,Xx ,..,x" CHCTEeMYy OPTOTOHAIbLHBIX

. . 1
nonuHoMoB Jlexxannapa P,(x), a ¢ BecoBoil (yHKuue p(x) == Ha TOM e MHTepBaje
I-x

HOJY4YMM OPTOrOHajbHblEe MOIMHOMBI YeObimeBa 7, (x). M3 3Toil ke HelIMHEHHON CHCTEMBI,

paccmaTpuBas ee yxe Ha uHTepBajge [0,+00) c BecoBod ¢yHKIUEH p(x)=x%e¢ " MOXHO
a

HOIYyYUTh CHCTEMY OpPTOrOHaNbHbIX monuHoMOB Conuna-Jlareppa L) (x). Pa3HooOpasue

IIOJy4YaEMBIX OPTOIOHAJBHBIX CHCTEM IMPU MPOCTOTE ONEPUPOBAHMSI C HUMH SBIIETCS BEChbMa
CYILIECTBEHHBIM MTPEUMYILIECTBOM PACCMOTPEHHOTO NpUEMA.
Jlis TOro 4TOoOBI MONOXKHUTEIBHO Pa3pelIuTh BOMPOC O BO3MOKHOCTH IPE/ICTaBICHUS

moboro snemeHta f ['miasbeproBa mpocTpancTBa H  depe3 NWHEHHYI0 KOMOWHAIHIO
HEKOTOPOTO OPTOTOHAIBHOTO Oazuca { l.}, 3aJJAHHOTO B TOM JX€ MPOCTPAHCTBE, HEOOXOIUMO
NPOBEPUTH BHITIONIHEHUE Jisi Oasuca {l//i} CBOWCTBA MOJHOTHI B STOM IPOCTPAHCTBE. ITO

CBOMCTBO SIBIISICTCS BEChMa CYHmICCTBCHHbLIM, T.K. Mbl BIIOJJHC MOXCEM HMCTH basuc {l//l} C
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OCCKOHCYHBIM KOJIMYECTBOM 3JIEMCHTOB Y, YAOBICTBOPSIOMUX YCIOBUIO OPTOrOHAJIBHOCTH U

HOPMHMPOBAHHOCTU B IpPOCTpaHCTBE /1, HO MpH 3TOM Haijaercs TakoW aneMeHT feH,
KOTOPBII He Oy/eT MpeICTaBUM B BHJIE TUHEWHOM KomOnHarmu (1.2.24).

CylecTByeT HECKOJbKO SKBHUBAJIEHTHBIX OINPEICICHUN IMOJHOTHI OPTOTOHAJIBHOU
CUCTEMBI {l//i} B I'MJIbOEpTOBOM npocTpaHcTBe /. C HUMHU MOXHO NO3HAKOMHUTbCA B paboTax
[10].
bynem paccmatpuBath npubmmkenue ¢pyHkiui f(x) u3 [* ¢ OMOIIBIO THHEHHBIX KOMOUHALHT
OPTOHOPMHUPOBAHHBIX (PYHKLHUI:

Aypy () + 4@ (X)+...+ 4,0,(X) +... (1.2.26)

Mepy TOUHOCTH NPUOIMKEHHSI HCIIOIb3YEM B BUJIE

[ p(X){f(X)—ZAm(X)} o= A )~ AR~ AR ().~ 4,0, dx. (12.27)

MoHo nokazath [23], 4TO B 3TOM Cilydae HAaWIyYlIMM BO3MOXKHBIM BBIOOPOM KO3((UIIEHTOB

pa3aoXeHus An SBISIOTCS KOApPumeHTs! Dypobe
b
4,=(/().0,(0))=[ F (), (x)p(x)dx. (1.2.28)

. 2 .
MoxeT ciayduThes, 4to i 0ol (ynkmun f(x) u3 L°, kBagpar KOTOPOM HMHTErpHpyem

OTHOCHTCIIBHO BE€Ca p(.X) 5 CHpaBeI[HI/IBO COOTHOLICHUC 3aMKHyTOCTI/I HHHyHOBa-CTeKﬂOBa:
b )
[IF@F per)ax=3" 47 . (1.2.29)
a n=0

. 2 .
Torga OpTOHOPMHUPOBAHHYIO CUCTEMY {gz)n (x)} Ha3bIBAIOT 3aMKHYTOW B L~ wmu monuHoi [20], a

paBeHcTBO  (1.2.29)  HaspiBatoT  paBeHcTBOoM  JlamyHoBa-CrekioBa — (1896r).  [ns
TPUTOHOMETPUIECKON OPTOHOPMHPOBAHHON CHCTEMBbI (PYHKIIMN MOJ00HOE paBEHCTBO J0Ka3ajl B
1805 rony IlapceBasis:

1 A AZ 00

—[@Far="04 347+ ). (12.30)

T —r n=1

[Ipu Beimonuenuu pasenctsa (1.2.29) nnu (1.2.30), oueBugHO,

b

f{f(x)—ZN:Anwn (X)} p(x)dx — 0,iprn — oo, (1.2.31)

a

TO €CTh YacTU4HbIe CyMMbI psia Dypbe (1.2.27) cxomsares B cpeaHeM K f(x).
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Taxum o0pa3omM, mr00asi cucTeMa OpPTOrOHAIbHBIX MHOTOUYJIEHOB Ha KOHEYHOM OTpE3Ke
3aMkHyTa. O 3aMKHYTOCTH OPTOrOHAJbHBIX MHOTOWIEHOB Ha OECKOHEYHOM WU

1oJy0eCKOHEYHOM IPOMEXKYTKaX CMOTpH padoTy [22].

Bormpocs! 1 ynpaxHEeHuUs.

1) Ompenenenre METPUIECKOTO IIPOCTPAHCTBA R, OCHOBHBIC aKCHOMBI.

2) Ormpenenenue M OCHOBHBIE CBOicTBa (akcMoMmbl) ['miapOeproBa (yHKUIHMOHAIBHOTO
npoctpancTa. Hopma anmemenTa B ' mib0epToBOM (yHKITMOHATHFHOM MTPOCTPAHCTBE.

3) Jlatp onpenenenne PyHKIIUU, OTHOCSIIEHCS
a) K QyHKIMSIM C HHTETPUPYEMbIM KBaJIPaToM;
0) K GYHKIHUSAM C UHTETPUPYEMBIM KBaJPaTOM C BECOM.

4) OnpenenuTs SABISIOTCS JIM TUHEHHO HE3aBUCUMBIMH (DyHKIIUU:

a) y, =sinx, y, =cosx Ha unrepsaine (0,27);

0) ¥, =1, ¥, =e " HaunTtepnase (0,);

B) ¥, =1+2x, y, =2+ 4x na untepnaine (0,1);

r) y, =1+2x, y, =2+3x, y, =2+ x" na unrepsaine (0,1).

5) IlocTpouTh OPTOrOHANBHYIO CHUCTEMY Ul JMHEWHO HE3aBUCUMBIX (YHKIMHA U3

ylnpakHeHUs 4 Ha TOM ke UHTepBajie ¢ BecoM p(x) =1.

1.3. OcHOBBI 0000IIIEHHOTO CIEKTPATbHO-aHATUTUYECKOTO METOa

[TpoBeeHHBIE HCCIIENOBAHUS 110 BEIOOPY A(P(HEKTUBHOIO MaTEMAaTHYECKOTO arnmapara Jis
pemeHust TpoOJIeM yHpaBlIeHHS IUHAMHYECKMMH OOBEKTaMH, pEHICHUS HEKOPPEKTHO
MIOCTABJICHHBIX 3a/1a4 (MIPH MMapaMeTpUYeCKOW WACHTU(PHUKAIMA U JUATHOCTHKE HCCIICITyEeMbIX
CUCTEM), a Takke TMpu pa3paboTKe MaTeMaTHYeCKMX TOJAXOAOB B 3ajJadax aHamu3a
U300paXCHH, pacro3HaBaHUs o00pa3oB mokasamm [4,14-17], uro Haumbosee TOIHO
yIIOBJIETBOPUTH COPMYJIHPOBAHHBIE TPEOOBAHUS K AHATUTHUYCCKOMY OITMCAHHUIO CHUTHAJIOB
MOYKHO Ha OCHOBE Pa3JIOKCHHS dTHX CHTHAJIOB B OPTOTOHAIBHBIC PSJIbI C UCTIOIB30BAHUEM BCETO
MHOTrooOpas3usi KJIaCCHYECKUX OpPTOTOHAIBHBIX MONMHOMOB M ¢yHkumid. IIpencraBnenue
HCCICAYCMBIX CHUIHAJIOB B BHAC OTPC3KOB OPTOrOHAJIBHBIX PAAOB XapPaKTCPHO TEM, UYTO
CTPYKTypa TakKuX OIMCAHHA OCTAaeTCsl BCerja HEM3MEHHOW, a HeoOXoaumas WH(pOpManus o
CHTHAJIaX COJCPXKHUTCA B KOA(PPUIMEHTAX PA3JIOKEHHS, KOTOPhIC, B CBOI OYEpElib, SIBIISIOTCS

JIMHEWMHO HE3aBUCUMBIMH (1JYHKL[I/IOH8.JI3.MI/I . OrMeueHHBIE OOCTOSTENLCTBA  ITO3BOJISAIOT
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paspabarbIBaTh TPOIEAYPHl MOJHONH 0OpabOTKHM CHUTHAIIOB B MPOCTPAHCTBE KOAPPHUIIUSHTOB
paznokeHuss B '"coxatom" BHUAE, YTO OyJIeT CIOCOOCTBOBATh CYIIECTBEHHOMY TOBBIIICHHUIO
TOYHOCTH TOJIy4aeMbIX OIICHOK U YMEHbBIIEHUIO0 00beMa BRIYUCIUTEIBHBIX OMEPALIUH.

B cooTBercTBUM ¢ TpaJAMLIMOHHOW TeXHOJOrHMeH OOpabOTKHM HH(OPMAIIMOHHBIX
COOOILICHNH, TPEACTABIIEMBIX OOBIYHO B BHUJIE HENPEPHIBHBIX CUTHAJIOB JHOO CHUTHAJIOB
JUCKPETHOTO apryMeHTa, CTaBUTCA 3ajJaya O HauOojee IIOJIHOM M3BJICUEHUU [0JIEe3HOM
uHbopMaiuu B mporecce o0paboTku AaHHbIX. OJHAKO pELICHUIO TOCTaBICHHOW 3a7auu
IPENSATCTBYIOT CIIEAYIOUINE OCHOBHBIE 00cToATeNnbcTBA. OOpaboTKa HENPEpPBHIBHBIX CUTHAIOB C
MOMOUIbI0 AHAJIOTOBBIX BBIYUCIUTENBHBIX YCTPOMCTB Ja)Ke MpU OTCYTCTBUM IIOMEX HE
o0ecreyrBaeT MoJIy4YeHHe MCKOMBIX OLIEHOK C TpeOyeMoil TOUHOCThIO, TaK KaK B OOJIBIIMHCTBE
CIIy4aeB OLIEHUTh BO3HHUKAIOIIHWE IMPU ATOM IMOTPEIIHOCTH HE MPEJCTABIAECTCS BO3MOXHBIM.
OTOMy MNpEensATCTBYeT HECTaOWiIbHAs, a YacTO M HH3Kas TOYHOCTb pabOThl aHaJOTrOBBIX
BBIUHCIIUTENIBHBIX JIEMEHTOB U cXeM. Eciy ke Ha aHaJoroBbl CUTHAJI HaJOXKEHBI CIy4yaiiHble
MOMEXHM, TO TPYAHOCTH W3BJICYCHHS HWH(OpMaAIMM B Tpolecce oO0pabOTKH CYIIECTBEHHO
BO3pAcTalOT  W3-32  HEOOXOJUMOCTH  HUCHOJb30BAHUS  JOMOJHUTENBHBIX  aHAJIOTOBBIX
(GWIBTPYIOMIKX 3JIE€MEHTOB.

[Tpumenenne u(ppPOBOI BEIUNCIUTENFHOW TEXHUKH UCKITIOYAET yKa3aHHbBIE HEJTOCTATKU H
MO3BOJISIET BECTH 00pabOTKy ¢ TpeOyeMol TOYHOCThIO. OJHAKO B 3TOM cCllydae HEOOXOIMMO
MPEIBAPUTENLHO BBIIOJHUTH TUCKPETH3ALUIO (KBAHTOBAHKME) HEMPEPHIBHOTO CUTHANA, 3aMEHUB
€ro JIUCKPETHBIMU OTCYETAMH, KOTOPHIE COOTBETCTBYIOT 3HaUEHUSAM (PYHKIIMHM B TOUKAX OIpoca
Y HE JAIOT TEKYIIMX 3HAYEHUI CUTHAJa B IPOMEKYTKAX MEXKAY OTCUETAMH.

BooOmie, yacTtora IMCKpeTH3alluyd HENPEPBIBHOIO CUTHAJIA OIpPENEseTcsl TeopeMoin
oTcueTtoB [18], ycTaHaBIWBAaWIIECH YCIOBUSA, MPH KOTOPHIX HEMPEPBHIBHBIM CUTHAT X(t),
JUCKPETU3UPOBAHHBINM MO0 MPOCTPAHCTBEHHON WM BPEMEHHOH IEepEeMEHHON, MOXKET ObITh
BOCCTAaHOBJICH IO NOJYYEHHbIM oTcyeraM Oe3 morepu wuH(popmamuu. B coorBercTBUH C
YKa3aHHOW TEOpPEeMOW NpH PaBHOMEPHBIX OTcYeTax C¢ MHTepBanoMm Ty (4acToTa orcueroB F,
=1/T,) auckpeTu3anus cUrHaua OyAeT NpoUCXoAuTh 6e3 motepu uHpopmauuu, ecnu Fy, > 2F.
rae F. — HauBbICIIasg yacToTa OrpaHMYEHHOro cnekrpa curHana x(t). Teopemy orcueTroB B
JTUTEpaType Ha3bIBAIOT TeopeMoit Yurrekepa — KotenbHukoBa — [llenHona [18] B 4ecTh yueHBIX,
HE3aBHCHUMO JIPYT OT JApyra copMyIMpOBaBLINX U JOKa3aBUINX ee. B ciydae eciu Ha Mone3HbIN
CUTHAJl HAJIOKEHa MOoMeXa, TO 3TO ycJoBHe HapymaeTcs. [Ipu 3ToM yacToTa AMCKpeTHU3aluu
MOKET OBbITh YBEJIHUYEHa JJISi TOro, YTOOBI MMENach BO3MOKHOCTh YBEPEHHO 3a(MKCHpPOBATH
MIOJIE3HBII CUTHAII U CTJIaJINTh HAJIOKEHHYIO Ha HETO TIOMEXY.

B cnyuae, korzna Ha OCHOBE MOJIy4YeHHOW MHQOpPMAIK HEOOXOAUMO pelIaTh HEKOPPEKTHO

MMOCTABJICHHYIO 06p8.THy'IO 3alavy, YBCIIMYCHUC YaCTOTBHI OIIPpOCa HE 6y,[[CT cImoco0CTBOBATH
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MOBBIIICHUIO TOYHOCTH BBIYMCIICHUI: JalbHEHIee yBEIMYEHHE YacTOThl IUCKPETH3AINU
BBI30BET MaJIeHHE TOYHOCTH BBIUMCIICHUN 3a CUET pOCTa HEYUUTHIBAEMBIX MOTPELIHOCTEN MpuU
OKpyrJieHnu. BosHuKarliee NpoTUBOpPEUrEe MPUBOIUT K CYIIECTBEHHBIM TPYIHOCTAM TpPHU
00paboTKe CHTHAJOB M, KaK IMPaBWJIO, HE MMEET OOLIEro pemeHHus. YKa3aHHas CHTyalus
MOCITY>KWJIa €Il OJIHOM Cepbe3HON NMPUYMHON Mepexo/a K CIEeKTpalbHbIM MeTojiaM 00paboTKu
curHaigoB. Ilpu »5ToM mocTymarolmue CUTHalIbI TEPBOHAYAJIbHO  PAacKiIabIBalOTCS B
OpPTOTOHANILHBIE PS/IBI C 3alaHHOM TOYHOCTHIO. 3aTeM MOJIy4aeMble aHAJTUTHUECKHUE OMHUCAHUs
CUTHAJIOB MPeoOpas3yloTcsi B pe3ysibTaTe aHAJUTUYECKHX BHIBOJOB B Pa3IMUHbIe (POPMYIIbI, O
KOTOPBIM ONPEICISIOTCS MCKOMBIE OLIEHKM M XapaKTepPUCTHKHU. Vcronb3yemble aganTHBHBIC
IpoueAypsl B IPOLIECCE AHAJUTHUYECKOIO OIUCAHHUS CUTHAJIOB 00€CleYuBaOT 3aJaHHYIO
TOYHOCTh OIUCAHUS KOPOTKHMMH OTPEe3KaMU OPTOTOHANBHBIX psAnoB. llpu sToM KoIMYecTBO
KOA((UIIMEHTOB pa3NOKEHUsT N, KOTOPOE HEOOXOIMMO 3alOMHHATH JUISI BOCIPOW3BEICHUS
Ka)XJIOTO CUTHAJIA, OOBIYHO CYIIECTBEHHO MEHBIIE YHCIa AUCKPETHBIX O0TCueToB K, M3 KOTOPHIX
chopmupoBan curtan (n<K). Dto oOcrostenscTBO obecmeunBaeT 3¢ dekTuBHOE "cxaThe"
o0BbemMa MpeICTaBICHHsI CUTHAJIOB IO CPABHEHUIO C UCXOJHBIM 00bEMOM JUCKPETHOTO MacCHUBA.
Hanuuue omnepauuu HMHTETpUPOBAHUS TPU BBIYUCICHUH KOI(P(UIMEHTOB pPAa3lIOKEHUS B
3HAQUUTENBHOM CTENCHM CHIDKAeT BIMSHHE IOMEX Ha IMpolecce AalbHeimeir o0paboTku
CUTHAJIOB.

C TOYKM 3peHHs MOJHOTHI IEPeaBaeMOro HHQPOPMAIIMOHHOTO COOOIICHUS HMEETCS
MPUHLUIKATIBHOE pasznuure Mexay K TuckpeTHbIMH OTcueTaMd M N KodpuImeHTaMu
pasznoxxenus. Kaxxaplii oTcuer XxapakrepusyeT MTHOBEHHOE 3HAYCHHE CHTHaJla B TOYKE OTCUeTa
Xi, a K03 dunueHT pasnoxeHus A;j IPONOPLHOHATIEH BEJIMUUHE NIPOEKIUH CUrHaNIa X(t) Ha j-1o
W3BECTHYI0 OPTOTOHAIBHYIO (PYHKIIMIO BBIOPAaHHOTO 0Oa3nuca Ha BCEM TMPOMEXKYTKE 3aJaHuUs
(cymectBoBanusi) nanHoro curnaia [0,T]. Ilpu stom, yem Gonbliie Mo aOCOTIOTHOW BETMYMHE
JAHHBIA KOA(Q(QULIUEHT pa3iokeHus Aj, TeM OJMKe aHAIN3UPYEMbId CUI'HAJ Ha IPOMEKYTKE
COBIIAJIAET C j-Oi OPTOTOHAIBHON (DYHKITHEH.

C npyroi CTOpOHBI, OPTOTOHAIBHOE pa3JIOkKeHUE X(t) MO MOTHOM CHCTEME OPTOTOHATBHBIX
byHkuil npuHsATOro Oasuca sBiugercs "KecTKuM'" (paHee BBIUMCICHHbIE KOA((UIIMEHTH He
M3MEHSIOTCS IPH BBIYUCICHNUH TOCIEAYIONMX K03(pPULIMEHTOB), CIe10BaTEIbHO, MOKHO BCET/Ia
o0ecreynTh 3a/laHHYI0 TOYHOCTH pPAa3IOKEHUS B CPEIHEKBAJPATHUYHOM WU PABHOMEPHOM
CMBICJIE, KOHTPOJIUPOBATh KOTOPYIO JIOCTATOYHO MPOCTO HA OCHOBaHWM paBeHCTBa JlsmyHoBa-
CrexnoBa (IlapceBans) [19]. He ymanss oOmrHOCTH, MOcieHee AN 3aMKHYTHIX (IIOJIHBIX)

OPTOTOHAJIBHBIX CUCTEM C BECOM p(t) = ] MOXHO 3aIMcaTh B BUIC
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b 0
B, =[x*()dt=7 4], (1.3.1)
a n=0
WJIM TIEPETIHCaTh B ClIeaytomeit hopme:

W
— n=0

B

X

(1.3.2)

Yoo =1,

rae ]/OO — OTHOCHUTCJIbHAA MHTCrpajbHasA KBaaApaTU4HasA TOYHOCTDH HpI/I6J'II/I)KCHI/I$I.
o0
Ipu N= oo x*(¢) 6 A’ . B
pu , B TIpeaene, uHTerpail oT YJIET TOYHO PABEH BEIUYMHE .

n=0
peanbHBIX YCIOBHSX, IpH n=N< oo, Gyzmer ¥, <y, u ¥, <l. OueBunno, mostomy, npu N=0
TouHocTh mpubmmkenus ¥, =0 (anmpokcumaums orcyrerByer), mpu N= oo ¥y =1

(anmpokcumarust x(¢) BBIMOJHEHA TOYHO, O€3 OIINOKH).

[Tepenuiem Beipaxkenue (1.3.2) B npyroii popme:

£ 4 £
7/N:B—+B—+...+B—. (1.3.3)

X X X

B pasenctBe (1.3.3) kaxmoe ciaraeMoe XapaKTepU3yeT OTHOCHTEIBHYIO JOJI0 N-Oi
npoekuud B (GOPMUPOBAHUU CUTHANA (MEPEIaHHOTO COOOIIEHUS), TO €CTh COJEPKalIlyIoCs B
cJIaraeéMoM 4acTb HH(POPMALMOHHOTO COOOIICHHS.

Takum o00pazoMm, IpH pa3lioKEHUH B OPTOTOHAJIBHBIM PsJl MPOUCXOIUT OPTOTOHAIBHOE
MIPOEKTUPOBAHKUE CUTHAJIOB Ha M3BECTHbIE (PyHKLIMU W3 BhIOpaHHOro Oa3uca. [lomydeHHsle npu
ATOM 3HaueHHUs KOd()(PUIIMEHTOB pa3lokKEHHs yKA3bIBAIOT HA CTENEHb COBMAJCHUS CUTHAJIOB C
U3BECTHBIMH OPTOTOHAIBHBIMH (YHKIUSMH Ha pacCcMaTpUBAaEMBbIX MPOMEXyTKax. ToyHOCTh
anmpoOKCUMAIIMK W BKJIAJ KaXIOH NPOEKIUH B (HOPMHpPOBAHHE CHTHAIA MOXXHO OIICHHTH C
nomotbio paBeHcTB (1.3.1) u (1.3.2). CnemoBarenbHo, MH(POPMANIMOHHAS €MKOCTh KaXKIIOTO
Kod(UIMEeHTa pa3oKeHUsl MPOMOPIMOHANIFHA €r0 OTHOCUTEIbHOW BETUYMHE B COOTBETCTBUU
¢ (1.3.3) u sBIsIETCSA MHTErPAIBHOM XapaKTePUCTUKOM.

Hcnonp3oBanue KOI(QOUIIMEHTOB pas3IOKEHHUS B KAauyeCTBE MCXOAHBIX BEIMYUH IS
pelieHrss oOpaTHBIX HEKOPPEKTHO IIOCTAaBJICHHBIX 3aJady, B YAaCTHOCTH, MapaMeTpUUecKOn
uACHTU(DUKAIIMY U TUATHOCTHKHU, MpPU COOJIOACHHHM ONTHUMAIIbHBIX YCIOBUN aHATUTHYECKOU
arfmMpoOKCUMAlLMUA TMOBBIINIAET TOYHOCTh HAXOXKJEHHUS OIEHOK HCXOJHBIX MapaMeTpoB U HE
TpeOyeT TOMOJHUTEIBHON perysipuzaiuu. Kpome Toro, coxpaHsieTcsi yCTOMUUBOCTh PELICHUH B
YCJIOBHUSIX HAJOKEHHs NOMEX Ha IOJE3HBI CHTHAJ 3a CYET ONEPALMM MHTErPUPOBAHUS IPHU
BBIUUCICHUH  KOO(PQOUIMEHTOB  pPa3IOKEHUA. MHOTOYHCIEHHBIE TMPUMEPHl  PEIICHUs

NPAaKTUYECKUX 3a/Jad 10 MapaMeTpPUYeCKOM HICHTU(PUKALNU, TEXHUYECKOH JHAarHOCTUKE
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MOJTBEPKIAIOT  BBICOKYIO  3(PQEKTHBHOCTb  OOpaOOTKM  CHTHAJIOB B  IMPOCTPAHCTBE
K02 (PUITMEHTOB pa3JIOKEHUS.

Takum o0OpazoMm, 000OmIEHHBIH cHeKkTpalbHO-aHanuTHueckuii  merox (OCAM)
00paboTKku MHGOPMAIITMOHHBIX MAaCCHUBOB SIBIISICTCS, HA HAI B3TJISA, OJHUM U3 MEPCHEKTUBHBIX
KOMOWHHMPOBAHHBIX YHCJICHHO-aHAIUTUYECKAX METO/IOB, KOTOPBI IO3BOJIIET B IpoIecce
00pabOTKM pa3yMHO COYEeTaTh CHJIbHBIE CTOPOHBI, Kak ITM(QPOBBIX pacyeTOB, TaK U
AQHAJIUTUYECKUX BBIBOJOB. CTPYKTypHas cxeMa OOOOIIEHHOTO CIEKTPabHO-aHATUTHIECKOTO
MeTtona mpencrasieHa Ha crp. 28. IlogpoOHoe omucanue ee paboThl OyneT H3JI0KEHO B

HalbHENUIIIEM.

Llens sTana 1mudpoBoit oOpaboTkn Ha DBM COCTOMT B MONyYEHUH aHATUTHYECKOTO

OIMKMCAaHUA TTOCTYIIAOIINX CUTHAJIOB C Tpe6yeM017I TOYHOCTBIO.

Jnst 3TOro, Ha OCHOBaHUM NPEABAPUTEIHHO IPOBEICHHOIO BCECTOPOHHETO aHalIu3a
CYIIECTBYIOIIMX CIOCOOOB amnMpOKCHMAalUM, OBbUIO pEHIEHO MPHUMEHSATh AaHAIUTUYECKOE
ONHMCAaHUE CHUTHAJIOB IIyTEM pa3joXKEeHHsI B OPTOrOHAJbHBbIE PSAbl HAa OCHOBE UIMPOKOTO
UCIIONB30BaHUSl KJIACCHUYECKUX OPTOTOHANBHBIX IOJMHOMOB U (YHKIMI HENPEephIBHOTO U

JUCKPETHOTO apTyMEHTOB.

AanTuBHBIE MPOLEAYPHI, UCIOIB3yEMbIE TIPH 3TOM, 00ECIICYNBAIOT BEIYHCICHUE TAKOTO
KOJM4ecTBa KOA(DPUIIMEHTOB pasloKeHHs (IJIMHY OTpe3Kka OPTOTOHAIBHOTO psijfa), KOTOPOE
YIOBJICTBOPATh 33JaHHYK) TOYHOCTh aHAIMTHYECKOTO OIUCAHUS OTPE3KOM MHHHUMAIBHOM

JUIMHEL.

CymiecTBO 3Tama aHaJUTHYECKUX NPeoOpa3oBaHUN COCTOMT B TOM, YTO CTPYKTypa
AHAJIUTHUYCCKOI'O OIIMCaHHuA CUTI'HAJIOB OTpC3KaMI/I OpTOFOHaJ'H)HLIX p?[I[OB BCeraga W3BCCTHA.
[ToaToMy 00BIYHO 110 Havasia 0OpabOTKM JaHHBIX HAa DBM cienyeTr BBITIOJHUTH B OOIIEM BHJIE
HEOOXO/IMMBIC aHAIMTHYECKUE TPeoOpa3oBaHMs I BBIBOJAA COOTBETCTBYIOMIUX (OPMYII,
OIICHOK, XapakTepucTUK ¥ T.A. [lodydeHHbIE aHATUTHUYECKHE COOTHOIIEHHUS B 0OIIeM BHJE,
nepe] HagalioM Iporecca 00paboTKH TaHHBIX BBOJSATCS MPOTPAMMHO WM “3alTUCHIBAIOTCS B €€

3alIOMUHAIOIIEE YCTPOMCTBO.

Bbruncnennsle  KO3QQUUUEHTHl pa3liokeHUsT B mporecce 0OpabOTKM CUTHAJIOB
HANpaBJIAIOTCA B COOTBETCTBYIOIIUE SYCHKH, MAMITU B pe3yJsibTaTe (hOPMUPYIOTCSI KOHKPETHBIE

OLICHKU U XapaKTCPUCTHUKU B aHAJTUTHYCCKOI (1)0pMe M BBIJAXOTCA Ha IIC€YaTh.

Bricokas >(Q¢heKTUBHOCTh YyKa3aHHOW BBIUMCIMTEIBHOW CXEeMbl OYyIEeT ONpeeNsThCs
KaueCTBEHHBIM yPOBHEM BBLIMOJHEHHSI CIEAYIOIIMX OCHOBHBIX mojoxeHuil. IIpomecc

AHAJIUTUYCCKOI'O OIIMCaHHA BXOAHBIX CHUIHaJIOB JOJIKCH OBITH IIOJIHOCTBIO ABTOMATHU3UPOBAH U

27



UMCTb  aJallTUBHBIC  IPOLCAYPHI, O6CCH€‘II/IB3IOH.II/IC Tpe6yeMy10 TOYHOCTb  OIIMCaHUA

BBIPpAXKCHUAMU HauMEHBIIIEH CIIOKHOCTH.

Brinonnenune TpedyeMbIX aHAIMTUYECKUX MTPE0Opa30BaHU C OTPE3KaMU OPTOTOHAIBHBIX
psagoB B o0meM Buae OOBIYHO TPYAHOCTEH HE BbI3BIBaeT. BBox B OBM momydeHHBIX

3aBHCHMOCTEH nepea HayalloM 00pabOTKU JaHHBIX TAK)KE pealin3yeTcsl J0CTaTOYHO IPOCTO.

Bompocsr u ynpaxHeHus.

1) Yro takoe OCAM, ero OCHOBHBIE XapaKTEPUCTUKH.

2) Iosicaute pabotry OCAM mo cTpyKTypHO# cxeme (cM. cTp. 29).

3) IlpuBectu Gopmynbl U HOACHUTH CMBICT paBeHcTBa JlamyHoBa-CTekiIOBa U PaBEHCTBA
ITapcesaus.

4) TlosicHUTB, YTO TaKOE IOJIHASI CHCTEMa OPTOTOHAJBHBIX (PYHKIUH, 9TO TAKOE CBOMCTBO

KECTKOCTH Pa3JIOKCHHUA
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BBIYHCIICHHE KOA((DUITMEHTOB pa3ioKeHUs

Ludposoii 110 KBa3UONITUMaJIbHOMY 63.31/ICy

MaccuB

JIaHHBIX A

\ 4

| x0-Z 4,0, 0 Tdr=Mx <M,

obecrieueHue 3aJaHHOW TOYHOCTH Bapualueil rryOuHbI
PpasNIoKEHHS

Hudposas o6padoTka

AHanuTHYECKNH
BEIBOJ (pOopMyIT B
COOTBETCTBHUH C
3a7a4amMu
00paboTKw.

BBoj nony4ueHHbIX
dhopmyn B [13Y
OBM.

Co3ganue OaHKa
hopmyn 06paboOTKH.

Bank ¢popmyn conepxut:

OCHOBHBIE OIIEpalliy MaTEMAaTUYECKOTO
aHaIu3a.

[ony4yeHne cTaTUCTHYECKUX OLEHOK
(KOppENAMOHHBINA aHAIN3).

YpaBHeHUE MTapaMeTpUIeCcKoun
UAeHTH(QUKAIIHA U TUATHOCTHKH
UCCIIelyEeMBIX OOBEKTOB.

Pemienne HEKOTOPBIX BUAOB HHTETPATIBHBIX
YpaBHEHU.

AHaTUTHYECKOE ONIMCAHHE OJHOMEPHBIX,
IUIOCKHUX U IPOCTPAHCTBEHHBIX KPHUBBIX,
c)kaTtue o0beMa IpeCTaBICHHS U
pacrmo3HaBaHue H300PAKEHHS.

»
»
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maga ll. Knaccuyeckune optoroHanbHble MOSIMHOMbI U
hbyHKLUNN HenpepbLIBHOIO aprymeHTa

2.1. OO01me cBeneHus

N3ydaemble HAMH OPTOTOHAIBHBIE MMOJMHOMBI OTHOCSTCSA K aHATUTUYECKUM (DYHKIHSM.
Wx mnosiBienue B Hayase 19 Beka 0OyCIOBIEHO CHCTEMATHUYECKUM H3yUYEHUEM OPTOTOHAJIBHBIX
CUCTEM IIOJMHOMOB B CBSI3U € pa3BUTHEM Merona Pypbe pelieHus KpaeBbIX 3a1ad ypaBHEHUU
MaTeMaTu4eckoi ¢u3uku. Upe3BbluailHO BayKHBIN KJIACC OPTOrOHAJIBHBIX CUCTEM (PYHKLUH ObLI
npeuiokeH B cepeanne 19 Beka pycckuM MateMatukoM I1.J1.UeObIEBBIM B €ro HUCCIIeJOBAHUSIX
[0 MHTEPHOJIUPOBAHUIO CIOCOOOM HaWMEHBIIMX KBajapaToB. B nanpHeilmeM ycuiusmu
MaTeMaTUKOB pPa3nuyHbIX cTpaH (Ppanuun, Poccum, I'epMaHuu u 1p.) OTKPBITBI U XOPOILIO
U3y4eHbl MHOTHE aHAJIMTUYECKHE OPTOTOHAIbHbBIE CUCTEMbI TOJMHOMOB, KOTOPbIE MO3XKE ObUIN
O00BbEIMHEHBI B IPYMIy KJIACCHYECKUX OPTOTOHAIBHBIX MOJMHOMOB HENPEPHIBHOTO apryMEHTa,
npeCcTaBIeHHOM B Tabmume 2.1.1.

PaccmaTprBaeMble OPTOTOHAJIBHBIE CHCTEMBI IIHPOKO HCIOJIB30BANUCH I PEIICHUSA
3aJja4 TEOPETUYECKONW W MaTeMaTU4ecKol (U3MKU. DTO MPUBENIO K TOMY, YTO MHOTHE aBTOPHI
OTHOCAT 3Ty TPYMIy KJIACCHUYECKUX OPTOTOHAIBHBIX CHUCTEM K CHEUUANbHBIM (QYHKIHSIM
MaTeMaTHIeCKON (PHU3HKH.

Bo BTopoit monoBune 20 Beka coBeTckue matematuku A.D.Hukudopos u B.b.YBapos B
kHure «CrneuuanbHble QYyHKIMKA MaTeMaTHyecKord Gu3ukn» [4] nmoka3anu, 4TO MHOTHE Ba)kKHbIE
3ajaud  TEOPETHMYECKOW M MaTeMaTHYecKOW (HU3MKH MNPUBOAAT K JIu(depeHIHaIbHOMY
YpPaBHEHHIO BTOPOI'O NOpsIKa

o(z)y"+1(z)y'+ Ay =0, (2.1.1)
rzie 6(z) 1 T(z) - MHOTOUJICHBI TIEPBOTO M BTOPOTO MOPSI/IKA HE 3aBHCAT OT N, @ A, HE 3aBUCHT OT

Z U OIIpCACIIAACTCA BhIPpAKCHUCM

P :—nr'—n(n_l)a". (2.1.2)

n 2
VYpaBuenue (2.1.1) HazpiBatoT audGepeHaTIbHBIM YPaBHEHUEM THIIEPreOMETPUUECKOro TUMa,

a perueHusMU ypaBHeHust (2.1.1) SBISIIOTCS MOJIMHOMBI THIIEpreoMeTprdeckoro tuna y, (z) [4].
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Ta6muua 2.1.1. Kilaccumyeckue opToroHajJbHble MOJTHHOMBI HENIPEPHIBHOTO0 APryMeHTAa

Ne HasBanne Hpenenst
I /II MHOFOWICHA O6o3HayeHue OO61iee BBIPaKEHUE Bec p(x) CYILIECTBOBAHMS
(rpaHuIibl)
n (n+a\n+
Sko6u unu plas) Pn(a’ﬂ) (x)=2"3% [ j( 'B)(x -D"" - (x+ D" 1-x)*-(1+x)” : .
TUIEpPreoMeTpHIECKUe , () m=0\ M n-m a>-1, p>-1 )
] |:Ej| (1_x2)a—0,5
I'eren0ayspa unu ! 2 “D"T(A +n— D —R__
ynbTpachepuyecKue G () CHx)=% () T(d+n—m) (2x)" @=p=4=05 ! :
m=0'(m+1D)I'(n—-2m+1) (A>-0.5)
Yeobimena [ pona T (x) T.(x) = n i} (=D"(n-m-1)! (2x)" 2" (1-x*)" -1 1
2 12 m!(n—2m)!
[ﬂ 2N+0,5
Yeo6nimena 11 poxa U,(x) U (x)=3 D" (n—m)! (2x)" —2m 1-x7) -1 1
m=0 m!(n—2m)!
Jlesxxanapa win 1 L} ¥ 2n - 2k)! 1
chepuueckue F,(x) P (x) = > D ( ) x" a=8=0 ! !
2" k=0kl(n — k)!(n — 2k)!
) Nk
Conuna - Jlareppa L7 (x) L(na)(x) = ZC:;g ( ;) x%e™ 0 ©
Jlareppa L, (x) L, (x)= ch S (=) o 0 o
k=0 k!
DpmuTa H, (x) H (x)= n,[z}( D™ (2x)" " exp(—x~) 0 0
" m=0 m!(n—2m)! 31




YacTHBIMU pelIeHUs MU ypaBHeHMH Buaa (2.1.1) sBugroTCs CleIyrOIUMe KIacChl
CHEUUANBHBIX (QYHKIUH — KIACCHYECKHUE OPTOTOHAIBHBIC MOJMHOMBI (ITOJMHOMBI SKOOH,
Jlareppa, Dpmuta u ap.), chepudeckue, MWINHIPUIECKUE, TUIIEPTeOMEeTpUYeCKre (DYHKITMU U
zp.

B nanpHeiimem MbI OyZeM H3ydaTh KJIACCMUECKHE OPTOTOHAIbHBIE CHUCTEMBI (DYHKIIMNA
HENPEPHIBHOIO W JMCKPETHOTO AapryMEHTOB C LENbI0 BBIABICHUS UX CPaBHUTEIbHBIX
anMnpOKCUMAaTHBHBIX CBOMCTB IPU aHAIUTUYECKOM ONMCAaHUM METOJIOM HAUMEHBIIUX KBAJpaTOB
UH(POPMALIMOHHBIX TaHHBIX.

OproronanbHbie 6a3uchl B Tabmuie 2.1.1 MOXHO yCIIOBHO pa3fefuTh Ha TPU TPYIIIH,
00BETMHEHHBIX TIOPOXKIAIOIIUMHI HX (OPMYIIaMHu.

K mepBoii rpynme OTHOCATCS OpPTOTOHAIBHBIE Oa3MCHl, KOTOPBIC 3aJarOTCs OOIIeH
dbopmynoit ko6 u ompeaeneHsl Ha mnpomexytke [-1,1]. Orta oOmas dopmyna wumeer
napaMeTpsl o ¥ 3, KOHKPETHbIE 3HAUEHUSI KOTOPBIX B Pa3IMYHBIX COUYETAHHMIX MPUBOJAT KaK K
M3BECTHBIM OPTOIOHAJIBHBIM CUCTEMAM, TaK U K BO3MOXKHBIM JPYTUM.

Ko BTOpoii rpynme oTHOCsTCsS opToroHanbHbele 0azucel Conuna-Jlareppa (00o0mIeHHbIE
nonuHoMbl Jlareppa). OHu ompeneneHbl Ha npoMexyTke [0,00] U UMEIT B 3ajaroliend ux
dopmyne mapamerp o. Ilpu o = 0 dopmyna ompeznensieT XOpPOLIO HM3BECTHBIE MOJIMHOMBI
Jlareppa. 3agaBas o B auamnasoHe (-1 < o < 00), MOXHO IOJyYUTh MHOXECTBO OPTOTOHAJIBHBIX
6a3ucoB u3 cemeiictBa Connna-Jlareppa, OTJIMYAIOMUXCS APYT OT Jipyra (opMoii OTMHOMOB.

Hakonern, mocnenHio rpymimy o0pa3yeT OpTOroHaJbHBIN 0azuc DpMuTa, 3aJaHHBIA Ha
Bcel 4MCIoBOM ocu (-0 < X <oo0). OOBIMHO 3TOT 0a3uC NMPUMEHSETCS MPU CTAaTUCTHYECKUX
uccnenoBanuax. Gopmyiia, 3agaromas 6asuc, He UMEET B CBOEM COCTAaBE HU OJHOTO MapameTpa.
[TosTOoMy 3Ta rpynmna npeacraBieHa OJHUM OpPTOTOHAJIBHBIM 0a3ucoM DpMuTa.

Ecu mapamerpsr a = 3 = 0, To u3 dhopmyIsl, 3amaroriei 60a3uc JAko0u ¢ TOYHOCTHIO 10
IOCTOSIHHOMW, MOYKHO MOJY4YHUThb (POpMyIly, ONpEeAessIolly0 CcepudyecKkue OpTOrOHaJIbHbIE
HNOJMHOMBI MM noiauHoMbl Jlexanapa. Ilpu o = B = +0,5 u3 obmeit Gopmyibl noiaydaror
BBIPA)KEHUS, OINPENENIAIONINEe OPTOrOHAJIbHbIE NMOJMHOMBI YeOblleBa COOTBETCTBEHHO MEPBOIO
(o =B =-0,5) u Broporo (oo = B = 0,5) poxa. [Ipy @ = B = 5 - 0,5 (¢ > -0,5) nonyyatot
yIbTpacheprudeckre opToroHaJbHbIe MOJMHOMBI (TIoMHOMBI ['erenbayapa). Ecnu ke 3HaueHus
o ¥ 3 BBIOMpAIOTCS MPOU3BOJIBHO (IOMYyCTUMBIN Auana3zoH -1 < § < oo, -1 < o < ) B JH00BIX
COYETaHUSX 3HAYCHUH o U [3, TO MOXXKHO MOJYYUTh OOJbLIOE pazHOOOpa3sue OPTOrOHAJIBHBIX
0a31COB, OTHOCSIINXCS K KJIACCHUECKUM, 00JIaIaloNIMX HEKOTOPHIMU OOIIMMHU CBOMCTBaMH, HO
UMEIOIINX PA3IMYHYI0 (OPMY TIOJMHOMOB M BECOBBIX (DYHKIHMH, BXOIIIINX B KOHKPETHBIN

OpTOTOHAJBHBIN 0a3uc. YacTo ceMelWCTBO OpPTOTOHAJIBHBIX 0a3MCOB, OTHOCSAIIUXCS K TPYIIIEe
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Conuna-Jlareppa, Moau(UIMPYIOT BBEJCHUEM MacHITaOHOro ko3¢ ¢uieHTta m, o 4yem OyIer
CKa3aHo B JaJbHENIIEM HU3JI0KECHUH.

[Ipexxne yeM MNpPUCTYNHUTh K JETAIBHOMY M3YUYEHHIO KOHKPETHBIX aHAJIUTHUYECKHX
OpPTOrOHAJIbHBIX 0A3MCOB M3 YMCIA KJIACCUUECKUX, PACCMOTPUM HX OOIIME BaXKHblE CBOICTBa
[23].

1) @ynkiun {@'(x)} 00pa3yroT TakkKe OPTOTOHAIBHYIO CUCTEMY MHOTOUYJICHOB [23].

2) OyHKUMH @n(X), OpUHAAJEKANINE K KIACCUYECKUM OPTOrOHAJIBHBIM CHCTEMaM,
YZIOBJIETBOPSIIOT TUIIEpreoMeTprueckoMy nuddpepeHaasHoMy ypaBHeH o Bua (1)

A(x)y"+B(X)y'+Any=0, rae A(x) u B(X) He 3aBUCST OT n, a A,, HE 3aBUCHUT OT X.

1 d"[px)x"]
K,p(x)  dx’

3) Umeet mecto 06061meHHast popmyrna Pogpura ¢, (x) = , e K, -

nocrosHHas; X' - MHOrOWwIeH, KO3 (UIMEHTHI KOTOPOTO HE 3aBHCAT OT N.

4) JlroOble TpW TMOCIICOBATEIBHBIX OPTOTOHAIBHBIX IIOJIMHOMAa W3 OJHOTO 0Oasmca
CBSI3aHBI MEXJy COOOH JIMHEWHBIM COOTHOIIEHHWEM [23], TO €CTh UMEeT MECTO PEeKyppeHTHas
(hopmya, KoTopasi HO3BOJISET MO ABYM U3BECTHBIM MOJUHOMAM OMPEENATh OHO3HAYHO TPETUI
MIOJINHOM.

5) Jyis Bcex OpTOTOHABHBIX MOJIMHOMOB M3 YHCIa KJIACCHUECKUX BecoBas QyHKIHUsS P(X)
- HEOTpHUIIATEIbHA U UHTETPHpyeMa Ha OTpe3Ke [a,b].

JIroboe W3 mepBbIX TPEX CBOMCTB XapaKTEPU3yeT KIACCHUYECKUE OpPTOTrOHAJIbHBIE
noJMHOMBI. TO ecTh, ccTeMa OpPTOTOHAIBHBIX MOJIMHOMOB, O0JIafjatomiasi OJJHUM U3 3THX TpeX
CBOICTB, MOXKET OBITh IPUBE/ICHA K CEMENCTBY KIIACCUYECKHX.

VYcneumHoe perieHue 3a4ad aHAIUTUYECKOTO OMHCAHUS MH(POPMALMOHHBIX JAaHHBIX C
[PUBJICYCHUEM almapaTa KJIaCCUYECKUX OpPTOrOHAJbHBIX Oa3UCOB OCHOBAaHO Ha METOJE
HAaUMEHBIIUX KBagpaToB U OOYCIOBJIEHO 3aMeYaTelIbHbIMU HUX  AallpOKCUMATHUBHBIMU
BO3MOXXHOCTSIMH, KOTOpbIE C Yy4Ye€TOM HCIONb30BaHUS ODOBM  MO3BOJSIOT MO-HOBOMY
opranu3oBatb PQPEeKTHBHBIN npouecc 006padoTku HaHHBIX. CHopMyIHpyeM JOMOTHUTENIbHBIC
CBOMCTBa KJIACCHMYECKHUX OpPTOTOHAJBHBIX 0a3uCOB, KOTOPbIE OMNPENENSIOT MX 3HAYUMOCTh B
3a/layaxX aHAJIUTUYECKOM anmpOKCUMAIMU JAaHHBIX U OCHOBAaHBI Ha OOIIUX CBOWCTBAX, MOJPOOHO
paccMoOTpeHHbIX B paboTax [4,9,20,23,24]:

® T[IOJy4YCHHYI0O B OKCHEpUMEHTE (YHKIMOHAIBbHYIO 3aBHUCHUMOCTb B  BHJE
HENPEPBHIBHONW KPUBOW HIM HU(PPOBOTO MaccuBa JAHHBIX MOXXHO BCErJa OMHCATh
AQHAJTUTMYECKH OTPE3KOM OPTOTOHAIBHOTO psaa ¢ Jro00#, Hamepea 3alaHHOMN

TOYHOCTBIO B CPECAHCKBAAPATUIHOM HUJIIM PABHOMEPHOM CMBEICIIC,
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® AaHAaJIMTUYCCKOC TIMPCACTABJICHUC CUTHAJIA, IIOJIYYCHHOI'0O B  OKCICPUMCHTC,

YCEUEHHBIM OPTOTOHAJIBLHBIM PAIOM TpeOyeT 3HAHHs CaMOro CUrHajia U He TpeOyer

SHAaHUA €0 IMPOU3BOJHBIX WA CBGI[GHI/If/'I O I'IaAKOCTH,

® Pa3jIOKCHUEC CUTrHalla B OpTOFOHaHbHBIﬁ paa ABIACTCA KCCTKHM, TO CCTb

BBIYUCIICHUEC HOBBIX KOI—)(b(l)I/IIII/ICHTOB Pa3JI0XKCHUA JId MOBBIIICHHUA TOYHOCTHU

anmnpoKCHMAallMU He BIIMSET Ha paHee BhIYUCIIEHHBIE KO (DULINEHTHI;

® pa3JIOKEHHUE CHT'HAJIa OCYIECTBISIETCS He B Touke (psapl Teiiopa), a Ha 3aJaHHOM

MIPOMEKYTKE, KOTOPBIA MOKET OBITh JIFOOBIM;

® [IpU OMNHCAHUU MCCIEAYEMOTO CHTHaja OPTOrOHAJIBHBIM psAAOM HH(OpManus o0

ATOM CHTHAJIE COIEPKUTCS B KOIDPHUITUEHTAX PA3IIOKECHUS;

e K03()PUIMEHTH pPa3IOKEHHs OPTOTOHAJIBLHOTO  psiia  SIBJISIOTCS  JIMHEMHO

HC3aBUCUMbIMHU (I)YHKI_II/IOHB.J'IEIMI/I.

HIupokoMy HCIOJNIB30BAaHUIO KJIACCHYECKUX OPTOTOHAIBHBIX 0a3uCcOB B  3ajJadax

aHATUTHYIECKOH aIrpoKCUuMaunu I/IH(bOpMaIII/IOHHBIX MacCHBOB, Ha HaIi B3TJI 1,

MIPEIATCTBOBAIN CIICAYIOIINE OCHOBHBIC ITPUYKWHBI:

dbukcupoBaHHas 00yacTh cymiecTBoBaHus [-1,1] OoNBIIMHCTBA OPTOTOHAIBHBIX
0a3MCcOB HEMPEPHIBHOTO apryMeHTa HEyAOOHA Uil aHATUTHYECKOW amlImpOKCHMAITUH

JaHHBIX,

OTCYTCTBHUC CBeI[eHI/Iﬁ O BJIMHUU IIapaMCTPOB, BXOJAAIIHUX B (1)OpMy.]'IBI, KOTOPBbIMHU
3a1al0TCA KJIIACCUYCCKHUE OPTOIOHAJILHBIC 0a3ucel HCIIPEPBIBHOT'O HJIM JUCKPETHOI'O
APryMCHTOB, HAa U3BMCHCHUC CBOMCTB 3THX 6a31/ICOB, a TaKXXC Ha UIBMCHCHHUC XapaKTCpa

UX BECOBBIX (DYyHKIIUI;

TPYAHOCTH, CBA3AHHLIC C BBIYMCICHUCM KOB(l)q)I/IHI/IGHTOB PAa3JI0KCHUA HUCCIICAYCMBIX

CUTHAJIOB T10 BEIOPAaHHOMY OPTOTOHAIBHOMY 0a3ucy;

OTCYTCTBHE PEKOMEHJAlUi 10 BBIOOPY Haubosiee MOIXOIANUX OPTOrOHAIBHBIX

MOJIMHOMOB WM (PYHKIHN B KOHKPETHBIX 3a/1a4ax;

OTCYTCTBHE TPAKTUYECKHUX CIOCOOOB ONpPENENICHHUS ONTHUMAJBHBIX YCJIOBHM

annpokcuManuu GyHKIUI Hanboiee KOPOTKUM YCEUEHHBIM OPTOTOHAIILHBIM PSAOM;

OTCYTCTBHE CBEJIEHHIl O CJIOXXHOCTH M BO3MOXHOCTH TEXHHUYECKOH peanu3aiuu
CHEKTPAJbHBIX aHAIM3aTOPOB PA3IUYHBIX OPTOrOHAJIBHBIX OAa3MCOB HEMPEPHIBHOTO

apryMeHTa.

HCCMOTpH Ha 9TO, MaKCHUMAJIBbHOC HCIIOJB30BaHUC TTOJIOXKHUTCIbHBIX CBOMCTB

KIIACCHUYCCKUX OPTOTOHAJIBHBIX 0a3ucoB u MMpeoa0JICHUC pr,I[HOCTGI\/JI IMPUMCHCHUS UX B 3aJavdax
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anMnpOKCUMAIlMM JAHHBIX OTKPBIBAIOT JIOTIOJIHUTENIbHBIE BO3MOKHOCTH B CO3JaHUU HOBBIX
3¢ GEKTUBHBIX METOIOB AHATUTHYECKOTO OMMMCAHUS U 00padOTKN MHPOPMALIMOHHBIX MACCHUBOB.

Baxxnoe 3ameuanme. B wmaremaTmyeckod sauTeparype, OCOOCHHO B CIPAaBOYHOM

JUTEpaType, KIACCUYECKHE OPTOrOHAIbHBIE CUCTEMBbl IOJMHOMOB U (DYHKIMI HENPEpbIBHOTO U
JUCKPETHOTO apryMEHTOB MPHUBOAATCS B HEHOPMHpOBaHHOW ¢opme. Icmonb3oBanue
HEHOPMHPOBAaHHBIX  cHCTeM (GYHKIMHA B  3aJadax aHAJIATHYECKOH  amlmpOKCHUMAIHH

HenenecooOpazHo. [loaTomy cremyer mepel NMPUMEHEHHEM IPOBEPHTh MX HOPMHPOBKY IO
bopmyne
(2.1.3)

0,0)|=

[ol @) pyr .

Ecnu jaHHOe BBIpaKeHHE HE PaBHO eauHuue, TO @, (1) —HeHOpMUPOBaHHbIC (YHKUMH U HX

CJIeyeT MOABEPTHYTh HOPMHPOBKE I10 ciexyroteii popmyie:

0 () =00 (2.1.4)

b

[@.) 0 p@ar

rae @, () —HeHopmupoBanHble GyHKLIMH, @ @, (1) — HOPMUPOBAHHBIC PYHKIHN.
Ilycth
B 0, ecnui# (2.1.5)
(@1.0,)=[0.(x) 0, (x)p(x)dx = e
: 1, ecnmui=j
[TocienoBaTebHOCTh TaKUX (YHKIMH Ha3bIBACTCA OPTOHOPMHUpPOBAaHHOW. B masnbHeiimiem B
npoiecce pabOThl CJICIYyeT BHUMATEIbHO MPOBEPSATh BBIMOJHEHUE YCIOBHH HOPMHUPOBKU
OPTOTOHAIBHBIX CHCTEM ITOJIMHOMOB U ()yHKITHH.
Bomnpocsl u ynpaxHeHus.
1. Ha kakue OOJbIIHE TPYMIbl ACISATCA KIACCHYECKUE OPTOTOHAIBHBIC CHCTEMBI
MOJIMHOMOB?
2. Pacckaxure 1o Ttabmmme 2.1.1 00 OCOOCHHOCTAX CEMEWCTB KIACCHYECKHX
OPTOTOHAJILHBIX TTOJIMHOMOB U (DYHKIIHH.
3. Tlouemy ymoOHO BCe OpPTOrOHAIBHBIE CHCTEMBI B 3ajayax amimpoOKCHUMAIIMH Pa3IeisiTh
Ha CUCTEMBbI MIOJIMHOMOB ¥ cCUCTeMbI (pyHKIui? [TokakuTe, Kak 3TO TOCTUTACTCS.
4. ChopMmyaupyiTe OCHOBHBIC Ba)KHbIC CBONCTBA KIACCHUYECKHUX OPTOTOHAIBHBIX
0a3ucoB.

5. CdopmynupyiTe JONOJHUTENbHbIE CBOMCTBA KIACCUUYECKUX OPTOTOHAIBHBIX 0a3UCOB,

OIMPCACIIAIOINEC UX 3HAYUMOCTD B 3a/ladax aHAJIUTHYECKOMN almmpoOKCUMal JaHHBIX.
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6. Uro chepkuBajO MIMPOKOE NMPUMEHEHHUE KJIACCHUECKUX OPTOrOHAIBHBIX 0a3uCOB B

3aadax aHAIMTHYECKOW alMpOKCUMAIUN HH()OPMAIIMOHHBIX JAHHBIX ?
2.2. Moaudukaius KIacCUYeCKUX MOJMHOMOB HEMPEPHIBHOTO apryMEeHTa

Bbonee ynoGHOe MCMOIb30BaHUE KIACCUUYECKUX OPTOTOHAJIBHBIX 0a3UCOB B MPAKTHUYECKUX
3aadax, a TaKkKe pacUIMpeHHe acCOPTUMEHTa OPTOTOHAIbHBIX 0a3UCOB 00YCIOBUIIO MPUHSATHE
pelIeHus! MPOBECTH WX MOIU(DUKAIHIO.

B s1ux nemnsix npejyiaraercs ciaeayroiiee.

. 2t
1. Hcnonb30BaTh JIMHCUHYIKO TIOACTAHOBKY BHA x=?—1, KOTOpas CABUIACT 0051aCcTh

CyIIECTBOBaHUSI OPTOTOHANBHBIX 0a3ucoB ¢ mpomexyTtka (-1, 1) Ha mpomexyrtok (0,T).
Bapuanuus T B KOHKpETHOH 3aiaue MO3BOJSET JIETKO COIIACOBBIBATH JUIMTENBHOCTh KaXKJI0TO
CUTHAJIa, MOJIEKAIIETO aHATUTUYECKOMY OIMCAHUIO C TPOMEXYTKOM CYIIIECTBOBaHMS Oa3uca.
2. Vcionb3oBaTh HEMMHENHHYIO OJCTAaHOBKY TUMa X=1-2exp(-mt), rae t — HOBbII apryMeHT, m —
MacImTaOHbI KO3 PUIIMEHT, UMEIOIIMK Pa3MEPHOCTh OOPATHYIO Pa3MEPHOCTH apryMeHTa t,
KOTOpast CABUraeT MPOMEXYTOK cyliecTBoBaHMA Ha (0, o0) ¢ mpomexyTka (-1, 1).

Bapuanus kosdduimenta m mo3BOJSIET B MPOLECCe aHATUTHUYECKOW anmpoKCUMAaIUu
NoJy4aTh HanOojee MOAXOIAIINE YCIOBUS Ul ONMMCAHUS PEATbHBIX KOHKPETHBIX CHUTHAJIOB C
3aJaHHOH TOYHOCTBIO HanboJIee KOPOTKUM OTPE3KOM OPTOTOHAIBHOIO psfa.

B cneayrommx rmaBax OyZyT MOAPOOHO HCCIIENOBAaHBl BO3MOXHOCTH BBEICHHUS
aIalITUBHBIX TPOIEIyp B MPOIECCEe anmpOKCUMAIMK JAHHBIX 32 cYeT u3MeHeHus T wim m B
KOHKPETHBIX 3a7adax Ui TIOJXYYEHHUS 3aJaHHOH TOYHOCTH AHAJMTUYECKOTO OMHMCAHUS TpU
N=Nmin.

Crnenyer oOpaTuThb BHMMaHHE YHMTaTeNsd Ha TO, YTO, pellas 3ajauyd aHaJIUTUYECKOTrO
onucaHuss WHGOPMAIMOHHBIX JAHHBIX MPH MOJ0OPE OPTOTOHAIBHBIX 0A3MCOB, CIEAYET YETKO

pa3nuyaTh KJIACC MOCTYMAIOIIUX CUTHAJIOB: OTHOCATCA JU OHU K (DYHKLIMSM C MUHTEIPUPYEMBIM

2
KBaJIPaTOM, TO €CTh K POCTPAHCTBY L, 4TO COOTBETCTBYET Cily4aro, korna o(x) =1, mu6o onu
2
MHTETPUPYEMBI C KBAIPAaTOM C BECOM O(X), TO €CTh OTHOCATCS K MPOCTpaHcTBy L » C BECOM

OTJINYHBIM OT €IUHULIBI.
Bbuto mpuHATO B JMaNbHEHIIEM COCTaBISIONIME 0a3MCOB, BecoBas (YHKIHUS KOTOPBIX

OTJIIMYHA OT €IUMHUIBL, TO €cThb pP(x)#1, Ha3plBaThb OPTOrOHAJIbHBIMU IOJUHOMAMHU U
0003HaUaTh WX 3arjlaBHBIMH OykBamH, a Oasuchl, uMmewmme p(x)=1, cocrosmumMu wu3

OpPTOrOHAJIBHBIX (PYHKIMI, 0003HAYATh UX CTPOUYHBIMU OYKBaMHU.
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. 2
Hanpumep. Ipu pasznoxenun f(x) otHocsmeics k L ,, CIIC/lyeT HCIIONb30BATH MOTHHOMBI, TAKKE

2
oTHOCsIMecs K L - BBIYHCIICHNE ko3 duumreHToB pasnoxenus f(x) no nonmuaomam @ (x) ¢

Becom P(X) cremyer mpoBoauTh 10 hopMyIie:
b 2.2.1)
4, = [ F()®,(x)p(x)dx

Boccranosnenue ¢pynkiun f(x) npoucxoaut mo Gpopmymne

N 222
F=3 40,0). (22.2)

2
Ecmu ke f(x)orHocurcst k mpocrpanctBy L mpu p(x)=1, 10 KOIDPUIHEHTHI pas3ioKeHHs

ornpenensorcs GopMyso:

b (2.2.3)
4, = [ ()@, (x)dx,
rae ¢, (x)=®, (x) 4/ p(x) - cOOTBETCTBYIOLIME OA3UCHBIE (DYHKIUH.
BoccranoBneHne curnana mpoOMCXOHUT MO CIEAYIONIEMY BBIPAKEHHIO
(2.2.4)

f(X)=ZAn '€0n(X)=ZAn‘Dn(X)'\/p(X) :

Tabnmuua MOIM(UIMPOBAHHBIX KJIACCHYECKHX OPTOTOHAIBHBIX 0a3HCOB IpHBEJICHA B

IIpunoxenun 1.
Bormpocs!l 1 ynpakHeHus.

1. Yem BbI3BaHA HEOOXOMUMOCTh MOAM(PHUKAIMN  KIACCHUECKUX OPTOTOHAIBHBIX
MTOJIMHOMOB HEMTPEPHIBHOTO apryMeHTa?

2. JluneiiHas W HEJIMHEWHAs IOJICTAHOBKU, INMPHBOISIIUE HCXOJHBIC OPTOTOHAIBHBIE
0a3uChl K UX MOAU(PUKAIUH.

3. OCHOBHBIC MAaTeMaTHYCCKUE OIEPAIMH M WX TOCICIOBATEIBHOCTh BBIMIOTHCHHS TPU

pa3NoXeHUU B OPTOTOHAIBHBIN psia (QyHKIMH f(f) 1O CHUCTEME OPTOrOHAIBHBIX
MOJINHOMOB {(p(t)} c BecoBoM (QyHkmuen p(f)#1 U OpTOroHaNbHBIX (GYHKIUN C

BecoBoM (pyHkuuent p(t)=1.
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2.3. IlonmuHombl 1 PyHKITUU cemercTBa SIkoou

2.3.1. OcHOBHEIE CBEIEHUSI

[Arxobu Kapn I'ycmas Hxo6 (Jacobi Carl Gustav Jacob) (1804-1851) nemeyxuti mamemamux,
nouemnuwlti unen Ilemepoypeckoii AH.]

B maparpadge 2.1 ObUIO T1OKa3aHO, YTO YAaCTHBIMH PCIICHUSAMH YPaBHECHHS
runepreoMerpuueckoro tumna (2.1.1) SBASIOTCA MOJWHOMBI THUIEPTE€OMETPUUYECKOTO THIIA

v,(2), sBHBIC BBIpaXeHHs KOTOPBIX atorcst hopmysnoit Poxpura

Bn
p(2)

2(2)=—|o"(2)p(n)]", 2.3.1)

rae B, - HopmupoBouHas nocTosiHHasL, a GpyHkuus P(z) ymosnerBopsieT aupdepeHunaIbHOMY

ypaBHeHuo [Iupcona [4]:

:

[o(2)p(2)] =2(2)p(2) (232)

CootHomenue (2.3.1) BoBenn B 1814 rony ¢panmysckuit matematuk b.O.Ponpur ans

YaCTHOI'O CJIydasi HOJIMHOMOB TMIIEPreOMETPUYECKOro THUIa — noauHoMoB Jlexxannpa, a K. Slkobu

0000mm 3Ty (QopMyiy, omyOiaukoBaHHyr0 B 1859 romy, Ha ciiy4ail MHOTOWIEHOB, UM
MIPETIOKEHHBIX U U3YUYCHHBIX.

MoxHo 1noka3ath [4], 4TO JIMHEHHON 3aMEHOM HE3aBHCUMOM IMEPEMEHHON BBIPAXKEHUS

st o(z) u p(z) npuBOAATCS (C TOYHOCTHIO JO TOCTOSIHHOTO MHOMKHTENS) K CIEAYIOIIUM
KaHOHUYECKHM BHJIaM:
(1-2)*0+2)" npu o(z)=1-z7%;
p(z)=1z%" npu o(z) = z; (2.3.3)

—22

e npu o(z)=1.

[Ipu Takoit 3amene ypaBHeHus (2.3.1) u (2.3.2) nmepedayT B ypaBHEHHUS TOTO K€ BHJA, a
noaMHOMBL Y, (Z) OCTaHyTCs IOJMHOMAMH TMIICPreOMETPUYECKOrO THIA, OIPEACICHHbIC
dbopmymoit Pompura (2.3.1).

3aMeTuM, 4TO B JaibHEHIIEeM, He Hapylas OOIHOCTH BBIBOJOB, 3aMEHUM KOMILIEKCHYIO

MEPEMCHHYIO Z Ha BCIICCTBCHHYTO X.

[Tokaxxem, yTO B 3aBHCUMOCTH OT BuAa ¢yHkuuu po(x) (2.3.3) MOXHO NOIy4aThb

pa3IuyHbIE CUCTEMBI (0a3UChl) OPTOTOHAIBHBIX TTOJIMHOMOB.
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2.3.2. [lonuHOMBI U GyHKIMHU SK0OU

Mycrs o(x)=1-x" u 7(x)=—(a+ S +2)x+ B —c. Torma COOTBETCTBYyIOIIHE

D"

T Has3bIBAIOTCA  MOJMHOMaMu  SIkoOm Wi
-n!

nomuHomsl  y,(X)  mpm

TUIIEPreoMeTPUYECKMMU U 0003HAYAI0TCS Pn(a’ﬁ ) (x) . Onu 3agansl Ha pomexyTke (-1,1).
Wx BecoBas pyHKIMS UMEET BU:
p(x)=1-x)*-(1+x)”, (2.3.4)
rie o U [ — mapaMmerpbl, U3MEHEHHE KOTOPHIX CYIIECTBEHHO MEHsET cBoiicTBa Oasmca. Jlis

COOII0OACHHS CXOMMOCTH UHTErpaia OT BECOBOM (PyHKIMU TpeOyeTcs BHINOJHEHUE YCIOBUN

a>-1,0>-1 (2.3.5)
CranpapTuzanus HoJMHOMOB SIKOOU UMEET BUI:
n+ao a+l1
PP (1) = [ ] _la+D), (2.3.6)
n n!
I'(a+n
(a),=a(a+1)(a+2)..(a+n-1)= (F(—)) HasbiBaeTcst cumBosioM [Toxrammepa [28].
a
(a), =1
®opwmyina Ponpura:

1-x) -(1+x)‘ﬁ d"
2" . nl dx"

PexyppeHTHOE cOOTHOIIEHUE TOTMHOMOB Sko0u [23]:

PP (x)=(=1)" [a-x= - a+x7] 2.3.7)

2n+D(n+a+p+D2n+a+BPYP(x)=Rn+a+ B+D)[2n+a+ )

n+l

5 5 (2.3.8)
‘Cn+a+ f+2)x+a’ - B IPP (x)-2(n+a)n+ B)2n+a+ B+2)P (x).
N3 (2.3.7) MOXKHO MOJIy4UTh SIBHOE BBIpAXKEHUE
n (n+ajn+
PP =27 % ( J[ ](x =)™+ D" (23.9)
m=0\ 1M n-m
N3 (2.3.9) oueBHIHO COOTHOIIEHUE
PP (—x)=(=1)" - PP (x). (2.3.10)
YacrtHeie 3HaueHus Skoou:
PP (x)=1, (2.3.11)
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PP (x) :;(a —B+x2+a+p)

PP (x) :;(1+a)(2+a)+;(—1+x)(2+a)(3+a+,8) +:g(—1+x)2(3+a+ﬂ)(4+a+ﬂ),
PP (x) = 2(1 +a)2+a)(3+a) +i(—1 +X)Q2+ )3 +a)d+a+p)+

é(—1+x)2(3+a)(4+a+ﬁ)(5+a+ﬁ)+418(—1+x)3(4+a+ﬂ)(5+a+ﬂ)(6+a+ﬂ),

Pj“’ﬂ) (x) :214(1 +a)2+a)3+a)4+a) +112(—1 +x)2+a)B+a)d+a)S+a+ p)+
116(—1+x)2(3+a)(4+a)(5+a+,B)(6+a+,6’)+
418(—1+x)3(4+a)(5+a+ﬂ)(6+a+,8)(7+a+ﬂ)+

351;4(—1+x)4(5+0:+/3)(6+0(+,8)(7+05+[3)(8+0:+/3).

MouduurpoBaHHble (CMEIIEHHbIE) OPTOHOPMUPOBAHHbBIE MTOJIMHOMBI SIKOOU:
a) npenen cymecrtsoBanus [0,T]:
R (x) = \/(a+ﬂ+2n+1)F(a+ﬂ+n+1)F(0¢+n+1)F(,B+n+1) y
! 29 Tl
y 1 & Cr(x—T) x"* '
T" icol(a+k+DD(B+n—k+1)

(2.3.12)

0) cmemenHblie Ha [0, 00 ):

Rj,ﬁ(mx):\/m(a+ﬂ+2n+1)r(a+ﬂ+;;+1)r(a+n+1)r(ﬂ+n+1) y
2a+ n'

) (2.3.13)
0 K (_1Vk ,~O05+mx (1 —mx YK
e ChDte (1—e™)

w0 T(a+k+DI(B+n—k+1)

Cwmerennbie pyHkuuu Sxodu:
a) uaTepai cymniectBoBanus (0,T):

ﬂaﬂ(x):\/(a+ﬂ+2n+1)F(a+ﬂ+n+1)F(a+n+1)F(ﬂ+n+1) y

T 2n+a+f+1 n!

(2.3.14)
0 (_I\K k(7 Nal2k B/2en—k
8 I »(=D"C,(T—-x) X '

T"i2o T(a+k+DI(B+n—k+1)

0) cmeniennbie Ha [(0,00 ):
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Haﬁ(mx):\/m(a+,6’+2n+1)F(a+ﬂ+n+1)F(a+n+1)F(,B+n+l) y

n!
(2.3.15)

N Crllc (—l)k 67(0.5+k+a/2)mx (1 —e™ )n—k

=0 T(a+k+DI(f+n—k+1)

\ 4r
\\ n=4
h=3
: 3 n=2
P(t) N\ n=1
~ ~ 2
n=0 ~ .

—
—

v T

Puc. 2.3.1. OpTOHOPMUPOBAHHBIE TIOJUHOMBI SIKOOH Pn(a’ﬁ ) (x) mpm

a=05 B=-05 n=0,.,4

n=0 n=1 n=2 n=3 n=4

<iii§>é%f:// v

Puc. 2.3.2. OpronopMupoBanusie Gynkiun Axobu p'“” (x) npu

=05 B=-05 n=0,..4
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—0.5¢}

—1t
Puc. 2.3.3. Cmewenssle Ha [0,5] oproHOpMUpOBaHHbIE TOJIMHOMBI SIKOOH MpH

a=05 B=-05 n=0,..4

n=0 n=1 n=2 n=3 n=4

Puc. 2.3.4. Cmemennsie Ha [0,00] oproHOpMHUpOBaHHBIE QYHKIMH SIKOOH

a=05 B=-05 n=0,.,4.

2.3.3. [lonmuHoMBI U QyHKIMH ['erendayspa nim ynpTpachepudeckue

[I'ecenbayep Jleononvo bepuxapo (Gegenbauer Leopold Bernhard) (1849-1903) — ascmpuiickuti
mamemamux. OcHogHbie mpyobl NO Meopul YUcel U CHeYUANIbHbIX QYHKYUIL. |
[TonmuHOMBI, MOJTyYEHHBIE ¢ TOYHOCTBIO JI0 IOCTOSHHOW M3 0011el ¢popmysl SAkobu npu

a=p=1-0.5,(1>-0.5), HazpiBaloTcs yapTpachepruiyeckuM Win MHOrouIeHaMu I erendayaspa.

Omuu onpeenensl Ha TpoMexyTke [-1,1] u o6osnavarorcs C : (x).

CrangapTuzanusi.
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(2.3.16)

n n!

C:(l):(n+2/1—1]: (2,1).

BriOpannas cranmapTuzamusi yTpauyuBaeT cuiny, eciu 24 =0 WM OTpUIATEIBHOE YHCIIO.

EnuncTBeHHBIM HcKiOueHHEeM B obmactu A > —0.5 aisercst Touka A=0. [Ipu 4 =0 BBenem

CTaHAApTU3aLUI0 YCIIOBUEM

Co() =1, C,?(l):%, n=12,.. (2.3.17)
n
BecoBas dyHkius.
p(x)=(1-x*)*". (2.3.18)
®opmyna Ponpura.
Y _ F(l‘i‘ OS)F(VZ + 2/1) dn 2N\ A-05,1  2n
2 (x)= (@=x)"A=XD)7) 5519

()" 2"\ R (A+n+0.5)(1-x*)*" dx"

wim
2" (A +0.5), (1- xz),l—o.s C,f (x)=(=1)"(24), D" [(1 . xz)nu—o.sl
Ci(x)=1, (2.3.20)
Cl(x)=2Ax,

rae Beipaxcenne tuma (A +0.5), - cumBon [Hoxrammepa (c. . 2.3.2)

Pexyppentnas ¢popmyna:

(n+1)C (x)=2(n+ V)xC’(x)—(n-2A-1)C,(x). (2.3.21)

SIBHBIE BBIpAKEHHUS:
=3 (20" =%
m=0 m!(n—2m )' o [(m+D)I'(n—2m+1)

0, eciu n — HeuenmHoe

Cr(0)=1(-1"(2)

L eciu n=2m —uyemnoe,

( x)n—Zm ,
(23.22)

m!

n n
Irac |:—:| - CHUMBOJI aHTBEC, €CTh HauOoJIbIIIEE LEJI0C YUCIIO, HE TPECBOCXOAAIICC 5 .

MopauduimpoBaHHbie (CMEIIEHHBIE) OPTOHOPMHUPOBAHHBIC MOTMHOMBI [ erenbayspa

a) uaTepBain cymecrsoBanus [0,T]:
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" ko, gk _n—k

CF(xT) = J(mnz)fz(zmn) I'(A+n+0.5) ¢ Cr(x—T)"x sy
2777 Tn! " =0l (A+k+)(f+n—-k+1)
0) cMmemeHHbId Ha [0, 00 ):
CH(mt) =
n __1\k ~k —(0.5+k)mt
~ \/ mAFWURATM LG L yv0.5)S D Cpe (1—e ™)k, (2.3.24)
2272 LA+ k+05T(A+n—k+0.5)

Puc. 2.3.5. OpronopmupoBanHbie ToTUHOMBI ['erenbayspa npu A =1.5.

2.3.4. Ilonunombl YeObImI€Ba epBOro U BTOPOro poja

[Hebviues [apuymuii Jlveosuu (182 1-1894) — pycckuii mamemamux u MexaHux, akademux
Ilemepoypecroii AH.]

OueBuzHO, uTO MHOrowieHsl YeGbiuésa nepsoro poxa 1,(X) MOXHO MOIYYHTb C
TOYHOCTBIO JI0 MOCTOSIHHOTO MHOXHTENS M3 MHorowieHoB Skobu mpu o = B = -0,5. A
muorowieHs! Yebbimésa sroporo poga U, (x) - mpu o = B = 0,5. OHu 3a1aHBI HA IIPOMEKYTKE
(-1, 1) c BecoBoit pyHkuMEH

p(x)=(1-x*)™". (2.3.25)

Paccmotpum cBoiicTBa nmommHOMOB UeObImEBa mepBoro poa.

CooTtHomieHne OpPTOIrOHAJIBHOCTHU JIA TOJIMHOMOB YeOpimeéna MNepBOro poaa UMECT BU:
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! dx
T ()T .
R e

Crangapruzanys onpenensercs BoipaxxeHuem [28]:

=0 opu n#m. (2.3.26)

T, (1) =1. (2.3.27)

Becosas ¢yHKIuS:
p(x)=(1- x2)—0,5 . (2.3.28)

®opmyna Ponpura:
2(0,5) T, (x) = (=1)" -AT—»* - j [a-xtys]. (2.3.29)

X
PexyppeHTHOE COOTHOIIEHHUE [T MOTMHOMOB YeObIméBa 1-ro pona

T,.,(x)=2xT,(x) =T, (x). (2.3.30)

SIBHOE BhIpakeHue noauHoMoB Yebsimena 1-ro poaa

n m(—l)”’(n -m—1)!

T"(x)zgn;o m!(n—2m)! (2%)° 2’”’ n=12,.. 20
YacTtHble cnydyan
T,(x) =1, T,(x) = 4x° - 3x,
Ii(x)=x, T,(x)=8x" —8x* +1, (2.3.32)
Ty(x)=2x" -1, T.(x)=16x° - 20x° + 5x.

MouduuupoBaHHble (CMEIIEHHbIE) OPTOHOPMUPOBAHHBIE MOIMHOMBI UeObiéBa 1-ro
pona:
a) Ha otpeske [0, T]:

., k
T 1) =D 051 5 C, t-T)t"™; (23.33)
Tn! T" k> '(k+0,5'(n—k+0,5)
0) Ha npomexyTke [0, ]:
) Nk ok
T (mt)= 4mn—F(n)F(n +0,5)> CD°C, e ML ey R (2.3.34)
n! =o'(k+0,5)I(n—k+0,5)
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_0.5_
_1_

Puc. 2.3.6. OproHopMupoBaHHbIe TOJUHOMBI YeObIeBa nepsoro poaa 7, (x);

PaccmotpumM cBoiicTBa moamHOMOB YeObIéBa BTOPOro poja.

CootHolIeHnEe OpPTOIrOHAJIBHOCTH:
+1
[U,(x)-U, (x)V1-x*dx=0 1pu n#m.
-1

BecoBas pynkus:

px)=(1-x*)"".

Crangaptuzanus
U@)=n+1.
®opmyna Poapura
271(0,5),,U, () = (=1)" - (n+ D)4 [ x?y0s]

V1—x* dx’
PexyppenTtnas hopmyina
Un+1 (X) = 2)Cl]n (X) - Un—l (X) .

SIBHOE BBIpaXKEHUE

n

U (e SED )l

m=0 m!(n—2m)!

YacTtHble ciydan

n=0,..4.

(2.3.35)

(2.3.36)

(2.3.37)

(2.3.38)

(2.3.39)

(2.3.40)
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Up(x) =1, U,(x)=8x" —4x,
U,(x) =2x, U,(x)=16x* —12x* +1, (2.3.41)
U, (x)=4x" —1, Us(x)=32x° —32x° - 6x.
MoubuiupoBanHbie (CMEICHHBIE) TOMMHOMBI YeObIiéBa 2-ro pojga
a) Ha uaTepsae [0, T]:

n _I\k k
GRSV RTINS I (- C*
n! 7" ST (k +1,5T(n - k +1,5)

U,tT)= (t=-T)'t""; (23.42)

0) Ha npomexyTke (0, ©):

n _ k ~k
U(mt) = \/ mn A DL+ 2) 41 5)8 D¢, e (OSHRIm (| _gmmiynk () 3 43)
n! =0 (k+15(n—k+1,5)

4r n=0

n=1

3 n=2

n=3

2F =4

p(t) /|1
i _
/ - - ™~
-1 -0. .5 1’

_1 L
_2 L
_3 L

Puc. 2.3.7. OproHopMupoBanHble noauHoMbI YeOblmesa Broporo poga U, (x); n=0,...,4.

2.3.5. Knaccuueckue nonuHoMbI Jlexanapa uinu cepudeckue

[Jlescanop Aopuen Mapu (Legendre Adrien Marie) (1752-1833) — ¢panyyskuii mamemamux,
unen Ilapuosicckoti AH.]

[MonuHOMBI, OpTOroHanbHbie Ha otpeske [-1,1] ¢ emunmunbiMm Becom pP(x) =1,
HaspIBalOTCs mnonuHomamu Jlexxanapa wunm  cdepuyeckuMu mnoiauHoMamMu. OHHM  UMEIOT
(0,0)
obosnauenne P (x) wm P, (X), Bropoe 0003HaueHHE BOLLIO B OOUXOA, MOCKOJIBKY

noyimHOMBI JIexkaHpa cheprudeckne MOKHO TMOTYYUTh ¢ TOYHOCTBIO JI0 TIOCTOSTHHOM M3 00IIei
dopmye SIkoou mpu @ = f=0.
Becosas ¢ynkmus monmHOMOB Jlexxanapa
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o(x)=1. (2.3.44)

®opmyna Ponpura.
P, (x)= ﬁ[()f —1)" ™. (2.3.45)
Heckonbko nepBeix nonuHoMoB Jlexkanapa:
FR(x)=1,
A(x)=x,

Py(x) = %<3x2 1),

P,(x)= %(sf —3x), (2.3.46)
P,(x)= %(35x4 —30x% +3),

P,(x) :é(63x5 —70x> +15x)...

Hopmuposka. [Togcuntaem Hopmy muorounena P, (7).

1
2 2 2
Pl =|P (x)dx =——,
" ;[ > () 2n+1
(2.3.47))
pl= 2
2n+1
PexyppeHTHOE COOTHOIIEHHE
(n+DP,. (x)=2n+1xP,(x)—nP,_(x). (2.3.48)
. 2t
Wcnonb3yss JIMHEWHYIO TOJACTAHOBKY X =-——1, Kortopas casuraer 00JacTh

cymectBoBanusi [-1,1] nHa mnpomexyTtok [0,T], MOXHO mMOMYyYUTH MOIUDHUIIMPOBAHHBIC

(CMCH.[CHHBIC) OpPTOHOPMHUPOBAHHBIC ITOJIMHOMBI Hex(aHI[pa

| n k
(27’l+1) L z Cn (t—T)ktn_k,

P(tT)=
(1) T T" i2kl(n-k)

(2.3.49)

3anuiieM HECKOJBKO MEPBBIX HOPpMHUPOBaHHBIX Ha [0,T] mOJIMHOMOB:
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P,(t.T)=
P(tT)=— \/7(2t—T)
5 2 2
Pz(r,T)_ﬂE(ét 6T +T2), (2.3.50)

P, =\E-%(zoﬁ —30¢°T +12¢T* - T7),

P, = \E i(70t ~140°T +90¢T* - 20¢T° +T*).

Koo dpurmentsr pasnoxenus dynkuuu  f(f) B psag no momunomam Jlexkanapa Ha

npomexyTtke [0,T] Beraucisores no gpopmyie:
T
B, =[f()P,(t,T)dt. (2.3.51)
0

®opmyna Bocctanosyienus f (1)

f(t)= 3B,P,tT). (2.3.52)
n=0

Henuneiinas moxcranoeka Buga X =1—2exp(—mt), rae ¢ - HOBBI apryment, m -
MacIITaOHbI KO3 (PHUIMEHT, IepeBOAUT 00acTh cymiecTBoBaHus [-1,1] Ha mMoryOecKOHEUHBIN
npomexyTok [0,00).

Tpu nEPBBIX CMENMIEHHBIX OPTOrOHANBHBIX HoauHOMa Jleskanapa Ha npomesxyTtke [0,00)
MMEIOT BUI:
Py(m,t)=~me """,
P(m, ) =Bm(~1+2e™)e "™ (2.3.53)
P,(m,t)= Jsm(1—6e™ + 6e7 2 )e 0,

O6was Gopmysa MOIUPUIMPOBAHHBIX OPTOHOPMUPOBAHHBIX ITOJIMHOMOB JIexxaHapa Ha oTpe3ke

[0,00):

P, (mt) =~J(2n+ )m z( D ChCke O3 m (g — g7y (2.3.54)
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n=2

i e
\ X

Puc. 2.3.8. Opronopmuposannbie noanHoms! Jlexanapa P (x); n=0(1)4.

Bonpocs! 1 ynpaxueHus.

1. IposepuTts npuHamiextocts dynkman f(¢) = sin(2¢)e”™" k npocrpanctay L, .

2. Armpoxcumuposats kpuByio [ (1) =sin(2¢)e”’ nmomumomamu Jlexanapa u gByMs

JOOBIMH IPYTHMHU MTOJTMHOMAaMH (Ha BBIOOp). BBIYMCIANTH TOYHOCTh alMpOKCUMAIIH.
Kaxoii n3 BbIOpaHHBIX OpPTOrOHAJIBHBIX 0a3ucoB OoJsiee BCEro MOAXOAUT AJIs JaHHOU

3agayn’?

2.4. OproronanbsHble ToduHOMBI U pyHkIMM Connna-Jlareppa

[Conun Huxonaii Axoseneeuy (1849-1915) — pycckuii mamemamux, akademux Ilemepoypaeckoii
AH.

Jlazepp 0mon Huxona (Laguerre Edmon Nicolas) (1834-1886) — ¢ppanyysckuii mamemamux,

unen Ilapuosicckoti AH.]

[TycTh B ypaBHeHHH runepreoMerpudeckoro tuna (2.1.1) koappuimeHTsr UMEIoT BUI:
ox)=x, t(x)=a+l-x,
Torja pewenueM ypasHenus (2.1.1) nmpu A, =# GyayT NOIMHOMBI COOTBETCTBYIOLICH CTEIICHN

n. DTH NOIMHOMBI 00Pa3yIOT IPH KaXIOM AEHCTBUTENLHOM — | < (& < 00 cHCTEMY HOJIMHOMOB,

oproronansHbix Ha uaTepsaie (0,00).
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B yactHOM ciydae monuHOMBI Ipu o0 = 0 MPEUIOKMUI U U3y4ri PpaHIly3CKUNA MaTeMaTHK
Jlarepp.

OpToroHaibHbIe TTOJIMHOMBI TIpH 0 # 0 0OBIYHO HA3BIBAIOT 0OOOIICHHBIMU MTOJTMHOMAMH
Jlareppa, KOTOphle Ha camMOM Jieie OH HE Hu3ydall. BrepBbie OpTOrOHajbHBIE MOJUHOMBI C

BECOBOH (pyHKIMEH

p(x)=x%"
uccaenosain npodeccop [lerepdbyprckoro yausepcurera Connn Hukomnait SlkoneBuu [29].

[To3TOMY, Ha Halll B3IUIs/, CIIPABELIMBO YKA3aHHBIE OPTOTOHAIBHBIE CHCTEMbI HA3bIBATH
nonmmaomamu Conuna-Jlareppa, mpu o # 0, u cootsercTBeHHO OoG03Havars L (X), a npu
0=0, nosmuomamu Jlareppa L (X).

YacTo 11e1eco00pa3Ho MONb30BAThCA CUCTEMAMH OPTOrOHANBHBIX (DYHKIMIA, 3a1aHHBIX

na wuHrepsane (0,0) ¢ Becom p(x)=1, ecim npunsts [ (x)=L (x)-ve "  wm

[“(x)=L%(x)Vx”? e ¥ COOTBETCTBEHHO HA3BIBAEMBIX KoMy Jlareppa  wiu
n n y pp
¢bynkuusimu Conuna-Jlareppa.
a .
Cyuiectsyer popmyia Poxpura wist L7 (x):
a ]' —X (04 dn a+n —X
Li(x)=—e ™" -x* - —x""-e™"). (2.4.1)
n ' n
n! dx
PexyppenTHOE cooTHOLIEHHE i onruHoMoB Conuna-Jlareppa UMeeT B

(n+DL =Qn+a+1-x) L' —(n+a)L'?) (2.4.2)

n+l n—1°

COTJIACHO KOTOPOMY MBI MOKEM HAWTH 3HAYEHUS JIFOOBIX TOJIMHOMOB, UMESI 3HAUCHHS TIEPBBIX
JBYX L%a) u Lga).

[Honuuomsl Conuna-Jlareppa uMeroT sBHOE BbIpaKEHUE:

k
no ek (=x
LP(x)=YCr* (e (2.4.3)
k=0 k!
YacTabie cnydan (st monuHomoB Conuna-Jlareppa).
Ly =1;
a _ -
L =a+1-x; (2.4.4)
S5a o x?
Ly =1-—+—-Q2+a)x+—.
2 2 2

YacTHble ciaydan (a7 noirHoMoB Jlareppa).
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L =1-x;
2
L, =1-2x+—; (2.4.5)
2
2 .3
L=1-3x+>5 %
2 6

Hopwma nonunomoB Conuna-Jlareppa:

‘ = M (2.4.6)
\ n!

B nanbueliniem OyaeM UMETh J1€710 ¢ HOPMUPOBAHHBIMU ITOJIMHOMAaMU M (PYHKIMSIMH.

()
Ln

2
[pu pasnoxenuu Qynxiuu f(X) € L° mo monunomam Ko3(hOUIMEHTH Pa3IOKeHUs

BBIYHCIIAIOTCS IO M3BECTHOMY HHTerpany dyphbe
A = T F(x)L: (x)x“e " dx, (2.4.7)
0
a BoccTanoBienne pynkmun f (X) mpoucxoaut no Gpopmysie
N
fx) = ZO A, Ly (x). (2.4.8)
Ecnu e pasnoxkenne f(X) BBINOIHSETCS MO (yHKIMSAM, TO HHTETPAT UMEET BUJL
A =] f(I (@)dx = [ £(x)L° (Wx“e ™ dx, (2.49)
0 0
a BOCCTAaHOBJIEHHE (DYHKLMH BHIIOJIHAETCS B COOTBETCTBUH C BHIPAKEHHEM
@)= 4, 1 (), @410

Buemnnii  Bux monmHOMOB M (yHKumii  cemeiictBa ConmHa-Jlareppa Moxxer
CYILIECTBEHHO MEHSTHCS MPHU PA3IUUHBIX (L, YTO J€JIaeT BO3MOKHBIM MOJOMPATh MOIXOASAIINN
0asuc, HaunmydmmMm oOpa3oMm omnuckiBatommii ¢ynkmuio f(x), To ectb obecneunBaromuit
3a/IaHHYI0 TOYHOCTh AaHATUTUYECKON alllPOKCUMAIIMU BBIPAKECHHEM HaUMEHBIIIEH CII0KHOCTH.

[TpuBenem rpaduku noamHomMoB Connna-Jlareppa:
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I

(2%}
/3333
oo fmu
BWKN = O

Puc.2.4.1. OproHOPpMUPOBAaHHBIE MTOJIMHOMBI Puc.2.4.2. OproHOpMUpOBaHHbIE (PYHKITUH

Jlareppa Jlareppa

=

Puc.2.4.3. OproHopMupoBaHHbIe MOIUHOMBI  Puc.2.4.4. OpToHOpMHpOBaHHBIE (QYHKIIUU U3

u3 cemerictBa Conuna-Jlareppa npu o =1. cemeiictBa Connna-Jlareppa npu o =1.
2
n=0
n=1
1.5 _n:2 )
n=3
1| \//)/ =4

-0.5

Puc.2.4.5. OproHopMupoBaHHbIe MOIMHOMBI  Puc.2.4.6. OpToHOpMHpOBaHHBIE (QYHKIIUU U3

n3 cemenictBa Connna-Jlareppa npu o =—0.5.  cemeiictBa Conuna-Jlareppa npu a =—0.5.

2.5. IlonmuHOMBI ¥ PYHKITUU DpMUTa

[Opmum Llapne (Hermite Charles) (1822-1901) — ¢panyysckuii mamemamux, uHOCMpPaHHbILL
Yn.-Kopp. U UHOCmMpauHuli nodemuwviti unen Ilemepoypeckou AH, wunen Ilapusicckot AH,

Jlonoomnckozo koponesckoeo obuecmsa.|
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MHorouJieHbI 3pMI/ITa ABJIIFOTCA OPTOTOHAJIBHBIMU IMOJIMHOMAMH, 3aJdHHBIMU Ha Bceit

BEIIECTBEHHOH OCH (-00, 00), C SKCIIOHEHIIMAILHON BecOBOM (pyHKIMe. Ee mpocteimmii Bua
2
p(x) =exp(—x7). (2.5.1)
OpHaKko B MPUIIOKEHUSX K MaTEMaTUYECKON CTaTHCTUKE OoJiee y100HO MCIIOJIb30BaTh BECOBYIO

(dhyHKIMIO BUA:
x2
p(x)= exp(— 7] (2.5.1°)

B panpueifmem GymeM IONBb30BaThCsi 0003HA4YCHUsMH moiuHOMOB Opmuta [, (X),
npuHATBIMU  Ceré [22], kak CTaHAApTU3UPOBAHHBIMU OPTOrOHAJIBHBIMH MHOTOUYJICHAMH,
CBSI3aHHBIMH C a=—o0, b=o0, p(x)=exp(—x°); X =1.

WM cootBercTByeT popmyina Ponpura Buga

H,(x)= ﬁ :zjx" {e }: (D" - ;i,, (e‘x ) (2.5.2)
Pexyppentras hopmyna
H, ., (x)=2xH, (x)-2nH,  (x). (2.5.3)
SIBHOE BBIpAIKEHHE
H (x)= n.gw (2.5.4)

~ oml(n-2m)!

YacTHble caydau:

H, x)=1L
H,(x)=2x;
H,(x)=4x"-2; (2.5.5)

H,(x)=8x"—12x;
H,(x)=16x" —48x* +12.

Oyukuun Ipmuta A, (X) OnpesensoTes CieLyomuM 06pasom:

h (x)=H (x)-Jexp(=x>). (2.5.6)

Hopma nonnnomoB Dpmuta

|, (x)|=72" -7 . (2.5.7)
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I

N
3 ﬁ 3
BN

-4}

Puc. 2.5.1. OpronopmupoBaHHble MOTMHOMBI Opmuta H ,(t) npu n=0(1)4.

n=
//‘

n=0 n=1 n=2
£ ."'/ 7_

3 n‘=4

=

Puc. 2.5.2. OproHopmupoBantble GyHkuun Ipmura A, (1) npu n=0(1)4.

2.6. IIpon3BoJibHBIE TTOJIMHOMBI U (DYHKITUH HEMPEPHIBHOTO apryMEHTa U3 YHCIIa

KIIACCUYCCKUX

B stom maparpade Mpl paccMOTpUM pas3iiMyHBIE OPTOTOHAIBHBIC CHUCTEMBI (0a3HUCHI),
KOTOpBbIC TMOJY4YaroTcsl, TJaBHBIM 00pa3oM, M3 OOMUX BBIpaKEHUH Oasuca Skobu mpwu
MPOU3BOJIBHBIX 3HAUYCHUSAX O ¥ [ B PA3MUYHBIX COUETAHMIX B MpeJesiax TOMyCTUMBIX 3HAYCHUN
napameTpoB o W [. M3ydeHuwe yKa3aHHBIX OpPTOTOHAJIBHBIX CHCTEM TIO3BOJISIET CIEJIaTh
CJICOYIOIIME BaXXKHBIC BHIBOBI.

1. Tlpu pemieHMM TUTIOBBIX MHXCHEPHBIX 3a/1a4, KOTJa TPeOyeTCs MOIyYUTh 33JaHHYIO

TOYHOCTh aAHATUTHUECKOM AlmpoOKCUMAlIU Pa3JIMYHBIX CHUIHAJIOB BBIPAXKCHUCM HanMEHbIIIEH
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CJIIO)KHOCTH CJIelyeT TaK NoAOuUpaTh OPTOHOPMUPOBAHHBIE O0a3uChl IS aHAJIUTUYECKOTO
ONMCaHUs KJlacca CUTHAJIOB WJIM Ja)Ke JJISl ONMCAHUS KaXI0ro KOHKPETHOTO CHTHala, 4TOObI
MepBbIE B3BEIICHHBIC TOJWHOMBI WM (PYHKIIMA TaKuX O0a3ucoB ObLIM 1O ¢dopme OIU3KH K
anmnpoOKCUMUPYEMBIM CUTHAJIaM M IIPOIeccaM.

2. [TapameTpsl o ¥ 3 MOTYT U3MEHATHCS B Ipefenax -1<a<oo u -1<p<oo, ciemoBaTenbHO,
YHCIIO BO3MOXKHBIX COUETaHWH o U 3 He orpaHWyeHo. [103TOMy NpaKkTHYEeCKH BCET/Ia MMEETCS
BO3MOXHOCTb COIVIACOBBIBaTh ()OPMY B3BELICHHBIX IOJMHOMOB MWIM (yHKIMH ¢ (dopmoi
HOCTYTAIOUIMX Ha 00pabOTKY CUI'HAJIOB.

B npunoxxenun 3 npuBeneHsl rpaduky B3BEIICHHBIX TOIMHOMOB ((QyHKIMiA) SAxo6u npu
n= 0, 1, 2 1 pa3nUUYHBIX COYETAHMIX 3HAYCHHUU o U (. AHaIHM3 XapakTepa U3MEHEHUN (POPMBI
nepBblXx QyHKIMM k00K HaArfasgHO MOKAa3bIBAeT IIMPOKHE BO3MOKHOCTH 10 BbIOOpY
COOTBETCTBYIOLIEro 0a3uca MpHU aHAJIUTUYECKOM ONHMCAHUM HH(GOPMAILMOHHBIX MAacCHUBOB C
BBICOKOM TOUYHOCTBIO HanboJiee KOPOTKHUM OTPE3KOM OPTOTOHAIBHOr0 0aszuca BIUIOTH 10 OJJHOT'O
yiieHa. Takum o0pazom, MpH ONHCAaHUM JaHHBIX HAa DBM B aBTOMaTHYECKOM PEXUME CIEIyeT
OPEeIyCMOTPETh DSl AIANTUBHBIX MPOLEAYp, YTOOBI HaWiayymiuM oOpa3oM penathb
NOCTaBJIEHHBIE 33/1a4M AaHAIUTUYECKOT0 OMMCaHUS MH()OPMAIIMOHHBIX MAaCCUBOB JAHHBIX.

CrnenyeTr NOQUYEpKHYTh, YTO HCIOJb30BAHNE HEJIMHEWHOM MOACTAHOBKU B KJIACCUYECKUX
OpPTOTOHANLHBIX 0a3ucax (TIaBHBIM o0Opa3om B 0Oasmcax SkoOw) mEepeBOOUT HX 00JIACTh
cyliecTBOBaHUs Ha HpoMexyTok (0, o0) M CyHIECTBEHHO MeEHseT uX (GopMmMy. DTHUM CaMbIM
CYILLIECTBEHHO pacCIIUPSAETCS aCCOPTUMEHT OPTOTOHAJBHBIX CHUCTEM IOJIMHOMOB U (DYyHKIMH,
3aJJaHHBIX Ha npoMmexyTke (0, o0), YTO Takke paclIHpseT BO3MOXKHOCTH 3((HEKTUBHOTO
AQHAJIUTUYECKOTO ONMCAHMSI TAHHBIX.

OpTtoroHasibHble TOMWHOMBI M (PyHKIMU u3 cemeiictBa CoHuHa-Jlareppa 3amarorcs
clenyroleii sBHON dopmynoii [23]:

*(n+o)(-x)F

LZ(x)Z; N 2.6.1)

U COOTBETCTBYIOIIEH BECOBON (DyHKITUEH:

p(x)=x"-e", (2.6.2)
B KOTOPBIX MapaMeTp o 3a4aeTcs B npenenax -1 < o < 0o, 4To TaKkKe MPH pa3IMyHbIX 3HAYEHUSIX
0. IPUBOJUT K HOBBIM OPTOTOHAJBHBIM CHCTEMaM C Pa3IM4HbIMU cBoiicTBamu. Kpome Toro,
1esecoo0pa3Ho BBecT B popmydsl (2.6.1-2.6.2) macitabHbIN K03pduImeHT m. B nmpuioxkeHnn
4 mpuBeNeHBl PUMEPHI U3MEHEHHs BecoBoi (pyHKiun 6a3zuca Conuna-Jlareppa npu Bapuaiiu
IapaMeTpoB O ¥ m.

PaccMoTpuM HEKOTOpBIE XapaKTEpHbIE CITydau.
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IIpu a = 0, monunomsl ConuHa-Jlareppa u ux BecoBasi (yHKIUSI CBOASTCS K OOBIYHBIM
nonuHoMmam Jlareppa. [lpu Tpou3BOIBHOM O B 3aJIaHHBIX TpejaeiaX, MOJTMHOMBI U (pyHKIHUU
CYIIIECTBEHHO MEHSIFOT CBOHM CBOICTBA.

BaxHO OTMETHTH MOSIBIICHUE IIUPOKOTO Kpyra 3aaad, B KOTOPBIX TPeOyeTcs BBICOKas
TOYHOCTh aMMPOKCUMAIIUU CIIOKHBIX MPOILECCOB U CUTHAJIOB C BeChMa OOJBIION TITyOWHOM,
Korzia TpeOyeTcs: BEIYHUCIICHUE COTCH U JaKe ThICTY KOI(PPHUIIMCHTOB PA3JIOKCHHUS.

Pemenne momoOHBIX 3amad TpeOyeT MPOBEACHUS CIEHUANBHBIX MCCICIOBAHUN TI0
BBISIBIICHHIO BHYTPEHHUX CBOWCTB OTIEIIBHBIX 0a3MCOB, TOYHOCTh BBIYUCIICHHS K03(duimeHToB
pa3NoKEeHUsI KOTOPHIX C POCTOM TITyOMHBI pa3NiOKEHUS CYIIECTBEHHO HE MEHSETCS M OCTaeTCs B
MIPUEMJIEMBIX TIPe/IeNax.

B nanpHeiieM H3JI0)KeHHHA MBI PACCMOTPHM TIOJJO0HBIC 0a3KCHl U JJaJIMM PEKOMEHIAIHH

110 UX HUCIIOJIB30BAHHUIO.

2.7. Boruncnenue K03QPUIMEHTOB Pa3I0KEHHsS C TOMOIIBIO KBAaIpaTyPHbBIX

popmyn

B sTom maparpade paccmarpuBaetcs 3ajada BeIYHCICHUS KOI(DDUIIMEHTOB pa3ioxKeHUs
OMIOUPUYECKUX JIAaHHBIX WJIH PE3yJIbTaTOB UYHCICHHOTO ASKCIEPHMEHTa MO OJHOW W3 CHUCTEM
KJIACCHYECKHX OPTOTOHAIBHBIX (DYHKIUH HEMpephIBHOTO aprymMeHTa. OCHOBHOE BHUMaHUE TIPU
ITOM YAETSIETCS TEOPETUIeCKOMY (YHIAMEHTY, HEOOXOJMMOMY ISl TIOCTPOCHUS aJTrOPUTMOB
BBIYUCIICHUS KOA(DDUIIMEHTOB Pa3JI0KEHUSI.

[Ipenmnonoxum, 94T0 IMIOUPUIECKUE TaHHBIC MPEICTABISAIOT CO00i (QYHKIIUIO, 3aJaHHYIO
B B/ TaOJIMIIbI 3HAYCHUN HA HEKOTOPOI CHCTEME OTCUYETOB:

{a(x)),a(x,),...,a(x,,)} . (2.7.1)
Oyukius  a(x) Buma (2.7.1) mpencrtaBisier coOOW CETOYHYIO (YHKIHIO, WM (YHKIUIO
JUCKPETHOIO apryMEHTa X € {X,,X,,..., X, } .

IIpoctpaHcTBO (yHKIMH AUCKPETHOro apryMmeHra Bupaa (2.7.1) obGosnHaumm V), .
DneMEeHTaMH 3TOT0 MPOCTPAHCTBA SIBISIOTCS BEKTOPHI, KOMIIOHEHTAMH KOTOPBIX SIBISIOTCS
KOHEYHBIE TIOCIICOBATEIFHOCTH 3HAUeHUH (DYHKIMHM B y3JlaX HEKOTOpOH ceTku. OYeBHIHO,

BEKTOPHOE NPOCTPAHCTBO V), OAHO3HAYHO OINpPEIEISIETCS MOCPEACTBOM (PUKCHPOBAHUS CETKH.
BekropHOEe MpOCTpaHCTBO V), ABIAETCS €BKIUAOBBIM, €CIIM OIPEIEICHO CKAISPHOE

IMPOU3BCACHUC.

57



Bo MHorux 3amadax oOpaOOTKHM IKCHEPUMEHTAIBHBIX NaHHBIX mpexacrtaBieHue (2.7.1)
SBISICTCS  MCXOOHBIM, W 10 HEMY HEOOXOJUMO TMOJNyYUTh YHCICHHO-aHAIUTHIECKOE

IIpEeACTABIICHUE B BUJE OTPE3KA psiaa:
N-1

a(x)=Y a¢(x). (2.7.2)
k=0

Oyukiun a(x) Buga (2.7.2) sBusroTcss (PyHKIUSAMHU HENPEPBIBHOTO apryMeHTa M 00pa3yloT
JWHEHHOEe IPOCTPAHCTBO, HATIHYTOE HAa KOHEYHOE 4Yncio Oa3sucHBIX GyHKIMA {¢ (x)}.
O003Ha4MM 3TO NMPOCTPAHCTBO E, . MOXKHO cuuTaTh, YTO E, TakkKe BEKTOPHOE IIPOCTPAHCTBO.

DJIeMEeHTaMH 3TOro MMPOCTPAHCTBA SABJAKOTCA BCKTOPLI, KOMIIOHCHTAMU KOTOPBIX SBJIAIOTCA

KOHEYHBIE MOCJIEA0BATEIbHOCTH 3HaYeHUI Ko3(hULUUEHTOB pasioxkeHus {a,}. bynem taxxke
KpaTKO Ha3bIBaTh £, MPOCTPAaHCTBOM KO3(DGHUIUEHTOB Pa3I0KEHHUS.

Takum o006pa3om, OCHOBHAs 3ajadya COCTOMT B TOM, YTOOBI 3JEMEHTY M3 NPOCTpaHCTBa V),
IIOCTaBUTh B COOTBETCTBHE 3JIEMEHT NpOCTpaHcTBa E, . Jljis pemenus 3Toil 3a1a4n He00X0JUMO

paccMOTPETh CIEAYIOIIUE BOPOCHL:

o npeoOpa3oBanne (QyHKIMH JAUCKPETHOTO apryMeHTa B (DYHKIHIO HETPEPHIBHOTO
apryMEHTa;
o 3aME€Ha MHTErpaja CKAIAPHOIO NPOU3BEACHUS CYMMHMPOBAHMEM Ha KOHEYHOU

CHCTEME OTCUETOB.
O06o3HayeHHBIE BOIMPOCHI BHOCAT TMPOM3BOJ B TMPOIECC BBIYHCICHUS KO3(PPHUIIMESHTOB
pasznokeHus. [lepBblii BOIPOC OCYIIECTBISIETCS IMOCPEACTBOM HHTEPIIOJISALUU U, BO3MOXKHO,
HKCTPANOJISILMK JaHHBIX. BTOpoil Bompoc, HANpOTHB, CBA3aH C JIUCKpeTU3alue (yHKIHiA
HETPEPHIBHOTO apryMeHTa Ha HEKOTOpoil ceTtke. Eciu mepBas mpobiiema MOXeT OBITh pelieHa
BHIOOPOM OJTHOTO M3 HECKOJBKHX BO3MOXHBIX METOIOB WHTEPIIONSAINHU, TO BTOpas mpobiema
MIOJIBEPKCHA JKECTKOMY TPEOOBAHUIO COXPAaHCHHS OpPTOTOHAIBHOCTH CHUCTEMbI Oa3UCHBIX
(GYHKIMHA TIpH AUCKpeTH3auuu o0nacTé ux ompeneneHus. [Ipy npuOIMKeHHOM BBIYHCICHUU
MHTETPATIOB HAa HEKOTOPOH CETKEe OpPTOrOHAIBHOCTh Oa3MCHBIX (YHKIMH, BOOOIIE TOBODA,
HapyIIaeTcs, a MPH Pas3JIOKEHHH IO CHUCTEME HEOPTOTOHAIBHBIX (YHKIHN KOA(PPHUIIHESHTHI
PAa3JIOKEHUS] HE MOTYT OBITh BBIYMCIICHBI IO OOBIYHBIM (hOPMYIIaM.

Paccmorpum mpoctpanctBa V, u E, oauHaKoBOil pasMmepHocTH. Mexay STHUMU

MPOCTPAHCTBAMU MOXHO OIpPEIeINTh B3aUMHO OJHO3HAYHOE COOTBETCTBHE C COXPAaHEHHEM
CKaJsipHOro mpousBeneHus (uzomopdpusm). Creayromme TpU ONpEACNiCHUs CKaIsSIpHOTO

NPOM3BEAEHUS B IPOCTPAHCTBAX Vy U E, DKBUBAJIECHTHLI:
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(a(x),b(x)) = j a(x)b(x)p(x)dx , (2.7.3)

(fa,},1b}) = Z ap,, (2.7.4)
({a o001 = 3 Dot 21.5)

JUis KaccUYecKuxX MOJMHOMOB M (DYHKIMI paBeHCTBO MexAy MHTerpaiom (2.7.3) u cymMMoii

(2.7.5) obecneunBaeTcs creLUalbHBIM BBIOOPOM Y3JIOB X, U BECOB W,, KaK 3TO CIELyeT W3

TEOpUU KBaJApaTypHbIX ¢opmyn [aycca. B 3aBucuMoct OT paccmarpuBaeMON BECOBOM
(YHKIIMM COOTBETCTBYIOIIME KBaJpaTypHble (GopMysbl HasbiBaioTca ¢opmynamu [aycca-
Jlexxannpa, ['aycca-Jlareppa, I'aycca-UeObimeBa u 1.1, OyHIaMEHTaIBHBIA PE3yJIbTaT TEOPUU
KBaJpaTypHBIX (HOpPMYJT yCTaHABIMBAET, YTO MPH CIEIMATHFHOM BHIOOPE Y3JIOB U BECOB (00IIEe
YHCIIO MapaMeTpoB KBaapaTypHOU (opMyisl 2K ) MOXKHO YAOBICTBOPUTH YCIOBHIO, YTOOBI
KBaJpaTypHas Gpopmyia OblIa TOUHA AJIS HOABIHTETPAIbHON (YHKIIMU, IPEACTABIISIOMIEH co00n
MHOTOWIEH CTerneHu He Bblme 2K —1, YMHOKEHHBI Ha BECOBYIO (DYHKIIMIO, YTO 3aBEIOMO

BBINOJHSETCS, ecau a(x) u b(x) SBISIIOTCS MOJMHOMaMu cteneHu He Bbiie K —1. JlokaszaHo,
4TO y37bl KBAJAPATypHOH (POPMYJIBI SIBIAIOTCS HyJIAMH OPTOTOHAJIBHOIO MHOroO4WwIeHa p,(x),

COOTBETCTBYIOILIETO 3a/IaHHOM BECOBOM (PYHKIIMH, a Beca HaAX0AATcs 1o popmyrnam:

w. = aK(pK—l (x)sp](—] ()C)) (2 7 6)
! aK—lP;((xj)pK—l(xj) ’ .

rie a, - Ko3(hUUUEHT IpH cTaplleil cTeneHy NOIUMHOMA P (x) .

Takum o0Opa3oM, cMbIca KBaapaTypHbIX (opmyn l'aycca B TEOpHH OpPTOTOHAIBHBIX
Pa3JIOKEHUN COCTOMT B TOM, YTO OHM ITO3BOJISIIOT KIJIACCHYECKOW OpPTOIOHAIBHOM CHUCTEME
(YHKIMH HENpepbIBHOIO apryMEeHTa IIOCTaBUTh B COOTBETCTBUE OPTOTOHAIBHYIO CUCTEMY
(YHKIMHA AUCKPETHOTO apryMeHTa (Ha HEpaBHOMEPHOMU CETKe).

PaccMoTpuM Temepp BONPOCHI UYHCIEHHOM pealM3allUd  alfOPUTMA BBIUYHCICHUS
K02(pPHUIIMEHTOB pa3NOKEHHUs, OCHOBAHHOTO HAa HEPAaBHOMEPHOM IUCKpETH3aIMHu Oa3MCHBIX
bynkumid. st 5TOro HEOOXOAUMO PEUIUTh HECKOJbKO 3amad. IlepBas 3amaua 3akimrodyaeTcs B
YCTOMUMBOM M KaK MOXHO 0ojiee TOYHOM BbIUMCIIEHMM Oa3ucHbIX (QyHKUuil. BTopas 3anaua
COCTOUT B BBIYHMCIICHMU Y3JIOB M BECOB KBaApaTypHOUl ¢opmynsl. s momuHOMOB YeOblméBa
Y376l U BeCa M3BECTHBI aHATUTHUYECKH, U1 OCTAIBHBIX 0A3MCOB UX HEOOXOAWMO HAXOJAUTH C
MTOMOIIBIO BBIYMCIUTENBHBIX METOOB. Ilociie pemennst 3Tux AByX 3ajad MPaBOMEPHO BCTAET
BOIIPOC, HACKOJIBKO 3HAaK PABEHCTBA MEXJIy HHTErpajloM M CYMMOHM HMMEET MECTO ¢

NPAaKTUYECKOH TOYKHM 3PEHHS MPHU BBIMOJIHEHUH MPUOIMKEHHBIX BBIYUCICHUNA. J[Is1 KOHTpOIIs
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MOrpCIHOCTU YI[06HO HUCIIOJIB30BaTh OI_HI/I6Ky BBIUUCJICHUA J3JICMCHTOB MATpPHUIIbL FpaMa B

JorapupmMuyecKoM macmrade
Ig[(¢.(x).¢,(x) 1], (2.7.7)
rae [ - eqMHUYHAS MaTpULA.

OOmias cxema MoJydeHHs dJIEMEHTa IPOCTpaHCcTBa £, 10 3JIeMEHTy npocTpaHcTBa V),
MpUOOPETAET CICTYIONTUI BU/T

E,cE, &V, <V, . (2.7.8)

OTa cxema coaepKuT napamerp K - pa3sMepHOCTb MPOMEKYTOUHBIX MPOCTpaHCTB. Kpome Toro,

orobpaxenue u3 V,, B V, MOXKHO IPOU3BOAUTH, BAPbUPYs METOJ MHTEpHoOIAnUH. PazMepHOCTD

MPOMEKYTOUYHBIX TMPOCTPaHCTB K JODKHA OBITh BBIOpaHA C YYETOM TOTO, 4YTOOBI HE

IPOUCXOIUIIO MOTEPH MHPOPMALMHK IIPH MEPEXOJe U3 MPOCTPaHCTBA V), B MPOCTpaHCTBO V) .
OmnpeneneHue 31eMEHTa NPOCTPAHCTBA £, NPOU3BOAUTH HE 005A3aTENIBHO, a BBIYUCIIATH JIUILb
KOMIIOHEHTBI BEKTOpa KO3 (PUIUEHTOB, IPUHAIEKAILEr0 NpocTpancTBy E, npu N <K, uTto

COOTBETCTBYET IPOEKTHPOBAHUIO HA MOANPOCTPAHCTBO MEHBIIEW Pa3MEPHOCTH.

Bomnpoce! u ynpaxHeHust
1. [Touemy mnpobremMa HMHTEPHONSALIUU HEU3OEIKHO BO3ZHUKAET TMPH
BBIUUCIICHUH KOA(PPHUIIMEHTOB Pa3JI0KEHUS SMITUPUIECKUX TaHHBIX?

2. Omnpenenuts oneparop oroOpaxeHus us V,, B V, Ha OCHOBe JTHHEHHOM

uHTepnionsanud. Onucath CTPYKTYpPY MATPHIBI 3TOTO oOmepaTtopa W YMETh
BBIUUCIIUTH HEHYJIEBBIC DJIEMEHTHI TOW MAaTPHIIBI.

3. B dem coctout ocobas ponb kBampaTypHbiXx dopmyn [aycca B Teopuu
KIIACCMYECKHX  OPTOTOHAIBHBIX TMOJMHOMHUAIBHBIX  0a3UMCOB  HEMPEPHIBHOTO
aprymeHnra’?

4. [Touemy HEOOXOOUMO TMPOBEPATH OPTOTOHATHHOCTH  BBIYUCISAEMBIX
0a3uCHBIX (YHKUMH M Kakas BEIMYMHA yn00HA ISl KOHTPOJIS OPTOrOHAIBLHOCTH
0a3ucHbIX PyHKITUI?

5. SBasieTcs 1M OpTOTrOHANbHAA cUCTeMa (DYHKIMH TUCKPETHOTO apryMeHTa,
MOJTyYeHHAsl B pe3yibTare AUCKpeTH3anuu QyHKIUN HETPEPhIBHOTO apryMeHTa Ha

rayccoBO CeTKe, KI1acCUYeCcKOi?
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maga lll. Knaccunuyeckne optoroHanbHble MOSIMHOMbI U
hyHKLUMN ANCKPETHOro aprymeHTa.

3.1 O6mwme cBenenusi. CBOMCTBa OPTOTOHAIBHOCTH

2
Kak ysxe ormeuanoch B 1.3, B 0011eM Bujie CKAISIpHOE TIpou3BeicHne B L onpenensieTcs
unrerpanom Ctuitbeca (Ctunteec Tomac Moannec, Huaepnanackuii matematuk (1856-1894),

yieH-koppecnonaeHt [lerepOyprckoit AH):
b
(0,0, = [ 9,(1)- @, ()dx(2), (3.1.1)

rae a(t) - neybbiBaromas Gpynxius. Ecin a(f) abconotHo HenpepsiBHas ynkiwms, To (3.1.1)
ceomutes k P(1) =a'(1).
Ecin ke a(f) sBisiercs QyHKUueil CKauKOB M MMEET CKA4YKH BEIMYMHBI j, B TOYKAX

=1, TO MHTErpal CBOJUTCA K CyMMeE, KOTOpas ONpeleNseT CKaaApHOE IPOHU3BEICHHE

(YHKUMI TUCKPETHOTO apryMeHTa:

(@1 (0,9, (1) = Z(A (&), (£,)j () - 3.1.2)

[IpuBeneHHoe ompeneneHre CKAIIPHOTO IMPOU3BEACHHUS OTHOCHTCS K BELIECTBEHHBIM
(YHKIMAM JTUCKPETHOI'O BELIECTBEHHOro aprymenra [23], ¢ KOTOpsIMH Mbl Oynem B

JaJIbHENIIeEM paboTaTh.

Creflyer TOXYEPKHYTh, 9TO (YHKIWS CKAa4KOB IOJOKUTENbHa, mnpuaeM . j(f,)
i

KOHEYHa, @ TOUKH 7, SBISIOTCS LenbiMu @ < ¢, <D 1 paBHOMEPHO OTCTOSLMMHU JAPYT OT JAPYra,

TO €CTb 3aJJaHbl HA PABHOMEPHOH CETKE.

B Tabmuue 3.1.1 mnpuBeaeHBI OPTOrOHAJIbHbIE MHOTOWIEHBI, COOTBETCTBYIOLIME
KJIACCUYECKUM OpPTOTrOHAJIBHBIM MHOTOYJIEHAM AMCKPETHOM nepeMeHHOH. OHM HMMEKT MHOI0
o0mux cBOWCTB. s 3THMX MHOTOWIEHOB CHpaBeminBa (opMmysa, MPEACTaBISAOmas coOou

KOHEYHO-PA3HOCTHBIN aHanor ¢hopmyisl Pogpura:
Aljt-n)-X@)- Xt -1)..X({t-n+1)]
K, - j() ’

rae K, - nocrosuubie, X (¢) - MHOrousIeH 0T t, KO3 GULUMEHTH KOTOPOTO HE 3aBUCAT OT N,

Y, ()= (3.1.3)

A - pa3sHOCTHEII oneparop BUIa
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MO =fE+D)- [0, A fO=ApNr@)]  n=12.. (3.14)
Paccmotpennsie coiictBa (3.1.2), (3.1.3), (3.1.4) xapakTepu3yrOT yKa3aHHbIC B TaOJIHIIC
OpPTOTOHAJILHBIE MHOTOWJIEHBI B TOM CMBICIIE, UTO JIt00asi CUCTEMa OPTOrOHAJIbHBIX MHOTOUYJIEHOB
JTUCKPETHOTO apryMeHTa, A KOTopoil crmpaBemmuBa ¢opmyna Pomgpura (3.1.3) moxer ObITh
CBEJIcHA K OJIHOM W3 TEPEUYHCICHHBIX B TaONMIE KJIACCHUYECKUX OPTOTOHAIBHBIX CHCTEM
JTUCKPETHOTO apTyMEHTA.

JluneiiHoO-He3aBUCHMbIE  (YHKIMHM JHCKPETHOTO apryMeHTa {gz)n (tl.)} 00pasyIoT

OPTOroOHaJIbHYIO CUCTEMY, €CJIIN UX CKAJLAPHOC IMIPOU3BCACHUC PaBHO HYJIIO, T.C.
((on (tt)3¢m (tl)) = Z¢n (tl) : (Dm (tz)J(tz) = 07 HpH nz=m. (315)

JIrobas oproroHanbHas cuctemMa pyHKITAN {gﬁn (tl.)} MOET ObITh HOpPMHPOBAHA, €CITH

S (1
(GYHKLIMU BXOAALINE B CUCTEMY HOPMHUPOBATh, 3aMEHUB @, (¢,) Ha @, (f,) = %, rae
¢n i
- T-1 _ B
?,(1)| = \/ > 0,t)p, ) j(,), (3.1.6)
t=0

rae @, (f) - opToroHaNBHBIA U HOPMUPOBAHHBII TIOJIMHOM,
@, (t) - opTOroHaNbHBIN HECHOPMUPOBAHHBII TOJIMHOM.
®yHKIUH {% (tl.)} 00pasyroT OPTOHOPMUPOBAHHYIO CHCTEMY, ECIIH

0, ectu m#n

((Dn,com):{ (3.1.7)

I, ectm n=m.
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Tabnuua 3.1.1. Knaccnuyeckue opToroHanbHble NOSIMHOMbI AUCKPETHOro apryMeHTa

Haszpanue 06 [TpomexyTok

MHOTO4JIEHA qe(:;f:- dopmyna Ponpura Bec j(?) (Gynximst cka4kos) Hopma || v, (¢) ||= -/ dn2 CyIIECTBOBA-

(pynKumm) HUA
[HomiHoMBI _1\" n-1 (T+a-0DI(L+1+
o HEP (-1) L A {j Of ot - k)} (T+a—D[(f+1+1) Na+n+D)(B+n+1) o+ f+n+l),
(0600meHHbIE ' nto () k=0 L+ DT -1) (a+f+2n+ D)l (T—n—1)! [0,7 —1]
YeObInena) o(t)y=T +a-1) (a>-1,p4>-1)

(@.B)
i I H,“P )/ j0) 1 s 0,7 ~1]
aO;I;;ﬁSI o | A{F(T —Ol(n+1+ z)} | J T(I° -DI” =2)..C" =n*) | .7 _q
YeObiliesa n! LT —n-0L(+1) 2n+1
t+n —t—n T' -
fommons | K.7700) (16" [P0 e s e () LCI I (75
aB4yKa ; - _

paB4y n! ) (T —t—n) (p>0.q>0.p+q=1) n!(T —t)!
OyHKIUU k79 () (p.q) . “
Kpasuyxka K, (D)~ (®) 1 - [0,7]

t

ITonnHOMBI M, (t) o LAn |:Ct+n I(n+ p+1) :| C(t'ﬂ)t n'(ﬁ)n [0, 0)
Maiiertepa jo" LS e+ (550 5<een (—c)fc"
DOyHKIUN m 7 (1) Be) g [rin «
Maiikcuepa M, () () 1 - [0, 00)
ITommHOMEI (m) .1 A" 1 } 1 - (m>0 n 0
[lapibe €@ " j(t) {%/zm g Mo . m'  ( ) m" n! [0,20)
OyHKIMH ¢, (1) C, () )/ j@) 1 - - [0, )
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3.2. IlonuHoMBI YeObI1E€Ba TUCKPETHOIO apryMEHTa

, 0 (¢
Jlis monrHomMoB YeObIéBa AUCKPETHOTO apryMeHTa MPUHATO 0003HaUYeHue " () ,raet

- IUCKPETHBIN apIryMEHT Ha pABHOMEPHOM CETKE, IPOMEXYTOK CYLIECTBOBAHMS [O’T B 1],

[TonuHOMBI ONIpeeNAI0TCs AMCKPETHBIM aHanorom ¢opmyisl Poxpura

LX)
0. (£) = nA" . (3.2.1)
n n

DyHKIHA CKaYKOB

j()=1. (3.2.2)
Hopwma oproronanbHbeix noJuHOMOB YeObIIEBA UMEET BU/L:
2 12y(72 2 2 2
0,0)|= \/T(T P)(T? - 29).(T% —n?) 523
2n+1
Pexyppentnas ¢popmyna:
(n+1)0,.,(1)=Qn+ 1)t =T +1)8, (1) - n(T* =)0, ,(t). (3.2.4)
YacTHble 3HaUEHUA
00 =1
0,()=1-T+2t;

0,(t)=(1-T)+(1-T) +6(1-T)t +6t*;
0,(t)= 20-T)+3(1-T)+(1-T) +2[2+3(1-T)+6(-T)*1t+30(1-T)¢* +20¢°.
®yHKIMA IUCKpEeTHOro aprymenta f (1) pasmaraercs B psaja mo monuaomaM YeGbluésa

o popmyne
T-1
4,= ;Of(f) -0,(1). (3.2.5)

®opmyna Boccranosenus f (1)

f0= £4,6,0) (.26)

rae 0 (t) - HopmupoBaHHbIe HOMMHOMBI YeObIIEBa.

Ha pucynkax 3.1.1.(a) u 3.1.1.(b) mpuBeneHsl (QyHKIMS CKAaYKOB U TpadUKd TMOIUHOMOB

YeOplesa.
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067

0.33

Puc. 3.1.1 (a). @yHKuust ckadkoB j(t) 6asuca YeOblmesa quckperHoro aprymenra & (7).

067 _@m

0.26 )v\
n_-:.lf"#_““‘--..

014

055

Puc. 3.1.1 (b) Ionmuomsr YeGbimesa auckpertoro aprymenta 6, (¢) n=0(1)4 npu T=100.
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3.3. ITonuHOMBI cemelicTBa MalikcHepa

O6osnauenne M '”(¢), npomexyrox cymecrsopanus (0,00), mOCTOAHHBIE:

£>0, 0<c<l.

[TonrHOMBI OIIpeesIAIOTCS AUCKPETHRIM aHasloroM (opmyJisl Ponpura

|
ooy TP e g { W] 631
(B +1) (t=m)'(B)
OyHKIHS CKAYKOB:
t t
=P e TB+D (33.2)
! ! T(pP)
Hopma nonunoMoB MaiikcHepa
1o —
HM;ﬁ,c)(t)H: nle'(f+t-1) _ (3.3.3)
(B -1t
PexyppenTHas ¢popmyna
. 1 . 1 e
M (@0)= (e=t+ntnet MO~ nln=1+ HMIO@).  (34)

YacTHEIE 3HAUECHUS:

M () =1,

M{"(0) =ﬂ+(1 —lj;
C

Méﬂ’”(t)=ﬂ(ﬂ+1)+(1+2ﬂ_2ﬂ_lsz(l_lj .
C

C C

Mf’”(t)=ﬂ(ﬁ+1)(ﬁ+2)+(2+6ﬂ+3ﬂ2 Op-lpd %jﬂ
C C C

C
+(3+3,6’—12ﬁ 6+3'b;+33)t2+(1—6+1—1)t3.

c c ¢ ¢ c ¢ c

I'paduku monmHOMOB 1 pyHKIMIT MalikcHepa npuBeeHsl Ha puc. 3.3.1-3.3.5.

YacTo ucnons3yrores pyHkinun MaiikcHepa - miﬂ ’C)(t), KOTOpBIE IMOIYYarTCAd U3 MOJIMHOMOB

m;ﬁ’c) (t) = Mr(lﬁ’L‘) () ,%@;t) ] (3.3.5)

Jlnst pynkuuii Maiikcaepa Gpynknus ckaukos j(f) =1.

CIeIyIoIKUM 00pa3om
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0074 f
!
/
n=4 ’.’/
!
A .
0.044 ?;
r
I
f“'IJ
| /( =2
001 1 \
n=3 Voo
P M N
0 R wﬁ t
0016 |

Puc. 3.3.1 (a). [lomuromer MaiikcHepa u ux ¢yHkiuu ckaukoB mpu n=0..4, T=100, ¢ =0,5,

B =0.033.

/
8 967 298]

3 084 455

-2 798,387

-8 681.229

58 004 648,

37336432 \
f |
] [ \
186682160 \
it
/ \
3\
rf \"‘
R EEEEEERE

Puc. 3.3.1 (b). ®ynkuusa Maiikcuepa npu n=0(1)4, T=100, ¢ = 0,5, #=0.033.



(i 076 |
218619 g M n=4

n=2
1 =0 ~
- s e ———1

IR

\ 0265 |

12873 /m\

0 I 0777

i

Puc. 3.3.2 (a). [Tomuromer MaiikcHepa u ux ¢yHkiuu ckaukoB mpu n=0(1)4, T=100, ¢=0,014,

£=0.1
i
5472 )
269 | n=2
n=1{
o0u2 | ho /0 330 40 s E0 70 80 90 100 t
n=j
2875 |

Puc. 3.3.2 (b). ®ynkuus Maiikcuepa npu n=0(1)2, T=100, ¢ =0,014, f=0,1.

Bbuucnenne  kod(GQuuueHToB pasnoxkenus ¢QyHkuuun [ () 10 OPTOHOPMHPOBAHHBIM

nomanomam M 7 (¢) Bemomnusiercst mo popmyire:
n
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= : ‘(L +t
D, =3 f(M P (1) L LD, (3.3.6)
10 1(p)
rae M ")() - opTOHOPMUPOBAHHEIE TTOTHHOMBI.
Boccranosnenue pynkuuu f () mpu 3ToM npousBoauTcs 110 GopMyie
N
f@O=3D, - M), (3.3.7)
n=0

Ecim pasnoxenne f(¢) ocymectBnsercs mo (yHkuusMm MaiikcHepa, TO KO3((HIHMEHTHI

Pa3JI0XKCHUA BbIYUCIISIFOTCA TAK!:

_N IRVEYINER § By [CHI(B+1)
En_;f(t) m, (f)—;f(f)Mn () W/—t!F(,B) : (3.3.8)

B stoMm ciydae BoccTaHoBienue f () BbImomHsAeTCs mo popmyJie

f(t)= iE -mP(t). (3.3.9)

k _
MY =3 N/ \ 2
T

=

i

.t
0 50 400 150 00 280 30 350 400 450 MW B00 EB50 300 450 1000

Puc. 3.3.3 ®ynkius Maiikcaepa npu n=0(1)4, T=1000, £ =0.0002, ¢=0,1.
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f
—_— =

=0 ;M Y 400 A0 Wﬂ}ﬁfﬁﬁ_ﬁn 00d 853 1000

Fd__#___ﬂ
—
5

n=3

n=1

Puc. 3.3.4 ®ynkunn Maiikcrepa pu n=0(1)4, T=1000, f =0.1, ¢ =0,95.

f

=0
Mt} .

-

0 100 ] T %W 700 10 am 8% 800 850 10M

I n=1

Puc. 3.3.5 ®yukunn Maiikcrepa npu n=0(1)4, T=1000, f =0.2, ¢ =0,5.

3.4. IlonunoMmeI cemericTBa KpaBuyka

Ot monuHOMBI ObUTH BBeneHbl KpaBuykom B 1929 romy B CBsI3M ¢ OMHOMHHAJIBHBIM
pacrpezielieHneM B Teopun BepositHocTeil. OGo3Hauator K 77 (¢), oHM 3a/jaHbl HA IPOMEXKYTKE

[0,T], mocTostHubie p>0, ¢>0 u p+g=1.

Onu onpenenstores popmyioii Porpura (IMCKpETHBIM aHATIOTOM):

_1\ LA _ 1 t T—t+n
k(=" 1), ,t'(TT_, t)*A”{ pq } (3.4.1)
n'p'-q (t—nm)(T —1)!

Hopma nonunomoB Kpasuyka
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Kpﬂ _ T! nl2
K! (t)—m (pg)"". (3.4.2)

PexyppeHTHOE COOTHOILIEHHE

(n=DKZ1(@) =t =n— p(T =2m)]K2 (1) = pg(T —n+ DK (1). (343)

DyHKIHA CKaYKOB

f — . t. T—t
J(0) —(T_t)mp q

qaCTHBIe 3HAUYCHUA
Ky (=1
K@) =(p+q)—1Tp;

(3.4.4)

Kz”"’(t):pzz(T—t)(T—t—l)—pq(T—t)t+q;t(t—l);

K;’”’(t)ng(T—t)(T—t—l)(N—t—2)+p;qt(T—t)(T—t—l)—

P oo D v
S DT =)+ (=D =2

I'padky HECKOJIBKUX MEPBBIX MOJUHOMOB, GyHKIMHA KpaBuyka 1 ux QyHKIIMM CKaYKOB:

n=1
10 [ |
D 0088
n=_l_ n=0
3333 [\} n=3 \
O 1
1] 0 30 40 5 60 70 80 9 100 t 0.044
3333 |
A0 ] U

/ i

I EEEEE

Puc. 3.4.1 (a) HopmupoBanusie nonunomsl KpaBuyka u pyskuus ckaukoB npu n=0(1)4,

T=100, p=0,1.
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0132

0.057

-0.019

-0.084

Puc. 3.4.1 (b) Hopmuposanusie pynximn Kpasuyka mpu n=0(1)4, 7 =100, p =0.1.

®opmyna BbUUCICHUS KOIPGUIUEHTOB pasiiokeHuss 1o mnoiuHomaMm KpaBuyka

ynkumu f(¢) umeer Bux:

B, Zf(t)K”() T t),t,P S (3.4.5)

rne K”7(t)- opronopmuposannsie nomnomsr Kpasayxa.

®opmyna BocctanoByienus f (1)
N
f@®)=2B,K (). (3.4.6)
n=0

@ynkuun KpaBuyka 00603HavaroT k,f (), MX NOMy4arOT aAHATOTHYHO (YHKIHSIM

MaiikcHepa, TO €CTb

T!
P () = K P (1). 05t 0,5(T—t)
k() =K, () —(T " p q . (3.4.7)

Pasnokerne mo Qynxkimsm  Kpasuyka ¢ynxkumu  f(¢)  Tpebyer BbrUmMCneHHs

k02 punmeHToB paznoxeHus mo Gopmyine
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B, =Y f()-kI (). (3.4.8)

B stom ciyuae Bocctanosienue f () cremyer BBITOTHUTE O GOpMyIIE

T' St 5(T—t
oK ZB k() = ZB KO gy P (34.9)
0.5+ _1 =0
Il—].—\.,n n=2

/Q .
i i .mv.fi{_ﬁ..x\\\
i S

150

05T

Puc. 3.4.2. HopmupoBanusle pynkuuu Kpasuyka npu p=1/4, T=150.

0.5 ==

0.5+

Puc. 3.4.3. HopmupoBannsie pynkunu Kpasayka npu p=1/2, T=150.
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Ao w*\
N

i

’ @3@%’&%’*”'10'*‘*”/
0.5

Puc. 3.4.4. HopmupoBanusie pynkunu Kpasuyka npu p=3/4, T=150.

3.5. IlonuHOMBI ceMelcTBa XaHa

[Ascmputickuti mamemamux Xanc Xawu (I'anc I'an) (Hahn Hans) (1879-1934). Ocnognoie

mpyobl no meopuu QYHKYUll U QYHKYUOHANLHOMY AHAIU3y, 20e u3eecmua meopema Xawua-

banaxa o 6o3moarcnocmu npooondicenus iunelno2o QyHKyuonana.|

O6o3nauenne H'“” (1), npomexytok cymectsosanus [0,7 — 1], mocrosunsre:

a,fp>-1.
[ToMHOMBI OTIPEACISIFOTCS TUCKPETHBIM aHajiorom ¢opmyiisl Poapura:

HP) () = EOT L {i(r)ﬁ o(x - k)},
n!  j(t) =0

e
ot)=t(T+a-t).
1 QYHKLUS CKAUKOB:
I'T+a-nI'(p+1+1)
I'+DHI(T —1)

j@®)

Hopwma nonmaomMoB XaHa

H(@p) :\/F(a+n+1)F(ﬂ+n+1)(a+ﬂ+n+1)T |

(a+ p+2n+1)n (T —n-1)!

Pexyppentnas ¢popmymna:

H@P (1) = al((t — BOHEP (1) =y, HEP 1),

n+l
n

(3.5.1)

(3.5.2)

(3.5.3)

(3.5.4)
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rac

o - (n+)(a+ p+n+1)
" (a+B+2n+1)a+B+2n+2)

p @ P2 (B° —a’)a+p+2T)
" 4 Ma+f+2n)a+B+2n+2)

_(a+n)(B+n)a+pB+T+n)T —n)
(@t B+2n)a+ B+2n+])

n

YacTHble 3HaAYECHUS

H™P (1) =1
H"P (y=a+ f+2-(f+1)T -;

Hé“’ﬂ)(t):%(a+,b’+3)(a+ﬂ+4)t2 BCAAR) Chl AN

8(a+ p+2)
>{4(/3+1)(T—1)+(04—/3+2T—2)(05+ﬂ+2)+(ﬂz_052)(0¢+ﬂ+2T)}th
(a+p+4)
(a+pB+3)a+ pf+4) e
" S(a+ B+2)° B+T =D

(a+p+4) (a+p+3)

['paduku nmonuHoMoB U (yHKIMI XaHa MpUBEACHBI Ha pUcyHKax 3.5.1 —3.5.12.

X{(a—ﬂ+2T—2)(a+ﬁ+2)+('Bz ‘“2)(“+ﬂ+27")_4(a+1)(a+ﬂ+T+1)}

027 “H(t) 003 “H(t)

N2 =3 - n=4 100t

Puc. 3.5.1. Tlonunomer Xana nmopsiakoB n=0(1)4 Puc. 3.5.2. Ilonurombl XaHa MOPSIKOB

npu a =0, B=0, T=100. n=0(1)4 mpu a =0.5, f=0.5, T=100.
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0.003 [
1 n=0
0.001
\ n=1 b}
8
n=2 "n=3 nh=4 ,
® &0 100t
0001 |

Puc. 3.5.3. Tlonunomsl Xana nopsakos n=0(1)4

npu a =2, f=0.5, T=100.

0667 |

0333 |

w0 &0 1t

3.5.5. @ynkuus ckaukoB Xananpu @ =0, =0,

T=100.
j(tx
29518 87qH -
/
!
4 f N
19679.25 i
/ 5
9830625
ui} 5=EI = 1EIU t

Puc. 3.5.7. ®ynkuns ckaukoB XaHa npu o =2,

B=0.5, T=100.

1 n=0
0.001 | \ J
\ ) /
n=2 n=3__Nh4 .
m 50 100t
n=1
oot |
0003 |

Puc. 3.5.4. TlonuaoMbl XaHa NOPSAIKOB

n=0(1)4 mpu ¢ =0.5, =2, T=100.

50248 [Hy P
j(tx
4 N
| R .
33499 : )
I S
£ N
i !
1/ 4
16749 \
[ & o0t

Puc. 3.5.6. ®yHkuus ckaukoB XaHa npu

a=05, p=0.5, T=100.

29 518.874Hy) .
Ay
\

4 ‘ \

1967925 , \
r
)
K
9830625 e
J'(t\ e
® =0 Wt

Puc. 3.5.8. ®ynkuus ckaukoB XaHa npu

a=05, f=2, T=100.
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n=0

0271 |H 0795 T

n=0

B

AKX A/

100t 0

0o7s | 0266 |

0249 | 0798 |

Puc. 3.5.9. ®ynkuun Xana nopsinkos n=0(1)4  Puc. 3.5.10. ®yukuuu Xana nopsakos n=0(1)4
mpu ¢ =0, f=0, T=100. npu o =0.5, f=0.5, T=100.

n=0

23401 T, 24659 |Hin

7381 | 11.856

1t

36539 | ods |

24859 | 12749 |
Puc. 3.5.11. ®ynxnun XaHa nopsjkoB Puc. 3.5.12. ®ynxnun XaHa nopskoB
n=0(1)4 mpu ¢ =2, f=0.5, T=100. n=0(1)4 mpu ¢ =0.5, =2, T=100.

OyHKUIMAME XaHa Ha3bIBAIOTCS (DYHKIHU:

@ :H(a,ﬂ)\/F(T+a—t)l“(ﬂ+1+z) .
’ ! C(¢+ DT 1) (3.5.5)

Jns dynkuuit Xana ¢pyHkuus ckaukoB j(¢) =1.
Brrancienne ko3¢ GuIeHToB pa3inoxkenust QyHKuuu f(¢) 1mo OpTOHOPMUPOBAHHBIM

(a.p)
nonuHoMam H,“”’(t) mpousBoautcs mo ¢popmyie

IT+a-0)(f+1+1)
Ce+DO(T -1 (3.5.6)

D, =Y FOH"P (0)j0) =Y f(O)HP (1)

rae H'“P () - opTOHOPMHPOBAHHBIE TIOTHHOMBL.

Boccranosnenue ¢pynknuu f(¢) mpousBoautcs mo popmyse
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0= D, ).
J@® Z(; AT 35.7)

Ecnu pa3noxenue f(¢) ocymecTBISUIOCH MO GYHKIUSAM XaHa, TO KO3 (PHUIIMEHTHI pa3ioKeHUsS

BBIYUCIAOTCA TaK:

I'T+a-0l(f+1+1)
Le+DO(T -1 (3.5.8)

-1 7-1
E, =2 fO)-h™ @)= fO)H"" (t)\/
t=0 t=0
B stom ciyuae BoccTaHOBieHHE f(f) BBITIOJHSIETCS 1O (popmyie

0= Eh" ().
Q) Z:(; B (359

3.6. [Tonmunomel ceMeiicTBa [llapibe

[Lllgeockuti acmponom (1862-1934). OcnosHvle pabomvl NOCEAWEHBI  BONPOCAM
HebeCcHOl MeXaHuKu u 36e30Hou acmponomuu. [llapave npumenun memoosl mMamemamuieckou
CMAmMuUCmuKkyu K U3y4eHuro NpoCmMpaHCmMEeHHo20 pacnpedenenus 36e30 6 Ianaxkmuke u Op.
Opmoconanvuvie noaunomwvl Illapnve ceéazanvl ¢ pacnpedenenuem Ilyaccona 6 meopuu
seposamuocmeti. boinu uzyuenvr Matikcnepom 6 1934 200y, /léea, 1933 u op.]

O6ozunauenns C, (f,m), e m - nocrosHHbI napamerp, nHoraa @ = —, m > 0.

m

[IpomesxyTok cymectBoBanus (0, ).

JuckpeTHblil ananor ¢popmyisl Pogpura umeer Bu:

1
C (t =m' AN —M |
,({t,m)=m {mf”(t—n)!} (3.6.1)
DyHKIMSA CKAYKOB
1
(f)=———.
= et (3.62)

Hopwma nonnuaomos Ilapise

C,(t,m) =~/m" - nl.

(3.6.3)
SIBHOE BhIpakeHue noamHoMoB [lapnse
c : n't! :
C,(t.m)=) (-1) m' .
" ;0 i — i)\t —i)! (3.6.4)

PexyppenTtHas ¢popmyna umeer Bua
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C,y@)=(mt—mn-1)C, (t)+mnC,_(¢).

(3.6.5)
YacTtHble 3HaUEHUA
G =1L
C,(t)=1-mz
C,(t)=1-Q2+m)mt +m’t’;
C,(t)=1-CB+3m~+2m*)ymt + 3+ 3m)ym’t> —m’t’.
I'paduku monunomoB u pynkimii [llapase npusenens! Ha puc. 3.6.1-3.6.2.
Oynkunu [lapase umeroT Bua:
6, ()= C, (1) () = C (1) - e
% emt (3.6.6)
Boraucnenue crektpa noauaomos Ilapise qius dyukuun f(¢) :
E, Z F(C, (1) ! .
\f m't! [ m" (3.6.7)

®opwmyna Boccranosnennst f (1) :
S E,-C L _SEcC
f)= C () ———= )
10=5E,-C0- ——=3EC0) o8

rne C (1) - nopmupoBaHHbIe omHOMEI Lllapibe.
n

Pasnoxenune f(¢) mo opronopmupoBarueM pyHkuusm lllapise BemomnHseTcs no Gpopmysie

E, Zf(r) ¢, (1) j(t) —mec,,(r)

Jé-mf ' (3.6.9)
Boccranosnenune pynxiun f () B 3TOM Cityuae Gyner
N
J0= EOE” et (3.6.10)

rze ¢, () - opronopmupoBannas Gynxius [apibe.
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o9 oy

1 n=2 \
10 1@'(0 \ /
n=3 /

0059

=i

N o
3333 \‘30( r\

=4 \\;""N e
0 30 40 5 60 70 80 90 100 ¢ \
n=1 003
-3.333 / \

=

’
I
T

IR EEEEEEEREE

Puc. 3.6.1. (a) [Tonmunromsr lapase n Gpynkums ckaukos mpu n=0(1)4, T=100, a = 20.

4.186

208

-0.027

-2.133

Puc. 3.6.1. (b) ®ynxuuu lllapnse npu n=0(1)4, T=100, a = 20.



0w [o o
[
30| | \
0032 | j(t\j \
10
|
|
’ i \
0016 |
a0 | ’ \
\
l \
K N
a0 1 IR EREEEEEEREE

Puc. 3.6.2. (a) [Tonuuoms! Llapibe u Gpyuknus ckaukos npu n=0(1)4, T=100, a = 70.

16462 |1C()

n=4

9264

2065

-9.133

Puc. 3.6.2. (b) ®yunxuuu [llapnse npu n=0(1)4, T=100, a = 70.



3.7. Oco0EeHHOCTH aHATUTUYECKON aNMPOKCUMAIIK HH(POPMAITMOHHBIX MACCUBOB

OPTOrOHAJIbHBIMU ITOJIMHOMAaMH U q)YHKIII/IHMI/I I[PICKpGTHOﬁ HCpCMCHHOﬁ

B pa6otax [23] moka3aHO, 9YTO OCHOBHBIC AaHAIUTUYECKHE COOTHOIICHHMS, OTIPECIISIFOIITIE
CBOMCTBAa pa3JIMYHBIX OPTOTOHAIBHBIX 0a3MCOB JHUCKPETHOW TIEPEMEHHOW W3 4YHCIIa
KJIACCUYECKHX, SIBIISIOTCA IUCKPETHBIMU aHAJIOraMH COOTBETCTBYIOIIUX (OPMYII, 3aJaOlIuX
CBOMCTBA KJIACCHYECKUX OPTOTOHAIBHBIX 0a3MCOB HETPEPHIBHOM MEPEMEHHOM.

DTO yKa3plBae€T Ha TO, YTO MHOTHE XapaKTEPUCTHUKHA OPTOTOHAIBHBIX CHCTEM
HEMPEPHIBHOW W JHUCKPETHOM TMEPEMEHHON mMpakTH4YecKu coBmagaroT. OOpamieHue K
OPTOTOHANLHBIM ~ 0Oa3WcaM  JUCKPETHOW TMEepeMEHHOW OOYCJIOBIEHO, TMPEXIE  BCEro,
HEO0OXO0MMOCThI0 HM30aBiieHUsT NU(POoBEIX DBM OT YHCICHHOTO HMHTETPUPOBAHUS CIIOKHBIX
(GyHKIIMOHAJIBHBIX 3aBUCHUMOCTEH M 3aMEHOM €ro CyYMMHPOBAaHMEM TIPH BBIUYKCICHUU
KO2((PUITMEHTOB pa3JIOKEHUS.

Bba3uce! muckpeTHol nepeMeHHON Hanbosee eCTECTBEHHBI Ui puMeHeHus Ha OBM u B
TO K€ BpeMsi CBOOOJHBI OT HEJIOCTATKOB, MPUCYIIUX JUCKPETHBIM OPTOTOHAIBHBIM CHCTEMaM,
MOCTPOEHHBIM M3 KYCOYHO-TIOCTOSIHHBIX HeauddepeHuupyempix GyHKIud (Tuna QyHKIun
Xaapa, Yonma, Anamapa U Jp.), KOTopble Hambosee MpocTto peanusyrorcs Ha OBM, HO He
MPUBOJIAT K AaHATTUTHYECKUM OMUCAHUSIM MH(POPMAIIMOHHBIX JaHHBIX. ClIeI0BaTEeNbHO, IPU ITOM
MOJTHOCTHIO HCKITFOUAOTCS aHAIUTUICCKUE TIPUEMBI U3 Ipoiiecca 00padboTKu.

OTnnunuTeIbHON OCOOCHHOCTBIO KJIACCHYECKHUX OPTOTOHAIBHBIX 0a3MCOB JUCKPETHOM
NepeMEHHOM, TIPUBEJICHHBIX B TAOJHIIE, ABISETCSA TO, 4TO Kpome Oasuca UeOpiméBa (Hanbosee
MPOCTOTO B  BBIUMCIUTEIHLHOM OTHOIICHHHM) OHM BCE B 3aJaOIIUX HX (POpMylaX HUMEIOT
napameTpbl, I3MEHEHHE KOTOPBIX B OMPEIEICHHBIX MpelesaX CYHIECTBEHHO MEHSET CBOMCTBA
OPTOTOHAJIBLHBIX 0a3MCOB U UX (YHKIIMH CKAYKOB.

DTO O3HAYaeT, YTO NP AHATUTHYCCKON amnmpOKCHMAIlUU TaKUMH 0a3ucaMHu BO3MOYKHO
BBEJICHHWE aJIaTUBHBIX Mporenyp (Mo aHajgoruu ¢ Oa3rcaMu HEMPEepBIBHOTO apryMEHTa),
KOTOpBIE CYIIECTBEHHO TMOBBICAT A(P(EKTUBHOCTh OIMUCAHUS JaHHBIX, TO €CTh obecredar
3aJIaHHYI0 TOYHOCTh AQHAJIUTHYECKOTO OIMHUCAHMS BXOJAHBIX HWH(OPMAIIMOHHBIX MacCHUBOB

Hauboee KOPOTKHUM OTPE3KOM OPTOI'OHAJIBHOTO psAaa.
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NnaBa IV. AganTuBHOe aHanNUTU4YeCKoe onucaHume
MHOpMaLMOHHBbIX MaccuBoB. lNony4yeHne Heo6xoaAUMbIX
OLeHOK M XapakTepucTuk. Pacno3HaBaHue

4.1. (DaKTOpBI, BJIMATOMINC HA CIIOKHOCTDb CTPYKTYPBI aHAJTUTHYCCKOI'O OITMCAHHA

JTAHHBIX

OCHOBHOE TIIOJIOKEHHE TCOPHU aIIPOKCHUMALIUK TPUMCHHUTCIBHO K OpPTOroOHaJlbHbBIM
Pa3OKEHUSIM  YTBEP)KAAET, UYTO pAa3JIOKEHHE HCCIeAyeMON (YHKIUHU, TPHHAICKAICH
npocTpaHcTBy L?, B OPTOTOHANBHBIA S MO JFOOOMY 3aMKHYTOMY OpTOrOHATBHOMY Oa3HCY
MOXET obecneunTh JI00YI0, Hamepe] 3aJaHHYl0 TOYHOCTh B CPEIHEKBAJAPATUYHOM (MJIH
paBHOMEpHOM) cMmbicie. Kpome TOro, yTBEp>KIAeTcsi, YTO Takas AanlpOKCUMAlUs SBIISETCS
ONTUMAIILHOW C TOYKH 3PEHHS MPOCTOTHI BBIUMCIICHUI TI0 CPaBHEHHIO C JPYTHUMH ITOIXOIAMH,
OCHOBAaHHBIMH Ha MeTOjic HauMeHbIHX KBaapatoB [30]. ChopMynnpoBaHHBIE MOJIOKEHHS HE
HAJIAraloT KakuxX-IMOO OrpaHMYeHUN Ha JIMHY OTpe3Ka OPTOrOHATBHOTO psna (TIyOuHY
Pa3oKeHUs) U HE YUUTHIBAIOT OCOOEHHOCTH allpPOKCUMUPYEMBIX CUTHaIOB. [loaToMy 00BIUHO
paboTarT ¢ KaKuM-1i00 OJHUM (UKCHPOBAHHBIM 0a3MCOM, BHIOPAHHBIM M3 JIOTIOJTHUTEIIBHBIX
cooOpakenmii. Ecim ke craBuTcs 3amada oOeclevrMBaTh 3aJaHHYK) TOYHOCTH HamOoee
MPOCTBIM AHAJUTHYECKUM BBIPAKEHHUEM, TO, B COOTBETCTBUM C OCHOBHBIMH CBOWCTBaMU
OPTOTOHAJIBHBIX PA3JI0KEHUH, HEOOXOIUMO YUYUTHIBATH OCOOCHHOCTH (DOPMBI MOCTYHAIOIIUX
CHUTHAJIOB W BBIOMpATh Ui aNMpPOKCHMAIM HMMEHHO TE€ OpPTOTOHAJbHBIC Oa3WChl, TEPBBIC
(YHKIIMM WM B3BCIICHHBIC IOJMHOMBI KOTOPBIX HauOojee ONM3KM 1O CcBoed Qopme K
aIIIPOKCUMUPYEMBIM CUTHAJIaM. [IOATBEpXKACHHEM CKA3aHHOMY CIIYXKUT CICAYIOLIMNA IIPUMEP
AHAJIUTUYCCKOIr0 OIMMCaHUuA OJHOIr0 M TOro K€ CUTrHajJIa pas3IM4YHbBIMHA OPTOTOHAJIbHBIMHA
6a3ucamu ¢ PUKCUPOBAHHOW INTyOMHOMN Pa3ioKeHUs.

[Tyctb B pe3yibpTaTe HEKOTOPOTO IKCIEPUMEHTAIBHOTO UCCIIEIOBaHUS TOTy4YeH U poBOit

N . o 21
MAacCHB, KOTOPBIH [yl HATJISAHOCTH MPEJACTABUM 3apaHee M3BeCTHOM pyHkimed x(1) =2e " Ha

npomexytke [0, 4], x(¢) € L*[0,4]. [omyunm ero aHaTMTHYECKOE ONMCAHHE B BHIE OTPE3Ka

OpPTOTOHANILHOTO psiia MpU N=N=2, HCMONb3Yys AJ 3TOT0 OPTOHOPMUPOBAHHBIE MOIUHOMBI
Jlexxannpa, onpenenenusie Ha [0, T], oproHOpMUpOBaHHbIE TPUTOHOMETPUYECKHE (DYHKIMU U
opToHOpMHpOBaHHBIE (GyHKIMU Jlareppa. Berumcnenne kodpuIMEHTOB pasziokeHus A,

¢yHkumun  x(t) 1o  BBHIOpaHHOMY  Oasucy {¢n (t)} MPOU3BOIUTCS 1O  opmyIie
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b
A4, = I x(t)p,(t)dt c yuetom p(¢)=1. Tlocime BbrumcieHus A, (yHKIHS MOXET OBITH

a

HpeI[CTaBHCHa OpTOFOHaHBHI)IM prI[OM BHUIA:
N
n=0

ToyHoCcTh NpubIMKEHUs X(t) Mpole BCEro OLleHUBaTh C MOMOIIBIO paBeHCTBa JIdmyHoBa-

4 o
CrekiioBa .[ x*(t)dt = ZA,% . Ecnu 3amateest qimuHON psima n=N=2, TOYHOCTb HPUOIMKCHUSL
0 n=0

N
2
OLICHUBACTCA 110 CTCIICHU OTJINYUA z An oT
n=0

4 4
[x*(1)dt = 4] e dt =1 exp(~16) ~ 0,999999887 ~ 1.
0 0

Paznoxenue x(1)=2e¢ ™' 1o mommuomam Jlexanpa.
4 4
A, = [x()P,(t)dt = 2[ e P, (t)dt .
0 0

Brrancienue nepBaIx Tpex KOA((GUIIMEHTOB Pa3I0KEeHUS TaeT Iy IOIUe 3HAYCHHS

A4,=0,5,4, =-0,648, 4, =0,496. B coorerctBuu ¢ paBercTBoM JlsimyHoBa-CTeknoBa
1 - 42

[x*(¢)dt =Y. A , otHoCHTeNbHAR MHTErpAbHAs KBAAPATHYHAS OLNOKA IPUOIIKEHHS

0 n=0

OIICHUBACTCS CIEAYIOIICH (OPMYIION:

4 o0 0
Jx*(t)di = 3 A >4,
§=0—— =]
[x*(t)at [x*(t)dt
0 0

JIlerxo nmokasatb, 4TO

4 4
[x2()dt = 4[e *dt =1 - exp(~16) = 0,9999... ~ ],
0 0

2
torna 0 =1— Y, As =1-0,916 =0,084, uto cooTBeTCTBYET CpeAHEKBAIPATHYHOM OIIUOKE
n=0

y —~/5 =4/0,084 =0,29.

2. Paznoxenue x(t) B TpUroHomeTpuueckuil psig Dypbe NPUBOAUT K CIEIYIOLIUM

3HaYeHUSAM KO3(P(PULIMEHTOB pas3IoKEeHHS:
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A¢=0,5; A1=0,309; B,=0,242; A,=0,144; B,=0,226.
OneHka omuMOKY Pa3IokKEeHUsI B COOTBETCTBUH € paBeHCTBOM [lapceBais nMmeeT Bua
A,
5 =1- 7°+Z(Aj +B2)|=1-0,35=0,65,
n=1
YTO COOTBETCTBYET HHTEIPAIbHOM CpEJHEKBaJAPATUYHON OIIMOKe ) = V& =.0,65 = 0,806.

Bennunna ommobku CBUICTCIILCTBYCT O HHU3KOH TOYHOCTH HpI/I6J'II/I)KCHI/I$I.

3. Paznoxxenue no Gpynkuusam Jlareppa ¢ BBeA€HHBIM MacCIITaOHBIM KOA(PUIIMEHTOM m:

a) mpu m =1 ¢ KO>PHUIMEHTE! Pa3IOKEHHs UMEIOT 3HaueHns: Ag=0,8; A1=-0,48;
A,=0,288. OueHka HOIPEIHOCTH PasIoKEHUs o=1- ZAHZ =0,047 Wi
n=0

y = V& =.0,047 =0,216. Manas Benuuuna ommGKM CBUJIETENBLCTBYET 00 yJauHOM BBIOOpE

Oasmuca;
0) Opu ONTUMAIbHOM MAacIITaOHOM KO3(D(GHULUEHTE mM=Mmp=4 ¢! xosddumments!

pa30KEeHUsI UMEIOT clieayromue 3HaueHus: Ag=1; A;=A,=0, ciemoBarenbHO,
2
x(t)=Y Al (mt)=\me™"? =1-2-¢7%,
n=0

rae ly(mt) = Jme™™/? — HyseBas GpyHkius Jlareppa.

Takum 00pa3oM, TPaBWIBHO TOAOOpPAHHBI OPTOTOHANBHBIM 0a3uC K KOHKPETHOMY
CUTHAJIy MOBBIIIAET TOYHOCTh NMPUOIMKEHUS NIPU (PUKCUPOBAHHOM YHCIIE WICHOB PA3JIOKEHHS.
Ecnu, k TOMy ke, agantupoBaTh BbIOpaHHBIA Oazuc K CBOMcTBaM curHajia (B HalleM ciydvae,

OIIPEJIENICHNE M=), TO TOYHas anmpokcumanus X(t) Oyner obOecrmedeHa OJHUM WICHOM
. =2t

oproronanbHoro psaaa. Ha puc. 4.1.1 nokasan tounsii curran X(t) = 2e Y BapUaHTHI €ro

NPHUOIVDKEHUST IPUHITHIMUA OPTOTOHATBHBIMU Oa3zucaMu: | — OgHHM 4WICHOM psina u3 (pyHKIun

Jlareppa npu m = mgy,; = 4, Ag =1, (ks =7,0); 2 — annpokcnmanus dpynxumsvu Jlareppa npu

2
m = 1, 1—2A§ =0,047 u y=0,216; 3 — annpokcumanus nomuHoMamu Jlexanpa,
n=0

2
2
1-> A4° =0,084, uro coorsercryer ¥ =0,29; 4 — annpokcuManyst TPUTOHOMETPUIECKIM
n=0

2
pazom Dypue, 1— 3(42 + B? )+ 42 /2=0,649 n  =0.806.

n=0
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x(t)

W, /4
ﬂ"‘\"'\‘
\'\ ™ / - 3
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) Kl

t t * N = S——— ,'_r—_;_-'_:_ p——
0 05 10 15 2072530 35 4,0

Puc. 4.1.1.

PaccMmoTpeHHbIN TpuMep TOKa3bIBACT, YTO OJHOM W3 IJIABHBIX 3a]la4 MCCIICIOBAHUS IMPH
UCIIOJIb30BaHUM YCEUEHHBIX OPTOTOHAJIBHBIX PSAAOB Ui aHAIUTHUYECKOTO OMHCAHUS SIBISETCS
pa3paboTka METOIOB BBEIOOpA TAKOTO OPTOTOHAIBHOTO 0a3uca, MepBble B3BEIICHHBIE MOJINHOMBI
Wi GYHKIIMH KOTOpOro no ¢popMe Haubosee 6JU3K0 coBnaaanu Obl ¢ GOpMOI aHAIU3HPYEMOTO
CUTHaJa. JTO O00ECNEYUT YIOBICTBOPCHHE 3aJaHHOM TOYHOCTH allpOKCHUMAIUU B
CpEIHEKBAIPATUYHOM WJIM PABHOMEPHOM CMBICIIE MUHUMAIILHBIM YHCIIOM YWICHOB psija, BIUIOTh
70 OJHOTO dYJieHa. BEINONHEHWE YKAa3aHHOTO YCJIOBUS MOTpeOyeT, MpeXae BCEro, HAINYHS
IIMPOKOTO HA0Opa OPTOTOHAIBHBIX 0A3UCOB C Pa3IMYHBIMU CBOWCTBAMH, a TAKIKE BO3MOXKHOCTH
OILICHUBAHHS B TIPOIECcCe anmpoOKCHMAaIK (OpMy KOHKPETHOTO CHUTHAJIA W HAXOXKICHUS TaKOTO
OpPTOTOHAJILHOTO 0a3uca, MepBbIE OPTOrOHAJbHBIE (DYHKIMHM KOTOporo mo ¢opme Haubosee
0JM3K0 coBmaaany Obl ¢ GOpPMON aHATM3UPYEMOTO CUTHAJIA.

Takum oOpa3zoM, MOJyYEHHE ONTHUMAIHHOTO (KBa3HONTHMAIBHOTO) aHAIUTUYECKOTO
OIMCaHMsI BIIOJIHE ONPAB/BIBACT BBEIICHUE W BBHIIIOJHCHUE CIICAYIOIIUX aJalTUBHBIX MPOLEAYP:
olieHKa (OpMbl OJHOW MM HECKOJBKHX IEPBBIX OPTOTOHAJIBHBIX (YHKIMHA mpu moadope
OpTOTOHAJILHOTO 0a3uca, KOTOpas [OJDKHAa ObITh OJM3Ka WIM coBmagatb ¢ (Gopmoi
amnmpoOKCUMUPYEMOTO CHUTHAJA, TPU OTOM, 4YeM KecTde TpeOOBaHWE MOJy4YeHHsT HambOoiee
MPOCTOTO AHAIMTUYECKOTO OMUCAHUS WH()OPMAIMOHHBIX JIAHHBIX, TEM BBIIIE TPeOOBaHHE K
noa0opy OpTOroOHaJbHOrO 0Oaszuca s YCIHEIIHOTO peIIeHUs IOCTaBJICHHOW 3a/lauu;
IPOMEXYTOK OpPTOTOHAIBHOCTH BBIOpDAHHOTO 0a3uca COBMEIIAETCSI C  JUIUTENbHOCTBIO

anmnpoOKCUMUPYEMOT0 CUTHajla WJIM, €ClId OPTOTOHAJIbHBIM 0a3uc 3aJaH Ha MOJyOECKOHEYHOM
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UHTEpBaJIe, TO HEOOXOAMMO BBIIOJHEHUE CIEIHMATIBHBIX JIOTIOJIHUTENBHBIX YCIOBUH TIO
COTJIaCOBAHUIO 0A3UCHBIX (PYHKIMH C JITUTEIbHOCTHIO CUTHAJIA.

I'myOuHa pasnoxkeHus CHUrHaja HpPU OTOM JIOJDKHA aBTOMATHYECKH H3MEHSThCA UL
o0ecrieyeHHs 3aJaHHON TOYHOCTHU amllpOKCUMAlMM KOHKPETHOro CUTHaia. Yem Bblllle yPOBEHb
QITOPUTMUYECKON M MPOTpaMMHOM peanu3aluy COpPMYIHPOBAHHBIX YCIOBHH MO MOA00pY U
aJIanTalud OPTOTOHANBHBIX 0a3MCOB K KOHKPETHBIM CHUTHajaM, TeM TIpolie Hu ObicTpee

AOCTUTACTCA OIITHUMAJIbHAA UJIM KBAa3HONITUMAJIbHAA aHAJIMTUYCCKAs alllipOKCUMallisa CUTHaJa.

Bonpocs! u ynpaxxueHus.

1. Tlepeuncnure ananTUBHBIC MPOUEAYPHI, KOTOpPHIE CIEAYET WCIONb30BaTh MpHU
anMpoKCHUMAIH CUTHAJIA.

2. Yro  Takoe  WHTerpajbHOe  KBaJpaTWuyHoe  npuoOmmwkenune?  Yto  Takoe
cpenHekBanparuyHoe mpubmmkenue? Mcxoas M3 KakuxX YCIOBUH OHO MOXET OBITh
MOJIyY€HO?

3. Uro Tpebyercst 3HaTh 00 aNMPOKCHMHPYEMOM CHTHAJe TPH PA3I0KEHUH €ro B Psii IO

OpPTOTOHANILHOM crcTeMe (PYHKIHH (MOTUHOMOB)?

4.2. KoadummeHT GopMbI U €10 UCTIOIB30BaHHE

AHanu3 yCJIOBHHM IIOJyYEHHUS ONTUMAIbHON (KBAa3MONTHUMAJIbHOM) aHAJIUTUYECKOU
anmnpoKCUMaluu (momyyeHwe  3aJaHHOM  TOYHOCTM  AHAJIUTUYECKOTO OINUCaHUs
MHQOPMALMOHHBIX JAHHBIX OTPE3KOM OPTOrOHAJIBHOIO psAAa MHHUMAJIBHOW  JUIMHBI)
CBUJIETENILCTBYET O TOM, YTO 4eM Ommke OyayT coBmazaTh no (opme nocrtynatomue Ha O9BM
CUTHAQJIBI C OJHMM M3 TEPBBIX B3BEIICHHBIX IOJWHOMOB BBHIOPAHHOTO OPTOHOPMHUPOBAHHOIO
0a3mca, TeM MEHBIIUM YHCIOM 4WICHOB psga OyneT oOecreunBaThCs 3aJaHHAs TOYHOCTH €r0
OIUCAHMSL.

CrnenoBarenbHO, HEOOXOUMO CO3JaHHE AJITOPUTMA, OLEHHMBaroLlero ¢GopMy CUrHajga u
HECKOJIbKUX IEPBBIX B3BEIIEHHBIX MMOJUHOMOB OPTOTOHAJIBHBIX 0a3UCOB, BBEAECHHBIX B DOBM
UMEIOIIMX pa3inyHble cBoicTBa. C 3TOM 1enbio ObUTO BBEICHO MOHATHE KOd(pUIeHTa GopMbl
uccinenyemort ¢ynkuuu. Ilpu BeIBoge ¢dopmynsl kodd¢unuenta ¢GopMbl  HEOOXOAMMO
BBINOJIHEHHE CIIEYIOIUX TpeOOBaHUM: OlleHKa (POpMbI aHATU3UPYEMOM (PYHKLMHU AOJKHA OBITh
MHTErpajbHON W MHBApUAHTHOM K JUIMTENILHOCTH M BEJIMYMHE CUTHAJNA, a TAaKXKe OTOOpaxarhb
OCHOBHBIE 0COOEHHOCTH ee (popMBI; TIporiecc OleHUBaHUS (POPMBI (HYHKIIMU TOJIKEH CBOIAUTHCS
K IpPOCTBIM OIEpanusM U BBIIOJHATBCA 33 MHHHMMAJIbHO BO3MOXKHOE BpeMs; IIpOLECC

OLICHHNBAHUA OOJIKCH OBITE MMOJHOCTBIO ABTOMATHU3HUPOBAH.
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BeiBog dopmynbsl s ko3dduumenta ¢opmbl cHrHaia OCHOBBIBA€TCS Ha CBOMCTBAX
uHTerpana Oypoe, ¢ MOMOIIBI0 KOTOPOTO BBIYUCISIOTCS KOIDMUIIUEHTH Pa3oKeHHs (yHKITHN
110 IPUHITOMY OpTOTroHajbHOMY 0Oazucy. M3BectHo, uto mHTEerpan dypwe npencrabiser codoi
CKaJISIPHOE TMpOM3BelIeHHE B (DYHKIMOHAIBHOM MPOCTPAHCTBE JUIs (DYHKIMH, TakKe
NPUHAIISKAINIUX 3TOMY MPOCTPAHCTBY M YMCJICHHO PaBeH BEJIMUYMHE NMPOEKLUUU HEU3BECTHOU
¢yHKIMM Ha W3BECTHYIO. B paccMmarpuBaeMoM cCilydae W3BECTHBIE (YHKIUH JOJDKHBI
MIPUHAJIEKATh POCTPAHCTBY L2 [Ipu »STOM BBIOOp KOHKPETHOW W3BECTHON (DYHKIMH
OIIPEICTISICTCS. TEMH XapaKTEPHBIMH OCOOEHHOCTSMH, KOTOPBIE, MPEXIE BCEro, JIOJDKHBI OBITH
BBISIBJICHBI B HEM3BECTHOW (PYHKLMHU (CUTHAiE) B Ipouecce oueHku ee hopmel. Hanpumep, mpu
pa3nokeHnu QyHKIUH X(t) B OPTOrOHAIBHBIN psiJl HANOOJIEE YaCTO BO3HUKAET BOIPOC: (DYHKITHS
x(t) Ha 3amanHOM mnpomexyTke (0,T) yObiBaeT uam Bo3pacTaeT, WIM OHa BeAeT celds Kak
HeBo3pacTaronias (HeyObiBaromas) GyHKIHs. B mepBoM cirydae B kauecTBe U3BECTHOU (DyHKLIUH
ClIeZlyeT MPHUHATh KaKylo-IMOO YOBIBAIOIIYIO HAa MPOMEXYTKE (PYHKLUIO, HAIIPUMEp, JTUHEHHYIO
n(t) =T —t . Torna uncieHHoe 3HadeHue uHTerpana Oypbe BuIa

T

]-x(t)ﬂ(t)dt = [ x(t)(T - 1)t

) (4.2.1)

Oy/leT MPOMOPILHOHATEHO MPOSKIMH B (DYHKIMOHANGHOM NPOCTpaHCTBE L’ HEH3BECTHOI
¢Gyukuuu x(t) Ha wm3BectHyto 77(¢). Ecmu ke HEOOXOAMMO MOBBICHTH '"dyBCTBHTEIHHOCTH"
uHTerpana (4.2.1) x oreHke UCKOMOTro MpHU3HAaKa, TO CJeIyeT BBHIYMCIUTH BTOPOW MHTErpal, B
KOTOPOM B KayeCTBE W3BECTHOW GyHKImMU mpuHsta ¢yHkuus &(1) =¢, uMeromast
"HPOTUBOIOJIOXKHBIE" CBOWCTBA MO OTHOIICHUIO K 7J(¢), a 3aTeM HAWTH OTHOINEHHE 3THUX ABYX

UHTETPAJIOB, TO €CTh 3HaUeHHe Kodddummenta Gpopmsr K,

'([x(t)(T —t)dt (4.2.2)

K, =

]Cx(t)tdt

OtHomenue (4.2.2) onpenenseT UCKOMOE BBIpaXeHHE JTMHEHHOro K03 duirenta GopMsl,
MOYEePKHUBAsi TEM CaMbIM, 4TO u3BecTHbIC (OyHKimu 77(¢) u &(f) ABIAIOTCS JTHHEHHBIMH IO

nepeMeHHoi t. B Tom ciydae, ecnu x(t) siBiseTcst yobiBaromeid (GyHKIUEH, TO JIETKO 3aMETHUTb,
YTO 3HAYCHHE MHTETpasia B unuciutTene Oyner 0ojblie, YeM 3HaueHHe MHTErpaia B 3HaMeHaTese

u K;>1. Hao6oport, ecau nipu tex ke 77(¢) u &(¢) dyHkius Oymer pacTd Ha TMPOMEXYTKE, TO

K;<1. Haxkxoneu, ecnu ¢ynkuusa x(t) Bemer cebs "ueitpampHO", To K =1. IIpennoxxeHHbIN
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K03 uumeHT (GopmMbl, OUEBUAHO, SBIAETCS WHBAPUAHTHBIM K JJIUTEIBHOCTH W BEJIUYHHE
CUTHaJIa, YTO JIeJIaeT €ro y0OHbIM B IPUMEHEHHUU.

3ameTuM, 4TO BhIpakeHHe (4.2) MOKHO yIIPOCTUTH

[T -0ydr  T[x()det [ x(ydt [ x(t)dt (423)
K =2 =0 _ ¢ =72 —1=T=2—1,
[ x(eyedt [ x(eyedt [ x(eyedt /i

T T
rae J, :Ix(t)dt, J, :Ix(t)tdt. N3 (4.2.3) BugHO, yTO BhIuMcieHHe K; TpeOyeT HaxXOXIeHUS
0 0

IByX uHTerpasioB Jop m J; or X(t) m ux orHomeHus. [loMmumo OmEHKH OOIIEH TEHICHIINH
u3MeHeHH X(t) Ha MPOMEXYTKe, KOHKpPETHBIE 3HaueHHs K; XapakTepu3yIoT Mpyu ONpe/IeIeHHBIX
YCIIOBHSX BIOJIHE KOHKPETHYIO (hOpMY CUTHAIIA.

[Tpumenenne ko3 duimerToB Gopmel B 3a1a4ax ONeHKH (HOpMbI GYHKINN YKa3bIBaeT Ha

TO, YTO B pAAC CIIy4dacB JJIA MOBBIIICHUA UX YYBCTBUTCIBHOCTHU CIICAYCT IIPUMCHATH B KQUYCCTBEC

W3BECTHBIX CTeNeHHble (yHKimE (n>1), manpumep, coorBerctBento, 77°(f)=(T —1)° wu

2 2 .
E°(t)=t" u Gomee BbICOKOI creneHu. Takue KOA(POUIUEHTHI (GOPMBI CTEMICHH N MPUHATO

Ha3bIBaTh CTENEHHBIMH M 0003HauaTh K,. B HEKOTOphIX ciayyasx 1enecooOpa3HO MPUMEHSTh

9KCHOHEHIMaIbHble KO3 uuueHTsl (hopMbl Ki. B 3TOM cnydae ncnomnb3yrorcs (QyHKIUH

n)y=e, &= """ up.

PaccMOTpeHHbIE CTENEHHbIE W OSKCIOHEHIHANbHBbIE KOI(P(GUIHMEHTH (OPMBI UYETKO
OTCJICKHUBAIOT OONIYI0 TEHACHIUIO IMOBeAeHUS (YHKIMM Ha TPOMEKYTKE CYIIECTBOBAHUS
(manmpumep, OoJibllle WM MEHBINE EAWHUIBI 3HavyeHne K;), a KOHKpeTHOE 3HaueHue
K03(puLmeHTa COOTBETCTBYET ompeseneHHON (opme curHana. OgHako 3T KO3 PUIMEHTHI
dopMBl HE HAIOT OJHO3HAYHOIO OTBeTa 00 OCOOEHHOCTH NOBEACHMS (YHKLUUU B CpeaHEl
00JTacTH anmpoKCUMHUPYEMOTO ydacTka. st ompeneneHus xapakTepa HMOBeJAeHUs (YHKIMHA B
cpemHedt obnmacTh ywacTka (Hampumep, (YHKIUS BBIMYKJIas WIA BOTHYTas) Mpeaiaraercs
WCIOJIb30BaTh Mapabonuueckuid kodpduuueHnt ¢opmel. OToMy KOdhGUIUEHTY (OPMBI

COOTBETCTBYIOT 7)(1) =4t*-ATt+T? u &(t) =44(T-t). Ilpu perreHuyn 3a1ad pacro3HaBaHUsS MOXKHO

WCITIOJIB30BATh IS MHTETPAIBHOW OIIEHKHM KPHUBOW COBMECTHO CTETICHHOM M TapaboIuvecKuid
KO3 (ppuImeHTs GOopMEI.

Ecnu  anamutuyeckass — anmpokcuMmanus — MHOOPMAIlMOHHBIX ~ MacCHUBOB  TpeOyer
WCTIOJIB30BAHUS OPTOTOHAIBHBIX 0a3MCOB JAUCKPETHOTO apryMEHTa, TO yI00HO HCIIOIB30BaTh TE
xe KodpuuueHTs! GopMbl, YTO U A PyHKIUN HENpepbIBHOrO apryMmeHTta. PasHuma iumb B

TOM, 4YTO OII€pallu UHTCTPHUPOBAHUS CIICAYCT 3aMCHUTL OICpallusIMU CYMMHUPOBAHUS.
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OnbIT NPaKTUYECKOTO HCIOJIB30BAHUS PACCMOTPEHHBIX K03 duuumeHToB ¢opmel B
HEKOTOPBIX 3a/layax II03BOJISIET YK€ celdac Clenarh CIeAYIOIIMe BBIBOJBL: MPOCTEUIIHNNA
creneHHON Kod(durment ¢opmbl K; MO3BONSIET B MOMABISAIONIEM OOJBITUHCTBE CIIy4acB
YBEPEHHO OLIEHUBATh OOIYI0 TEHICHLUIO TOBECHHS (PYHKIUHN HA IPOMEXYTKE; B 3aBUCUMOCTH
OT IMOCTaBJICHHOM 3a1auu TpeOyeTcss BBOAUTH pa3yindyHble KOI(DUIUEHTHI (GOPMBI A OLIEHKU
ocobenHocTeil (opmel curHana. KoHkpeTHble 3HadeHUs KOI(DGUIIMEHTOB (GOpPMBI CIykat
WHTETPATBHBIM ~ WHCTPYMEHTOM  KJIAacCH(UKAIMM W  pPAClO3HAaBaHUS  OJAHOMEPHBIX U
MHOTOMEpHBIX CHUTHaOB. BBenenue kosdpdunmenta ¢Gopmbl MO3BOJSET aBTOMATH3HPOBATH
nporeaypy mnoadopa Haumbojee MOAXOMASINEr0 OPTOTOHAIBHOTO Oasuca mist 3(h(HEKTHBHOTO
AQHAJTUTHYECKOT'O ONMCAHMS OJTHOMEPHBIX, TNIOCKHX M MPOCTPAHCTBEHHBIX KPUBBIX.

Ucnons3zoBanue noustus koddduimenta Gopmbl QyHKIUU (CHTHAIA) MOJE3HO KaK MpPH
OpraHu3allM aJalTUBHBIX IPOLELYp B NPOLECCe aHATUTUYECKOTO ONUCaHUsI HH()OPMAIIMOHHBIX
MacCHBOB, TaK M NpU pEIICHHMM HEKOTOPHIX 3a/Jad aHajgu3a KOHTYPHBIX H300paKeHUH Hu
pacnio3HaBaHus o0pa3oB. Koaddunmentsr GopMbl MOXKHO NPUMEHSITH BO MHOTHX 3aJadax
ABTOMATHYECKOTO YIPABJICHUS IMHAMHUYECKUMHU OOBEKTaMH, B JMArHOCTHYECKHX 3ajadax H
MHOTMX JpPYTUX HPUKIAJHBIX HCCIENOBaHUSAX. B TO ke BpeMsi BO3MOXKHOCTb HMHTErpajlbHOU
oLleHKU (DyHKIMI, OCHOBaHHOM Ha CBOiWcTBax HMHTerpana @ypbe, NAIEKO HE HCUEPIIbIBACTCS
yKa3aHHBIMH 00JacTSMU NMPUMEHEHHs. JTO HAIpaBJICHUE UCCIEIOBaHUI BeChbMa MEPCIEKTUBHO
U ero TeopeTndeckoe OOOCHOBaHHME M TPAKTHUECKOE HCIIOJIB30BAaHHUE IONYYUT B OyIyIieMm

ﬂanLHeﬁmee Ppa3BUTHC.

Bomnpocs! 1 ynpaxxHenus.

1. TlosicHuTE OCHOBHBIE CBOMCTBA M CMBICI KOd(duimenTa GopMbl CUTHAIA

2. [locnenoBarenbHOCTh IpUMEHeHUs1 koadduimenta Gopmsl curnana. ChopmynupoBaTh
OCHOBHBIE BBIBOJIBI TI0 PE3yJIbTaTaM MPAKTUYECKOTO UCIIONIb30BaHUS KOd(hduiineHTa GopMsl.

3. CymecTBo peKOMEHIYEMBIX aJIalTUBHBIX TPOLEAYpP M TMOCIEIOBATENBHOCTh UX

MPUMCHCHUA MPHU aJalITHUBHOM aHAJIUTHUYCCKOM OINMCAHHUU CUTHAJIOB.

4.3. Pa3paboTka U IpUMEHEHHE aIallTUBHBIX TIPOLIETYP MPU aHATUTUYECKOM
OMMUCAHUU JIAaHHBIX, 00ECTICUNBAIOIINX 3aJaHHYIO0 TOYHOCTh OMMCAHUS

BBIPpAKCHUCM HAUMEHBIIIEH CI0XKHOCTHU

boutn pazpaboTaHsl cieayonue aJjanTuBHbIE TPOLEIYPHI:

- BBIOOP MMOJIXO/ISIIIIETO OPTOrOHAIBHOTO 0a3uca;
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- COTJIaCOBaHME MPOMEKYTKOB CYIIECTBOBAHUS CUTHANA U 0a3UCHBIX (DyHKITHIA;
- BapHalus TIIyOHHBI Pa3JIoKEeHUS ISl TOCTHXKEHUS TpeOyeMOil TOUHOCTH ONMUCAHUS CUTHAJIOB.
PaccMoTpuM peanu3aniuio alalTUBHBIX TPOLEAYP MO OTACIBHOCTH.

BLI6OD IoAXOAAIECIO OPTOIrOHAJIBHOI'O 0asuca. CTpeMJ'ICHI/IC MOJIy4YnuTb, BO3MOKHO, Ooiee

pOCTOe AHATUTHYECKOE OMHCAHWE WH(POPMALMOHHBIX MAaCCHBOB, OTOOpPAKAIOUIUX CHUTHAJIBI
OIpPEENIEHHOr0 KJjlacca MJIM JlaXKe Ka)KJOro CUTHajia, IMPEAIoJiaraeT, Ipexae BCEro, MOJIHOE
UCKJIIOYEHHE CIIy4aeB, KOIZla 3aTyXamlolMi Ha KOHEYHOM IIPOMEXYTKE CUTHal Oyner
anmnpoOKCUMUPOBAH  BO3pPACTAONMMM  HAa  IPOMEKYTKE OpPTOTOHAIBHBIMH  (DYHKIHMSIMHU
(monuHomamu) U HaobopotT. Cienyer Takke M30eraTh CIlyyaeB anmpoKCUMAIMK 3aTyXarolluX
WIN BO3PACTAIOIIUX CUTHAJIOB MEPHOAMUYECKUMH OPTOTOHAIBHBIMH (DYyHKIHSIMHU. VcKimoueHne
PacCMOTPEHHBIX HEOJIArONpPUATHBIX CIIy4aeB alllPOKCHUMALIMU CUTHAJIOB sBIseTCS Haubolee
pajuKalbHbIM  IIaroM Ha IYTH [OJYYEHUS  ONTHUMAIbHOTO  (KBa3HMONTHMAJIBbHOIO)
AQHAJTUTUYECKOTO OTHCAHMUSL.

[Ipemyiaraemelii HaMu CHOCOO TO3BOJSIET B aBTOMATHYECKOM PEXHUME HCKIIOYATh
HE)XeJaTeIbHbIC BapUAHTHl aHATUTHYECKOW alIpOKCHMAITUH CUTHAIOB. JIJIst 5TOr0 HEOOXOIMMO
IpEeBapUTENBHO OLEHUTh (OPMY HYJEBBIX OpPTOTOHAJIbHBIX (DYHKIMH MIM B3BELICHHBIX
HOJIMHOMOB - TIpE/ACTaBUTENCH BHIOPAHHON COBOKYITHOCTH OPTOTOHAJbHBIX 0Aa3MCOB U3 YHCIIA
KJIACCUYECKHUX, KOTOpPhIE UMEIOT pa3JIMuHbIe CBOWCTBA U ObLIM BBelAeHb B DBM. Jlns oueHku
(dhopmbl yKazaHHBIX (DYHKIUH 11e71ecO000pa3HO HMCIOIb30BaTh CTEMEHHON KO3(PUIMEeHT (OpMbI
K, KOTOpBIil sBIsSIETCS caMbIM MPOCTHIM MHCTPYMEHTOM IpU PELICHUM MOCTABICHHOM 3aaayi.
Otum xe kodpduirentom Gopmsl K; oeHnBaercs Gpopma KaxkJJoro CUrHaja, MoCTyHaroIero B
OBM. Brruncnenssiii kodgduuueHT (HopMbl ouepeaHoro moctynuBimero B OBM curnama
CPaBHUBAETCS C PaHEE BBIUMCICHHBIMU M XPAHALIMMHUCS B MAMATH 3HAYCHUSAMHU KOAPPULIUEHTOB
(GopMBbl B3BELICHHBIX HYJIEBBIX (DYHKIMHA OpTOrOHANbHBIX 0Oa3ucoB. B pesynbTare cpaBHEHUs
3HaYeHUH KodpduureHTa Gopmbl cUrHaia ¢ KodpduureHTaMu (GopMbl B3BEIIEHHBIX HYJIEBBIX
(yHKIMHA OpPTOTOHANBHBIX 0a3MCOB, BBEIACHHBIX B DBM, ycTaHaBiIMBaeTcCs: OPTOrOHAJILHBIC
GyHKIMH Kakoro u3 0a3ucoB Hawbosee Onm3ku 1o GopMe JaHHOMY KOHKPETHOMY CHUTHAIY, W
BBIJIACTCSl KOMaH/a Ha alllpPOKCUMALIMIO0 CUTHAJIA 10 (PYHKIMAM (MM B3BEILIEHHBIM ITOJIMHOMAM)
BBIOpaHHOTO Tak Oasuca.

[TpakTHKa MOKa3bIBAET, YTO €CIU UCIOIB30BATh JIMIIL TPH OPTOTOHAIBHBIX 0a3uca: OJTUH —
C OpTOrOHAJIbHBIMM (YHKLMSIMH, 3aTyXaloUMMHU K KOHIly IPOMEXYyTKa, BTOpOH — ¢
OpPTOTOHAJIBHBIMU (DYHKIUSAMH, PAaCTyIIMMU Ha NPOMEXKYTKE, U TpeTuil 0asuc ¢ (QyHKIUSIMU
HEUTpambHBIMU (NIEPUOJMYECKUMHU) Ha 3aJaHHOM TPOMEXKYTKE, TO MJaXKe OTOr0 BIIOJHE

JOCTaTOYHO, YTOOBI CYIIECTBEHHO MOBBICUTH (P (EKT arnmpoKCHMAIIHH.
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CornacoBaHye MPOMEXKYTKOB CYIIIECTBOBAHUS CUTHAA U OazucHBbIX QyHKIMA. Dopmyiibl,

0 KOTOPBIM BBIUUCISAIOTCS KO3(PPHUIMEHTH (OPMBI, TPEACTABISIOT COOOH OTHOIICHHE
UHTErPaIbHbIX BBIPAKECHUH, SBIAIOLIMXCS CKAISIPHBIMU IPOU3BEICHUAMHU JBYX (yHKUUI B
DYHKITHOHATBHOM TIPOCTpaHcTBE L . DTH OTHOLICHHS, OYEBHIHO, ABIAIOTCSH HHBAPHAHTHBIMH K
OPOMEXYTKY, Ha KOTOPOM OINpeAeieHbl HccienyeMble (QyHKuuu. MoaupuimpoBaHHbIe
KJIACCUYECKHE OPTOrOHAIbHBIE M HOPMHUPOBAaHHBbIE 0a3uChl ONpENENeHbl JIMOO0 Ha KOHEYHOM
npomexytke [0,T], mu6o Ha momybeckoHeuHOM mpoMexyTke [0, co]. [ToaToMy CymIecTBYIOT 1Ba
BapHaHTa COIJVIACOBAaHUS JUIMTEIBHOCTU  aNlPOKCUMHPYEMOIO0 CHTHajga ¢  00JIacThIO
CYLIECTBOBaHMs BBIOPAHHOTO OPTOHOpPMHpOBaHHOro Oasuca. Ilpeanaraemast ajnanTUBHas
npoleaypa SBIsSETCS BeChbMa BaXXHOH Ul MOJTYYEHUSI KOMIIAKTHOTO aHAJMTUYECKOTO OMUCAHUS
¥ UMEET JIBa CAaMOCTOSITEIIbHBIX MOAX0/1a Ui 0a3MCOB, ONMPEeICHHBIX HA KOHEYHOM WHTEpBae
[0,T] u monmyGeckoHeunom wuHTepBasie [0, oo]. OproroHaJbHBIC 0a3WCHI, ONpEICICHHBIC HA
KoHeuyHOM mnpomexyTke [0,T], cormacoBaTh MO UIMTENTBHOCTH C CHUTHAJIOM HE MPEJCTaBISET
Tpyna. CrnemyeT BepXHUH Mpenel MPOMEXYTKa OPTOrOHAIBHOCTH BbIOpaHHOro 0Oazmca T
IPUPABHATE K JUIMTENBHOCTH curHana T, 1o ecth Ts = T.. llpum 3TOM OpPTOrOHaNIBHOCTH U
HOPMHpPOBKa Oa3uMCHBIX (QYHKUWH coxpaHsroTcs. Eciu ke OpTOroHaNbHBIA 0a3uc W3 4uCia
MOIU(HUIMPOBAHHBIX KIACCHYECKHX ONpeziesieH Ha mpoMmexyTke [0, oo], To coriiacoBaHue €ro
(GbyHKIMA (B3BEMIEHHBIX MOJIMHOMOB) C JUTUTEIHLHOCTHIO TOCTYIAIOIIETO CHTHAJa HEOOXOIUMO
BBIMOJIHUTG 10 cleaylomeid Mmeroauke. Bee MoauduuupoBaHHBIE OPTOrOHAJIbHBIE Oa3UCHI,
3amaHHble Ha [0, oo], UMEIT MacIITaOHBIH KOIPPUIIMEHT m, Pa3MEPHOCTh KOTOPOro oOpaTHa
pa3sMEepHOCTH apryMeHTa, TO €CTb, €ClIM t UMEET pa3MEpPHOCTh [CeK], TO m MMEET pa3MEpPHOCTb
[1/cek]. I3mMeHeHne m MpUBOAUT K "CxKaTHUIO" WK "pacTArMBaHUIO" OPTOrOHAIBHBIX (YHKUUI
BIOJb ocu abcumcc. IlpaBwibHO BBIOpaHHBINM MacmITaOHBIN Kod(h(UIMEHT o0ecreynBaeT
HE00XO0IMMYIO TOYHOCTb alIpOKCUMAIMKM Hanbosee KOPOTKUM OPTOTOHAIBHBIM PAJIOM, TO €CTh
OpU M = Moy BBIIONHAKOTCA ycnoBuss N = Ny B psne pabor [11,12,21] npennaraercs
METOJMKA OINPEACICHUS M IPHU Pa3lI0KEHUM B OPTOTOHAJIBHBIM psJ HAa OCHOBE IOJIMHOMOB
Jlareppa ¢yHKIMH, JUII KOTOPOH H3BEeCTHO H300paxkeHue Jlamiaca, — 3TO Tak Ha3bIBAEMBbIH
rpad0aHaTUTHYECKUN METOJ, OCHOBAaHHBII Ha paclpeieleHUH Ha KOMIUIEKCHOH IIOCKOCTH
MOJTIFOCOB M300paskeHus Jlammaca anmpokCUMHUpyeMoid (OyHKITHH.

Hamu mpennmaraercss aBTOMAaTU3UPOBAHHBIN CIIOCOO ONpPENENIEHHUs Mgy, OCHOBAHHBIA Ha
aHAJIUTUYECKUX COOTHOILEHUsX. B obmem ciyyae BbluMciIeHHE KOI(D(UIMEHTOB pa3iokKeHUs
curHaia X(t) mo (QyHKOMSIM MOAM(UIMPOBAHHBIX OPTOTOHAJIBHBIX 0a3UCOB U3 YHUCIA

KIIACCUYCCKUX, OIPCACIICHHBIX Ha IMPOMCIKYTKC [0, OO], IMPOU3BOAUTCA HAa OCHOBC HHTCIpalia
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o0
Dypse A4, (m)=J-x(Z)(pn (mt)p(mt)dt , ©3 KOTOPOr0 BHIHO, YTO B ITOM Cilydyae 3HAYCHHS
0

K03(ppULIMEHTOB paznoxkeHUs ABIAIOTCA QYHKIUSIMUA MacITabHOro Ko3dduureHTa m.

[Ipy onTUManTbHOM PA3MOKEHUM OJWH MM HECKOJIBKO TEPBBIX KOI((UIMEHTOB
pa3oKEeHUs WMEIOT MaKCHUMaJbHBIE 3HA4YEHHUs, a KOd(PPHUIMEHTHI CO CTapIIMMH HOMEpaMH
pPE3KO YMEHBUIAIOTCA IO aOCONIOTHBIM 3HAYEHUsAM (TaK KaK HMEHHO TakKue YCIIOBHS
CBUJIETEJICTBYIOT 00 ONTUMAbHOM pa3iiokeHuH). [loaToMy cienyer nckaTh Takoe m, KOTOpoe
COOTBETCTBOBAJIO Obl MaKCHMaJIbHOMY 3HAYCHHIO NEPBBIX KOd(pHUIMEHTOB pasznoxeHus. C
YBEIIMYEHUEM HOMEpa, YHUCIO SKCTPEMyMOB Yy KO3((UIMEHTOB pa3ioxeHus Anp(m) Oyner
BO3pPACTaTh, OJHAKO TJIABHBIN IKCTpeMyM Jr000ro KoddduuueHTa OyIeT pacnojoXeH BOIN3U
SKcTpemMyMa miepBoro koddduimenta Ag(m). IlosTomy mpu pacdeTax Ie1€co00pa3HO B
OOJIBIIMHCTBE CIy4yaeB ONpElENsATh ONTUMAIbHOE 3HAYEHHE M = Mgy [0 HEPBOMY
kodpuimeHty pasnoxkenus Ag(m). JeiictBurensHo, mycTh mpeobpa3zoBanue Jlarutaca
MaTeMaTHYecKol Mojenu (JIMHEWHON WM JMHEapU30BaHHOW, 4YTO BO MHOIHMX CIIydasx
JIOITyCTUMO) MH()OPMALIMOHHBIX CUTHAJIOB M3BECTHOIO KJacca MMEET BUJ APOOHO-PALMOHAIBHOM

(1)YHKI_II/II/I KOMIIJICKCHOI'O IICPEMCHHOTI'O P

W(p) = B(p)/D(p), 4.3.1)

rae B(p) - momuaoMbl ctenienu 1, D(p) - momuHOMBI cTeniedu v, npudeMm | < v . MoxHO
MOKa3aTh , YTO BBIPAXKEHHE IS MEepBOro Kod((uImeHTa paziaoxeHus B cooTBeTcTBuHU ¢ (4.3.1)
no Gasucam, ompeneneHHbIM Ha [0, o] U3 yMcna MOAU(PHUIMPOBAHHBIX KIIACCHUYECKUX, OyIeT

HUMCTBb BU]

Ao(m) = ~/m B(um)/D(um), (4.3.2)

Il U - IOCTOSIHHASA, ONpeieliieMasi BHIOpaHHBIM OPTOrOHAIbHBIM 0a3UCOM, 3aJlaHHBIM Ha

[0, oo). Hanpumep, nisa gynkiuii Jlareppa u = 0,5 , 1 B3BemIeHHBIX MOAUHOMOB Jlareppa u mjis

AKCTIOHEHIMAIBHBIX OpTOTrOHANBHBIX QyHKIWHA u = 1. [Ipomuddepenmpyem Boipaxenne (4.3.2)
10 M U IIPUPABHAEM €T0 HYJIIO

L

dA4y(m) _ 2\m

dm D?(um)

B(um) + umB'(um) |D(um) —'mB(um)uD' (um)

o, (4.3.3)

3HamMeHaTeIb MOCJICAHET'O BBIPAKCHHUA BCCT A ITOJIOKUTCIICH, IIOOTOMY I[p06b MOJKET OBITH paBHa

HYJIIO, €CJIM HYJIKO paBCH YUCIIUTCIIb, TO €CTh,
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[B(um) + ZumB'(um)]D(um) —2B(um)umD'(um) = 0. 4.3.4)

JleiicTBUTENEHOE TIOJIOKUTENIBHOE 3HAYEHUE M, HaliileHHOe u3 ypaBHeHus (4.3.4), u Oyner
SBIATBCS ONTUMAIBHBIM 3HAYEHHUEM Mgy, KOTOPOE CIEAYeT MCIONb30BaTh B pPacyeTax
KO3 PUIMeHTOB pa3znokeHus. BwluuciaeHue Bcex KOpHEW ypaBHeHus (4.3.4) sBiseTcs
HE)KeNaTeNIbHbIM, TaK KakK MPH BBICOKOM MOPSAKE YPaBHEHUS ITO TPYJOEMKass M JIUTeNbHas
onepauus. B cBsA3u ¢ 3TUM, Ipexae BCETo, CIEAyeT YCTaHOBUTh, CKOJIBKO B ypaBHEHUH (4.3.4)
OyZeT NeHCTBUTENBHBIX MOJIOKUTEIBHBIX KOPHEH, TO €CTh, CKOJIBKO IKCTPEMYMOB OyJeT UMETh
BeIpakeHue (4.3.2). OTBET Ha 3TOT BOINPOC MOXKHO TMOJYYUTh W3 YCIOBUU CYIIECCTBOBAHUS
JIeicTBUTENbHBIX KOopHel MHorowieHa f(m). K Hum otHocstes teopemsl Lltypma u Brogana-
@ypbe u3 Beicuiei anredpsl [33]. Onupasice Ha Teopemy JlekapTa, J€rKO YCTaHOBHTH YHCIIO
MIOJIOKUTEIIBHBIX JEHCTBUTENBHBIX KOpHEH 1Mo ko3 duumenram mHorowieHa. [Ipu stom uucio
MOJIOKUTEIBHBIX KOpHEH MHorouwieHa f(m), 3acUuThIBa€MbIX KaX/blil CTOJIBKO pa3, KaKOBa €ro
KpaTHOCTb, PaBHO YHUCIy IMEepeMeH 3HAaKOB B cHUCTeMe KO3(PQUIIMEHTOB 3TOr0 MHOTOYJIEHA
(mpuueM paBHbIE HYJIHO KO3(QQHUIMEHTHl HE YUUTHIBAIOTCS) MM MEHbBILIE ITOr0 3HAYCHUS Ha

YeTHOe umcio. IIpHBe/eHHAs TeopeMa YKashlBaeT HA TO, YTO, HANPUMEpP, MHOTOUICH
f(m)=m’ +2m*-5m’ +8m’-7m-3 Moxer wuMeTh TPH WIM OIMH TOJNOKUTEIHHBINA

I[el\/JICTBI/ITeJII)HBII\/JI KOpeHI), TaK KaK y HEro TpI/I nepeMeHH 3HAKOB.

ITocne Toro, xak OyaeT yCTaHOBJICHO, YTO MEXIy palMOHAIBHBIMH YHCIAMU a U b
COJICPIKUTCS JUIIb OJUH KOpeHb MHorouwieHa f(m), octaercs Tak Cy3uThb ATOT MPOMEKYTOK,
4TOOBI 3HAUEHUE KOPHS OBLIO BBIYHMCIEHO C 33JJaHHON TOYHOCTHIO. [IpuOnrmkeHHOE BBIYUCICHUE
IIGIZCTBPITGJH:HOI‘O KOpHSI MOXHO OC}’IIIGCTBJISITI) METOAOM J'II/IHef/'IHOI\/JI I/IHTepHOJ'IﬂIII/II/I NN
MmeTonoM HerotoHa.

PaccMoTprM HECKOIBKO IPUMEPOB OIPEAETEHUS Moy

[Mpumep 1. IlycTh HEOOXOAMMO OMKCATh AHATUTUYECKH HUMITYJIBCHYIO TEPEXOTHYIO

by

(GyHKIHIO 00BbEeKTa, KOTOPHI MMEET IepeaaTounyo ¢yHkuuio Buaa W(p)= . B atom
y _ b
Clydae BbIpaKeHHE IepBoro kodgpduuuenra umeer obmwmid Bux A,(m)=+m———, a ero
um-+v
1
—— B (um+v)—vmpPu
dA,(m) _ 2m
MIPOU3BOTHAS = 5 [IpupaBHHMBasT HYJIIO YHCIUTEIb,
dm (um+v)

nonyaum S, (v —um) =0 umn v = um. W3 nocneHero ypaBHeHus Haxonum m,, =Vv/u. Jlns
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¢dynkuuu Jlareppa n Jlexxanapa u = 0.5 1 mep: = 2v. [l OpTOroHaNbHBIX 3KCIIOHEHIUAIBHBIX
GyHKIMHA U =1 1 mep; = V.

[Tpumep 2. [Toayunm aHaNUTHYECKOE OMMCAaHUE (PYHKIUMH B BUJIE OTPE3Ka OPTOTOHAIBHOTO
pana mno ¢yskuuaMm  Jlareppa, u3oOpaxkenue Jlarutaca  KOTOpOHM — MMeEET — BUJ:

K
a,p® +a,p+a

JmK
A,(m) = > I/I
a,(um)” +aum+a,

W(p)=

. B aTom ciyyae:

1 2
——Kla, (um)” + aum+ a, |— KN m\2a,um + a,u
dio(m) ) [ (2( ) 1 0) ( 2 1 )

dm

=0.

[a2 (um)* + aum + ao]z

ITpupaBHUBast HYJIO YUCTUTEND K (a2 (um)® + aum + a, —4a, (um)* — 2a1um) =0, nonygaem

—a, ++a} +12a,a,

my, = p . HaiinemHoe #3 3TOr0 BBIPAXKECHUS  IOJIOKUTEIBHOE U
| a,u
2

NEeHCTBUTENBHOE 3HAaYeHHEe m Oyaer ontuMmanbHbIM. [lycth a; = 10, a3 = 7,20 = 1 uwu = 0.5,
torga my = 0.2, my = - 2/3 u, caegoBarenbHo, Mop = 0.2. IIpu u =1, mep = 0.1, mpu a, = 25, a; =

-3£+/309

150u

3uag= 1 umeem m, = unpuu=0.5 mg=0.194, anpu u = 1, my, = 0.097.

[Tpumep 3. [TycTs HccaeryeMblil CUTHAI UMEET NePeAaTOuHy0 (PyHKIMIO BHIA
bp+b,
3 2 :
ap- tap +apta,

D(p) =

HyneBoii wmu nepBblil (47151 OPTOTOHATBHBIX 3KCIIOHEHT) KOX(PPHUIMEHT Pa3JIOKEHHUsI UMEET BUJT

Jm(bum +by)

as(um)’ +a, (um)® + aum+a,

Ay(m) =

, 4 €ro Npous3BOJHaA

(bum +b,) + \/Eblu}[% (um)® + a,(um)* + aum + ao]

1
dA,(m) _ [2\/Z
dm [a3 (um)® + a,(um)* + aum + a, ]2
B \/E(blum + bo)(3a3u3m2 +2a,u’m+ alu)

[a3 (um)’ + a,(um)® + a,um + a,

[IpupaBHUBAsT HYJIFO YHCITHTEIb, OCIE MPOCTHIX HPEOOPAa30BAHHIA ITOTYIHM
3abu’m* + (alb1 +Sab, Ju’m’ + (3a2b0 —ab, Ju’m® +
+ (albo —3a,b, )um —ayb, = 0.
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JUnst onpeseneHust My, HEOOXOAUMO OTBICKAaTh KOPHU JAaHHOTO ypaBHeHus. IIpu stom ciemyer
UMETh B BUIY, YTO HAC WHTEPECYET TOJBKO TOJOKHUTEIbHBIA M ACHCTBUTEIBHBIN KOPEHb. A Tak
Kak 00bIYHO Ao(m) UMeeT MpHU MOJOKUTEIBHOM M OJUH 3KCTPEMYM, TO CJIEIYeT OKUIATh, YTO
TaKO! KOpeHb OyJeT €UHCTBECHHbBIM.

B oOmiem ciydae 11t onpeneneHus Yucia JeCTBUTEIbHBIX MOJIOKUTENBHBIX KOPHEH B
ypaBHEHHH 11€JIecO00pa3HO BOCIIONIB30BaThCs TeopeMoit Jlekapra. B paccmarpuBaeMoM npumepe
9TO mpozenarh HeTpyAHO. IlycTh K0d(pPUIIUEHTH UCXOIHON TMepeaaTOYHON (YHKIIMH HUMEIOT
caenyromue 3HadeHus: az = 0,0000244; a; = 0,156; by = 3,33; a, = 0,00459; ap = 4,33; b; = 0,83.
Torga npu u = 0,5 ypaBHEHHE JJIs1 ONPEACICHUS M MOJIYYUT BUJT 0,00000379m" + 0,000527m’ -
0,0286m’ - 5,131m - 14,4 =0
Koadpdunuentsl UMEIOT O/IHY MEPEMEHY 3HAKOB, CJIEIOBATENbHO, B YpPaBHEHHH HEOOXOIMMO
BBIICTIUTh OJUH JICWCTBUTENBHBIA TMOJOXKUTENbHBIA KOpeHb. B 1maHHOM cimydae ero
IpUOIIKEHHOE 3HaUeHUE Moy = 94,85 1/cek.

[Ipemnaraemsrii Beilie MPUOIMKEHHBI METO/I OTpenesieHus: m BecbMa 3(dekTruBeH, Tak
KaK IpU YBEJIUMYECHUU YHCIA YJICHOB psia Pa3IokKEHHs] MPOMEXKYTOK, COOTBETCTBYIOIIUMN
ONTUMAJILHBIM 3HAYEHUAM M, PACHIMPSAETCA M IPHU N = 3 - 5 HAalWJEHHOE 3HAYEHUE Moy ~ 95
1/cex. monasaer BHyTPb y4yacTKa ONTUMAJIbHBIX 3HAUEHUN m.

Omnpenenenue My, IO MHUHUMYMY OTHOCHTENIBHOM HWHTETrpadbHOM KBaJpaTUUHON
omnOku. B Tex ciywasx, korga uccieayemas (yHKUUS 3a/aHa TaOIMYHO MM HEOOXOIUMO
3HATh HAWIYYIIYI0O TOYHOCTh NPUOJMKEHUS HCCIEIYEMBIX IPOLECCOB 3aJaHHBIM YHUCIOM
YJICHOB PsZia, CIAEAYET OMPENENIATh Myp 10 KPUTEPUIO MUHUMYMa OTHOCHUTENILHON MHTErPaIbHON
KBaJIpaTUYHOM OMIMOKHM, Kak (QYHKIMH MaciiTabHOro koddduimeHta m u 4YHuclia YJICHOB
anmnpoKcUMHUpyouero psaa. B o0mem Buie OTHOCUTENbHas HMHTErpalbHAas KBaJpaTU4HAs
omunOKa Kak (pyHKIMS IepeMEeHHONH M MOXKET OBITh MPE/ICTaBICHA BBIPAKECHHEM:

a) 7151 TTIOJIMHOMOB

n=0

I [x(z) ~3 4, (m)p, <mr>} p(mt)di
0, (m) =" -

T s (435)
[x(0) p(mt)dt
0
0) miis GyHKIUH, OPTOTOHANBHBIX ¢ BecoM p(mt) = 1
N o !
0,(m)=1-| > A;(m) | [x*()dt | . (4.3.6)
n=0 0

B cuiy OCHOBHBIX CBOWCTB OpPTOTOHAIBHOTO DPA3NIOKEHHUS (YHKIUN B PO BBIPAKCHHUS

(4.8) 1 (4.9) 6ynyT IMETh MUHUMYM TIPU BIIOJTHE OMPEACICHHBIX M W MPUHATOM YHCIIC YWICHOB
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psina. 3HaueHue MacirabHoro koddduuuenta B Touke MuHuMmyma 6, (m) Oynmer sABIATBCS

ONITHMAJIBHBIM C TOYKH 3PEHHS HAaWTy4IlIero MpUOIKEeHUs] UICKOMON (DYHKIIUH OPTOTOHATBHBIM
PSAI0OM B MHTETPAIbHOM KBaJPaTHYHOM CMBICIIE.
ITo pe3ynbpTaraM BBIYMCIEHUH C MCIOJIb30BaHUEM BblpaxeHHi (4.3.5) u (4.3.6) cTposiTcs

rpaduku 6, (m) , KOTOpbIE B 00IIEM ClTydae UMEIOT BU, IOKa3aHHBIA Ha puc. 4.3.2. NMes Takue

rpaduKy, MOXKHO JIETKO OTIPENEIUTh ONTHMAIbHBIN MacIITaOHbIH KOA(PQHUIUEHT MPpH 33aTaHHOM
yrcie wieHoB psga. C apyroil CTOpoHbI, U3 rpadUKOB TOBOJIBHO MPOCTO OMPEACTHUTH, KaKyIO
HAWBBICIIYI0 TOYHOCTh TPUOJIKEHUS B HWHTETPAIHHOM KBAJIPAaTUYHOM CMBICIE MOYKHO
MOJIY4YUTh IIPU 3aJaHHOM YHCJIC YJICHOB psaa. Ecmu xe OH_II/I6K3. alfrpoKCuMaliu 3aaaHa, TO
MPHUBEICHHBIC TpPapUKHA IMO3BOJISIFOT ONPEACIUTh YHCIO UICHOB pslia Pa3oXKCeHUS s
obecrieueHns 3aJJaHHON TOYHOCTH MPHU 3aJaHHOM MaciiTadHoM kodddurmente. Takum oOpazom,
npeniaraeMpie TpadUKU TMO3BOJSIIOT PEHIMTh JBE BAXKHBIE 33/a4d TMPU  AHATUTUYECKOM
OIMMMCAHWHN CHUTHAJId, 3aJaHHOT'O YUCJIOBBIM MACCHUBOM: OINPCACIUTH ONTUMAIbHBIN MaCHlTaGHBIﬁ
KOBq)(bI/IIII/IeHT W HaWTU YHUCIO YIECHOB pdaaa pas3jIoKCHUA MpU ONITUMAJIbHOM HJIM 3aJJaHHOM 1,
ucxons w3 TpeOyemoil TOYHOCTM anmpokcumanuu. [locie BbiOOpa m W YHUCIAa YICHOB

OpTOrOHAJIBHOT'O psAaa N MOJIYYCHHUEC NCKOMOTO aHAJIMTHYCCKOI'O0 OIMMUCAHUA OCYHICCTBIIACTCA 110

U3BECTHOH (OpMyJie BOCCTAHOBJICHUSI HCKOMOTO CUTHAJIA.

8,(m)

Puc. 4.3.2.

Bapuanms FHVGI/IHBI PA3J0KCHUA AJId AOCTHUXKCHUA TDGGVGMOP’I TOYHOCTH OIIMCaHHA

curHaioB. [Ipexae Bcero, 37eCh BaXKHO OTMETUTD, YTO BCE UCIOIb3yEMbIE HAMU KJIACCUYECKUE
OpPTOTOHANIbHBIE TMOJMHOMBI M (YHKIUH HENPEepPhIBHOTO U JUCKPETHOIO AapryMEHTOB B

COOTBCTCTBUH C PABCHCTBOM HapceBaH;{ (,Z[J'ISI TPUTOHOMCTPUYICCKUX PAI0B CDpre), a TaKXKe
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paBerctBoM JlsamyHoBa-CtexsioBa (a1 anreOpanyecKMX OPTOHOPMUPOBAHHBIX —0a3HCOB)
OTHOCSTCS K TIOJTHBIM WJIM 3aMKHYTBIM CHCTeMaM ()yHKITHIA.

CrnenoBarenbHO, pa3jioKEHUE B OPTOrOHAJIBHBIE PAABI 10 PACCMaTPUBAEMbIM (PYHKLUAM
ABIISICTCA KECTKMM. OTO O3HAayaeT JMHEHHYI0 HE3aBUCUMOCTb MEXAYy YJICHaMHu psala
pas3NoKeHus, a TaK)Ke MOCTOSHCTBO BBHIYMCIIEHHBIX paHee KO3 PUIMEHTOB pa3ioxeHus. B atom
cllydyae, €cilM Tpu BbIUMCIEHHBIX N Kod(hduimentax pasznoxeHus TtpeOyemas TOYHOCTh
AHAJIMTHYECKON anmpOKCHUMalMd HE JTOCTUTHYTa, TO CIAEAYET BhIUMUCIATH N+1, N+2, ... u T.A4.
HOBBIX K03()(pULIMEHTOB NoKa TpedyeMasi CpeJHEeKBaJpaTUUHas WM paBHOMEPHAs TOYHOCTh HE
OyZeT COOTBETCTBOBATH 3a/laHHOM. [Ipu 3TOM BhIYHMCICHHbBIE paHee KOI((UITMEHTH pa3I0KeHUs
OCTaIOTCSl HEU3MEHHBIMHU.

[TosToMy B anroputrmMax M HpOrpamMMax BBIYMCICHHS KOI(QQUIMEHTOB pa3IokKeHUs
IpeayCMOTpeHa Mpoleaypa MpOBEPKH TOYHOCTH aHAJIMTHUECKoro onucanus. [Ipu goctmwxenun
3aJJaHHOM TOYHOCTM BBIYUCIEHHE HOBBIX Kod(dummuentoB Ha IOBM mnpekpamaiorcs, u

PE3YJIbTATHI BBIYHCIICHHUH BBIBOJSITCA Ha II€YaTh.

Bormpocs! u ynpakHeHus
1. IlepeuncnuTe OCHOBHBIE aJaNTHBHBIE IPOLEAYPHI, KOTOpPHIE HCIOIB3YIOTCS B
MIPOLIECCE AaHATTUTUUECKOTO ONMMCAHUS CUTHAJIOB.
2. Kak peanusyercs ajanTHBHas MpoLeaypa Mo BbIOOPY KOHKPETHOIO OPTOTOHAIBHOIO
6a3uca npu aHAJIUTUYECKOHN anmpoKCUMaIMi KOHKPETHOI'O CUrHasia?
3. Kak peanuzyercs aganTuBHas NpoLELypa COrJIaCOBaHUS IPOMEXYTKA CYIIECTBOBAHUS
CHTHAJIa ¥ IPOMEKYTKA OPTOTOHAIBHOCTH BRIOPaHHOTO Oa3mca:
a) B clyyae, €CIM OpTOTOHaJbHBIM 0a3ucC CyIIECTBYeT HAa OrPaHUYECHHOM
WHTEPBAJIE;
0) B cimyuae, eclid OPTOrOHAJIBbHBIN 0a3Kc 3a7aH HA HEOTPAHUYEHHOM MHTEpBAJIC.

4. O0bsicHUTE U 00OCHYHTE MPOIIECC BapUALMH ITyOUHBI PA3JI0KEHHUS.

4.4. UccnenoBanue onepanyy yMHOXKEHUS PsIIOB B POCTPAHCTBE

KO3 PUIIUEHTOB Pa3I0KECHHUS.

PaccmoTpuMm  cienyromyro  3agauy:  TpeOyercst HEpEeMHOXKHUTb — JBa  OTpe3ka
OPTOTOHANBHOTO psja. V3HauanbHO BO3HHMKAIOT ABAa CHOCO0a pEIICHHS 3TOM NMpoOJIeMbl: BO-
HEPBBIX, IEPEMHOKUTh aHATUTHYECKH TH JIBA PAJa U IIPUBECTH PE3YJNIbTAT, €CIH HYXKHO, K BUILY

OPTOTOHAJIBHOT'O psialda; BO-BTOPBIX, IICPEMHOXUTE HCXOJHBIC PAABI IMOTOYCHHO, pacCMaTpuBasi
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X Kak (yHKIUH, 3aJaHHbIE HAa HEKOTOpPOW cucTeMe oTcueToB. Hirke mpuBereHa MOIBITKA
UCCIICIOBAHMS ITHX JIBYX CIIOCOOOB YMHOXKEHUs pyHKuui [31].

CocraBuM opMaibHOE TTOYJIEHHOE MPOU3BEACHHE IBYX pa3iokeHui Buaa (2.7.2):

N-1 N-

c(x) = a(x)b(x) = Z D abg(x)p,(x). (4.4.1)

—_

i=

~

[IpousBenenne 0a3uMCHBIX (PYHKIUN pacKiIaIbIBacTCs, BOOOIIE rOBOPs, B OCCKOHEYHBIA PSJI 1O

9TOM Ke cucteMe QyHKIUI:
()T (x) = z 8 (X).
k=0

Koadduumentsl pesynprupytomero psga OyayT OWIMHEHHBIMH (opMamMu KO3 (HUIHMEHTOB

HCXOJIHBIX PSIOB:

c, = o.ab.. (44.2)

ijk i

KoadduumenTs! 3THX OUIMHEHHBIX (GOPM SBIAIOTCS WHTETPAJaMHU OT TPOWHBIX IPOU3BEICHHUM

0a3uCHBIX (PYHKIINMN:
1
8y = [ 608, () () p(x)dx. (4.4.3)
Bennunna  J,,  ABISETCS  OCHOBHOW NpPU  ONPEJENEHMM MpaBWia  MPeoOpasOBaHUs

KOS(I)q)I/II_II/ICHTOB IIprU YMHOXKCHHU OPTOrOHAJIBHBIX PsSAAOB W OIIPCACIACTCA BBI6paHHLIM

0a3ucomM. 38.MCTI/IM, 49TO TCH30p 51‘jk ABJIACTCA CUMMCTPHUYHBIM. B ClIydac KIACCUYCCKUX
OPTOIOHAJIBHBIX MHOT'O4JICHOB é‘z'jk =0 , €CJIM CyMMa 3HAUCHUHN ABYX MHACKCOB MCHbBIIC TPECTHETO

uHAeKCa i+ j<k.
3adukcupyem ¢ynkuuto b(x) Buma (2.7.2) m obOo3HauuM 3ariaBHOW OykBOW B omeparop

YMHO>KEHUS Ha ATy (PyHKLHIO B IPOCTPAaHCTBE KOA((ULIMEHTOB pasiiokeHus. Toraa BeIpakeHue

(4.4.2) mpumer BUL:
ck = Z Bk[al' 9 (444)

WIN B MaTpuuHOU dopme ¢ = Ba, rae KodQpPHUIHUEHTH MaTpUILIbI oniepaTopa B UMEIOT BUA:

N-1
B, =) 0,b,. (4.4.5)
Jj=0

U3 (4.4.2) coctaBuM ypaBHeHUs A1 KOAPOUIIMEHTOB Pa3IoKEHHs KBaaparTa psja:

N-1 N-

¢ =2.D.0,aa,. (4.4.6)

i=

—_

~
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PaccmoTpum nBe oOpaTHBIE 3aayd: TIO HW3BECTHOMY BEKTOpPY KOI(PGUIIMEHTOB ¢ HaWTH

c(x)
b(x)

k03 uumeHTsr a, 4To OyAeT COOTBETCTBOBATH JAeJeHHI0 (YHKIMHA a(x)= B Clyuae

auHeHoM cucreMbl (4.4.4) W HaXOXIEHUIO KBaJpaTHOTO KOpHSA a(x) zm B cllydae
CUCTEMBI KBaJIpaTU4YHBIX ypaBHEHUH (4.4.6). 3aMeTuM, UTO 3TH CHCTEMBI SBIIAIOTCS B 00IEM
ciaydae OECKOHEYHBIMU. Bompoc o pa3pemmmMocT KOHEYHOM MOJACUCTEMBI cucTeMbl (4.4.4) npu
k=0,---,N—1 TpeOyeT m3y4eHHs] CBOWCTB MATPHUIIbI OINEpaTopa YMHOXEHHUS Ha (PYHKIIHIO
(4.4.5), nelicTByIOLIET0 B KOHEUHOMEPHOM MPOCTPAHCTBE KO3(PPUIEHTOB pasnoxenus £, .

B:E,>E,. (4.4.7)
Takum oOpa3om, UMeeM clieyrolee

Onpenenenue 1.(onepaTtopa yMHOXEHHUS IPOEKIIMOHHOTO THUIIA)

ByBEy, (4.4.8)
rae P, - omepatop NpPOEKTHPOBaHUA, B - oOmepatop YMHOXKEHHs, IEHCTBYIOLUIMH B

0EeCKOHEYHOMEPHOM MPOCTPAHCTBE.

Y TBepx neHnue |l. Marpuna omepatopa yMHOXKEHHS Ha (YHKIUIO SBISETCS
CUMMETPUYHOM.

JlokazaTenbCcTBO HEMOCPEJACTBEHHO clieayeT u3 omnpeneneHus (4.4.5) U CHUMMETPUYHOCTH

TEH30pa Oy, . 3aMETHUM, YTO CYILIECTBEHHBIM TPEOOBaHHEM SBJIAETCS HOPMHUPOBKa Oasuca, B

KOTOPOM JTOT OMEpaTrop paccMaTpuBaercs. s OpTOroHaIbHOTO, HO HEHOPMHUPOBAHHOTO
0asuca 3To yTBEp)KICHHE HE CIIPABEJIMBO. Y TBEPKICHHE TOKA3aHO.
YTBepxageHwue?2 Marpuua oneparopa YMHOXKEHUS Ha (PYHKIHIO MOJIOKUTEIHHO

onpeaenena (B > 0), ecau nopoxaaronias ee QyHKIHs MonoxuTensHa b(x) > 0.

Jloka3aTenbCTBO CIeqyeT U3 PACCMOTPEHHS CIIEIYIOIIETO CKAIIPHOTO MPOU3BEICHHS
1
(a(x)b(x),a(x))=(Ba,a) = j b(x)a*(x)p(x)dx . (4.4.9)
-1

CkansipHOoe MPOM3BEICHHE 3allMCaHO CHaYajla B MPOCTPAHCTBE KOI(D(DUIIMECHTOB Pa3IoKEHHS, a

3areM B ()yHKIIMOHAJIBLHOM MpocTpaHcTBe. Ecnm ¢yHkums b(x) MMeeT MOCTOSHHBIA 3HAK Ha

BCEM OTPE3KC HHTCIPHUPOBAHUA, TO 3HAK HHTCTpala, a4 BMCCTC C HHUM H OECKOHEUHOH

KBaapaTuuHoil popmbl (Ba,a), ctporo ompeneneH npu arod6oM Beibope a. Ecnu mepBbie N
KOMIIOHEHT BEKTOpa @ HEHYyJEBble, a OCTaJbHbIE paBHBI HYJIO, TO BbIpakeHue (Ba,a)

CTAHOBUTCS KOHEYHOW KBaJpaTUIHOW (OPMOM C KOHEYHOW Marpuiied B, paBHOW TJIaBHOMY

MUHOpY N -ro nopsijka 0€CKOHEYHOW MaTpHULIbl. Y TBEP)KJIEHUE T0Ka3aHO.
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ITycts A (B):det(B—Al)=0 - coOCTBEHHBIE 3HAUECHHUS ONIEPATOPA YMHOXKEHUS HA QYHKIHIO B .

Torna cnipaBemBa ciegyomas

T e op m a 1. CoOCTBeHHbIE 3HAUEHHUS MATPULBI ONEpPaTOpa YMHOXKEHUS Ha (YHKIHUIO
OTPaHUYEHbl MAaKCHUMAJIBHBIM W MUHHMAJIbHBIM 3HAUYCHUSMH (DYHKUIUH, MMOPOKIAIOMIEH 3TOT
oreparop

min(b(x)) < 4 (B) < max(b(x)) . (4.4.10)

JlokazarenbcTBo. Oneparop yMHOXEHUsI Ha (PYHKIUIO, TPUHUMAIOIIYIO MOCTOSHHOE 3HaUYEHHUE
d, uMmeer uaroHalbHbIl BuUn D =dl, roe [ eauHuuHblii omnepatop. [Ipeamonoxum,

uccnenyemas GyHKuus bO(x) umMeeT MakcuMmanbHoe b, M MHMHUMaibHOE b, 3HAUYeHUSA U

min

HOpOXKJAeT omepaTop yMmHOxkeHus B cormacHo (4.4.5). Torma ¢ynxuum b(x)—b, >0

COOTBETCTBYeT omepatop (B—b

min

I1)>0. Orcroga crnemyer, 4To Bce COOCTBEHHBIE 3HAUCHUS
MaTtpuupl B He MeHbmie b . . AHAJOTMYHO JOKAa3bIBAETCSA, YTO BCE COOCTBEHHBIC 3HAYCHHUS
Matpunbl B He 6onbiue b, . Teopema nokasaHa.

[IpoctpancTBo GYyHKIMI, WHTETPUPYEMBIX C KBaJApaTOM, a TakKe €ro KOHEYHOMEpHbBIC
MIOJITPOCTPAHCTBA, BOOOIIE TOBOPS, HE SIBJITFOTCS] 3aMKHYTBIMH 110 OTHOIICHHIO K YMHOXKEHUIO
COCTaBISIIONIMX WX  JJEMEHTOB.  Pe3ynbraT  yMHOXXEHHSI  DJIEMEHTOB  HEKOTOPOTO
MOJMPOCTPAHCTBA B OOIIEM CiIydyae MPUHAJICKUT BCEMy OECKOHEYHOMEPHOMY MPOCTPAHCTRY, a
MOJKET BOOOIIE HE SBISATHCS DJIEMEHTOM THIILOEPTOBA MPOCTpaHCTBA. M3 3TOrO Ciemyer, 4Tto
orepanysi yYMHOXXCHHsSI, BBEJCHHAas B KOHEYHOMEPHOM IPOCTPAHCTBE TAaKUM OOpa3oM, YTO
pe3yJabTaT YMHOXXEHHUS OTPE3KOB PSIAOB MPOSKTHPYETCS Ha MCXOTHOE MOIIPOCTPAHCTBO,
KOMMYTaTMBHA, HO HeaccouuaTuBHA. Kak clencTBue STOro, OMEpaTropbl yMHOXKEHHS Ha
(YHKIMIO, CIOPOCKTHPOBAHHBIE HA KOHEYHOMEPHOE MOJANPOCTPAHCTBO, HE  SBISIOTCS
KOMMYTHPYIOIIUMH. J[eHCTBUTENBHO, pe3yiabTaT YMHOXEHUsS a(x)u b(x), TpeacTaBICHHBIX
OTpe3KamH psoB Bujaa (2.7.2), ¢ OTHOBPEMEHHBIM MMPOSKTUPOBAHUEM WIIM OOpE3aHUEM psiaa Jis
c(x) B MaTpu4HOI popMe UMEeT BHUT
c=Ab=Ba,
rie A wu B KBagpaTHble MAaTpHIbl, TMPEACTABIAIONINE COOOM TJIaBHBIE MHHOPBI

COOTBETCTBYIOIIUX OCCKOHEUHBIX MaTpull. [Ipy BeIMMCICHUM MPOU3BENCHUS TpeX PAIoB a(x),
b(x) m c(x), ogHaKo, pe3yJabTaT OyJeT 3aBUCETh OT TOTO TMOPSAKA, B KOTOPOM IMPOU3BOIUTH

BBIYUCJICHUA. HaHpHMep, CJICAYIOIIUM BBIPAKCHUSAM

a(x)(b(x)c(x)) m b(x)(a(x)c(x))
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COOTBETCTBYIOT B MPOCTPAHCTBE KOA(DPHUIIMEHTOB pa3IOKEHHs] HEIKBUBAJICHTHBIC MaTpUYHBIC
OTIepaIIH:
ABc # BAc,

YTO JOKa3bIBAET HEKOMMYTHPYEMOCTh B O0IIIEM CIy4yae ONepaTopoB YMHOKEHHS Ha (DyHKIUIO.

2
PaccMOoTpyM KOHEYHOMEpPHOE MOANPOCTPAHCTBO £, MpocTpaHcTBa L°, o0Opa3zoBaHHOE

JUHEHHBIMU KOMOMHauusamMu (2.7.2). Takoe npocTpaHCTBO M30MOP(HHO MPOCTPAHCTBY (PYyHKIIHIA

JMCKPETHOTO aprymMeHra V, Toil ke pasMmepHocTH. B mpocTpaHcTBe (DyHKLIMI AMCKPETHOIO

apryMeHTa omepaTop YMHOXEHHs HMeeT MpocTedmmii (auaroHanpHbll) BuA. IlepeHecem
OlepaTop YMHOXXEHHsI Ha (YHKLUMIO W3 MPOCTpaHCTBAa (YHKIMHA IUCKPETHOTO apryMeHTa B
MIPOCTPAHCTBO KOAPPHUIMEHTOB pazioxeHus. s 3Toro He0OX0IUMO OIMpPEIEeUTh ONEePaTOPhI
nepexoaa MeXaAy MPOCTPAHCTBOM KOI(D(UIIMEHTOB Pa3NIOKEHHUST M MPOCTPAHCTBOM CETOYHBIX
¢yskuuid. IlocTpouM 3TH omepaTopbl A KJIACCHYECKUX OPTOTOHAJIbHBIX MHOIOWIEHOB C
HOMOILBIO KBaJlpaTypHbIX ¢popmy ["aycca.

O6o3HauuM M - omepaTtop YMHOXXEHHUS Ha (DYHKLHUIO B MPOCTPaHCTBE (DYHKIMHA TUCKPETHOTO

aprymenra. Ilycts oneparop 7' umeer marpuiy pasmepom N x K ¢ snementamu @, =g (x,),
(v * (v

Iie x; - ysubl KBaiparypHod ¢opmynbl ['aycca, @ - conpsokeHHbIi omeparop, W o -

JMaroHalbHas MaTpulia ¢ BeCaMu KBaJparypHou ¢opmyibl ['aycca w; Ha IIaBHOM AMAroHad.

Torma HCKOMBIM OIEpaToOp MOKHO 3alKcaTh B BUAE KOMIIO3ULIUH:
Omnpenenenune 2.(omnepaTopa yMHOKESHHUS HHTEPIOISIIHOHHOTO THIIA)
OXxW xM xD". (4.4.11)
OTa KOMIO3UIIMS BKIIOYAET B ce0sl caeayrolue npeoOpa3oBaHus:
1. Omeparop cuntesa @ obecrevnBacT BHIUKMCICHHE 3HAYCHUN psioa B
TOYKaxX CeTKH, T.€. MpeoOpa3oBaHHE BEKTOpa KO3()(PUIMEHTOB pas3iioKeHUs B
BEKTOp 3HAYEHUI (PYHKIINH TUCKPETHOTO apryMEHTa;
2. Omnepatop MacmtabupoBanust M 3agaeT yMHOXKeHHE (YHKIUHA B y3JIax
CETKH Ha (DYHKLHUIO IUCKPETHOIO apryMEeHTa, IPEICTABICHHYIO 3TUM OIEPaTOPOM;
3. OmnepaTop aHanu3a, MpeaCTaBIeHHbBIN KoMmo3unuein W , obecneunBaeT
BbIUUCIIEHHE KOX(P(HUIMEHTOB pa3jioKeHUs, T.e. oOpaTHOe MpeoOpa3zoBaHue U3
npocTpaHcTBa QYHKIMA TUCKPETHOTO apryMEHTa B IPOCTPAHCTBO KO (HUITUEHTOB

pas3oKeHusl.
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Tabnuua 4.4.1. OnepaTopbl, OCYIIECTBISIONINE PEOOpa30BaHH MEXy TPOCTPAHCTBAMU

o003HaueHue Ha3BaHUE
B: I’ »>I OIIepaTop YMHOKEHHUS
.72
P,:L">E, IPOEKTOP
O E, >V, orepaTop CHHTE3a (BOCCTAHOBJICHHMSI (DYHKIIHH)
MV, >V, oIepaTop MacuITabupoBaHUs (YMHOKCHHS)
oWV, > E, orepaTop aHaau3a (BbIYUCIEHUS KOI(D(ULIUEHTOB Pa3JI0KEHNU)

PaccmoTpuMm anreOpamyeckue CBOWCTBAa BBEIEHHOTO OIEpaTropa. 3aMETUM, UYTO OIEpaTop
YMHOKEHHS Ha €MHUILY TPEICTABISETCS eIMHNYHON MaTpuIeii, T.e. W D" =1, uto sBisieTcs
BBIPR)KEHUEM YCIIOBHSI OPTOHOPMHUPOBAHHOCTH Oaszuca B AMCKpeTHOH Qopme (2.7.5). Ilpu
K = N umeer mecto paBenctBo @ '®W =1 u, Kak CleICTBUE, KOMMYTaTHBHOCTH OIEPATOPOB
Buna (4.4.11):
OWM O OWM, D" = DOWM (O OW)M, D" =OWM M,D". (4.4.12)
OdeBUaHO, CTIpaBeIMBa CIeayIoIIas
Teopewma?2. CobcTBeHHbIE 3HAUEHUSI MAaTPHIIBI ONlEpaTopa yMHOKEHUs Ha QyHkuuio (1) mpu
K =N coBmajgaloT co 3HaYeHHUSIMH (QYHKIMH, MOPOKIAIONIEH STOT OmepaTop, B y3Jax CETKH
KBaJpaTypHoit popmyisl ['aycca
A(B)=b(x,) i=1---,N.

[Ipu K =N ompeneneHo B3aUMHO-OJIHO3HAYHOE COOTBETCTBHE KOMMYTATHBHOTO KOJbIIA
orepatopoB (4.4.11), meHCTBYIONMX B MPOCTPAHCTBE KOA(P(UIIMESHTOB Pa3IOKEHUS, U KOJbIA
cetounblx GyHkmuii. Onepatop (4.4.11) nmaer anmbTepHATUBHOE OMNpPEACICHHUE OIepaun
YMHOXXEHUS B TIOANPOCTPAHCTBE THIHOEPTOBA MPOCTPAHCTBA (DUKCUPOBAHHON pa3MepHOCTH N .
Oto omnpenenenue umeer nmapamerp K > N. [Ipu K — o0 naHHOE ONpeesieHHe MEePEeXOJIUuT B
onpexaenenue 1 (4.4.8), anpu K = N UMeeT MECTO KOMMYTaTUBHOCTh ONIEPaTOPOB.
[TocTtpoenne oneparopa (4.4.11) He TpeOyeT 3HaHMS AHATUTUYECKHX CBOMCTB 0asmca, a TOJBKO
y3J10B U BECOB KBaJpaTypHOM ¢opmynsl [aycca. 3ameruMm, uTO Cpeau KJIACCHUECKUX
OpPTOTOHAJIHBIX MHOTOWJIECHOB TOJIKO JUIi MHOTOWICHOB YeObIEBa MepBOro U BTOPOro poja
HYJII MHOTOWIEHOB W3BECTHBI B AHAIMTHUYECKOM BHJE, TMO3TOMY TaKOH CIOCOO TOCTPOCHUS
oreparopa YMHOXKEHHUsS Ha (DYHKITHIO B OOIIIEM CITydae sIBIISETCS IPUOTHKEHHBIM.

JlokazaHHbIEC YTBEPKICHHUS U TEOPEMBI JAIOT 0OOCHOBAHUE PEIICHUS JIMHEHHOW CUCTEMBI
(4.4.4). YrBepxxnenue 2 u Teopembl MO3BOJISIOT OLCHUThH, KOTJIA 3Ta CHCTEMa paspelnma u

KaKyIO OHa UMCCT 06YCJIOBJICHHOCTL. VcaoBue OCTOSHCTBA 3HaKa q)YHKIII/II/I COrIacycCTcsa C TEM,
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4TO JeJeHre Ha (YHKIHIO, 0OpalIarollyocsi B HEKOTOPOH TOUKE MHTEepBajia B HyJb, SBISETCA
HenomycTuMbIM.  Jlenenne Ha  ¢QyHKOM, OJNM3KYI0O K HYJIO, NOPUBOAUT K IUIOXOU
00yCJIOBJICHHOCTH JIMHEHHOU cucteMbl (4.4.4). JIpyroi BaXXHBIM BBIBOJ] COCTOMT B TOM, YTO
pEIIEHue JSTOM CHCTEMbl MOXHO IPOBOJUTh HTEPALMOHHBIM METOAOM 3eliens, T.K.
CUMMETPUYHOCTh M 3HAKOOIPEIEICHHOCTh MAaTpULbl SBISETCS JIOCTATOYHBIM YCJIOBHEM
CXOJMMOCTH 3TOTO0 MeTOoAa MpH JIO00M HavadbHOM MNPHUOIIKEHHH. 3ajada BBIYHCIICHUS
KBaJIpaTHOT'O KOpHSI U3 psAla HaXOAUT OOOCHOBaHME M MOXKET OBITh CBEJEHA K BBIYMCIICHUIO
KBaJIpaTHOI'O KOPHSI U3 MOJIOKUTEIBHO ONPEIEICHHON CHMMETPUYHON MAaTPHULIBL.

Omnepatop yMHOXXEHUS Ha (DYHKIIHIO, SIBJISISICH CAMOCOTIPSDKEHHBIM OIIEPaTOPOM B BEIIECTBEHHOM
eBKJIMIOBOM TIPOCTPAHCTBE, MMEET TOJHBIM HAa0Op BEIIECTBEHHBIX COOCTBEHHBIX 3HAYCHHNA U
COOTBETCTBYIOIIUX COOCTBEHHBIX BEKTOPOB, OPTOTOHAIBHBIX MEXAy CO00W M 00pa3yrouux
6azuc. OTcroia cneayer, 4T0 KOMMYTAaTUBHOCTh OINEPATOPOB YMHOKEHUSI HA pa3Hble (PyHKIUU
OyZeT UMeTh MECTO TOT/Ia U TOJIBKO TOT/A, KOTJA Ui 3TUX ONEepaTOpOB CYIIECTBYET €IMHBIM
Habop coOCTBeHHBIX BEKTOpOB. COOCTBEHHBIC 3HAYECHHUS M BEKTOPHI MOJHOCTBHIO OIMPEIEINISIOT
orepaTop U, TakuM o0pa3oM, XapaKTepU3yIT HUCXOJIHYI0 Mopoxaaromyo ¢yHkuuio. [lpu aTom
0a3uc comepkUT B ceOe ONpeAeNeHHYI CTPYKTYpHYyIO HHpopMamuio o0 (yHKIHH,
MHBApUAHTHYIO K HEKOTOPBIM MPE0OpPa30BaHHSIM.

[Tpumep. Iloctpoum omeparop ymMHOXeHHs Ha (yHKIMIO B Oa3uce mOMMHOMOB YeOwIéBa
MIEpPBOro pojia.

MHorounens! YeObIéBa UMEIOT IBHOE TPUTOHOMETPUUECKOE BhIPAXKEHUE!

T (x)=cos(narccosx) —1<x<I. (4.4.13)

3HaueHUs MHOTOYICHOB MOTYT OBITH BBIYHCIEHBI OoJjiee palluOHAJIBHO IO PCKYPPCHTHOMY
COOTHOIICHUIO:

T,=1, T=x, T,=2xT.-T , nxl. (4.4.14)

Ycaopue OpPTOrOHAaJIbLHOCTU U HOPMUPOBKU UMCCT BUJ

0, i#j
(Jg(x),T,(x))zj_'l%z % i=j#0. (4.4.15)
—X
, i=j=0

KoaddunmenTsr paznoxkeHus: nmpousBoiabHOM GyHkmmu a(x) w3 Ex mo mommHoMam UeObiméBa

HaXOJATCS 10 KBaApaTypHbIM hopmynam ["aycca:

K
a, =%Za(xj)z(xj), i=0,--,N—-1, (4.4.16)
Jj=1

e y3/1bl HHTETPUPOBAHUs COBNAAAIOT C HyJIAMU nonuHoma YeOpimépa 7, (x)
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;1
X, :cos(”(Jsz, j=1-K. (4.4.17)

B pesynpraTte mpeoOpazoBanus (4.4.16) momyuyaeTcs pasloKEHHE, B KOTOPOM HYJICBOU

K03((UIMEHT UMEET YABOCHHOE 3HAUCHHUE:!
a N-1
a(x) = ?OTO(x) +> a,T(x). (4.4.18)
i=1
HenocpeactBento u3 GopMyJibl IPOU3BEACHUS KOCUHYCOB
1 1
cos(a)cos(f) = Ecos(a -p)+ Ecos(a + /)

cienyet popmya sl pa3oKEeHUsl IPOU3BEIEHUS ABYX MOJIMHOMOB YeObléBa

1 1
T_,+=T, (4.4.19)

IT = SR

2
Ha ocnoBe 310i1 dopmynsl u popmyisl (4.4.1) monapHoro npousBeleHHs YJICHOB JBYX DPSJIOB

MOKHO MPEIJIOXKUTDH CJ'ICIIYIOH_II/Iﬁ AJITOPUTM BBIYHUCJIICHUSA NPOU3BCIACHUA. Kaxcz[aﬂ napa aibj

BHOCHT aJUIMTUBHBIA BKJIaJx B 1Ba KOd((HUIMEHTA Pe3yNbTUPYIOLIEro psiga ¢, ; u ¢, ; C

MHOXKHTETeM 7. [l mpou3BeNeHHs ABYX DSJOB, COCTOSIMUX U3 N 4JIEHOB, MOTpeOyeTcs I10

2N? onepanuii yMHOXCHHUS U CIIOKEHHS.
Jis  modydeHus: SBHBIX BBIDOKEHHHA Ui KOO(QQHUIHUEHTOB pPA3JIOKEHHUSI TPOU3BEICHHS
NEePEMHOXHM MOWIEHHO JBa OeCKOHEUHBIX psna Buzaa (4.4.18), npumenum dopmyny (4.4.19) n

cobepeM K0d(pPUITUEHTHI TPU OJTMHAKOBBIX MTOJTMHOMAX:

¢ = 12 ab,, +l Z (ab; ;i +a; b;). (4.4.20)
2 /=0 T2 j=itl '

Hnsa mpumepa, npu N =5 wmarpunsl OwnuHedHbIx ¢opm (10) mnsg i=0 u i=2 uMmeror

CIEQYIOIINNA BU;

00+ 0 0
2
Loooo]|g ol
2 2 2
0100 0| )
00100 |3 200
00010 |1 o oy
000 0 I 2
00 L0 0
2

[Mepenmmem Ownunelinyio ¢opmy (4.4.20) B BuIe JIUHEHHONW CHUCTEMBI OTHOCHUTEIHHO

HEHU3BCCTHOI'O BEKTOPaA KOBCI)(I)I/II_II/ICHTOB a:
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¢ =ah 4~ a b, +b.). (4.4.21)
7 2j:1 ANV, J

HOpMI/IpyeM HepBBIfI YICH MOCJICA0BATCIIbHOCTU OPTOrOHAJIBHBIX MHOTOYJICHOB

L g

ﬁa 1°

JUISE TOTO 4YTOOBI OHM WMEIW OJMHAKOBYIO HOpMy. B 3TOoM 0Oasmce maTpuiia omneparopa

T, (4.4.22)

YMHOKEHUS Ha (PYHKLIMIO IPUHUMAET BU]T

b b b b b
V2 2 2 V22
b b b b b bbb
V2 22 2 2 2 2 2
bbb b b b (4.4.23)
V22 2 202 2 2
b b b b b b
V222 2 V22
b b b b b
2 2 2 2 2

[Moctpoum wmatpuily ymHOoxkeHuss mo cxeme (4.4.11) mpu K =N =5. Ilocne ynpormeHuit

Marpula NpuHUMacT BU/

b b b b by

V22 V2 V2 V2

b, ~2b,+b, b +b, b +b, b,

Na 2 2 2 2

b btb N2btb bbb, | (4.4.24)
2 2 2 2 2

b,  b,+b, b, b, b, b-—b,

2 2 22 2

b, b, b—b,  b-b, b b

No) 2 2 2 2

3ameruM, uyto Matpuubl (4.4.23) u (4.4.24) paznuuaroTcs B IIPaBOM HIKHEM YIIIy.
[lepBrie aBa cTONONA STHX MAaTPHUIl COBIANAIOT, T.€. YMHOXEHHE HA TOJIMHOM IIEPBOTO MOPSIKA
IIPOM3BOJUTCS. OJIMHAKOBO IIPH JIFOOOM OIPENEIEHUH OIlepaTopa YMHOXKEHHS. DTO 0OBsACHIETCA
TE€M, YTO TpH BhMHUCICHHH N KOI(PQUIMEHTOB pa3JOKEHHUS 3JIEMEHTOB N - MEpHOTO
HOJIIPOCTPAHCTBA IOJIMHOM MOJBIHTErPANIbHOTO BbIpaxeHust (2.7.3) umeer creneHb 2N —2.
Ksanparypusle ¢opmynasl ['aycca OyayT TOYHBIMM, Jake €CJIM CTENeHb MOJIMHOMA

MOJIBIHTETPAILHOTO BBIpAYKEHUS OyIeT BBIIIE elie Ha equHuIly. [lo 3Toil e mpuuuHe oneparop
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YMHOKCHHA Ha MHOTOYJICH HepBOﬁ CTCIICHU UMCCT OAMWH U TOT KC BUI HPHU Pa3HbIX crocobax

HIOCTPOCHUSL.

Bonpoce! 1 ynpaxxHeHus
1. IToyemy BO3HHKAIOT ABa crioco0a oIpeaesieH s ONepaliii yMHOKEHUS ?

2. I[OKaBaTB, 4TO B CJIy4ac KJIACCUUCCKUX OPTOTOHAJIbHBIX MHOT'OYJICHOB é‘z'jk

=0,ecmu i+ j<k.
3. [lonyunTh BbIpaKEHHE oOIeparopa YMHOXEHHS Ha X, HCXOAS M3 PEKYPPEHTHOrO

COOTHOIICHHA.

4.5. AHanuTndeckue npeoOpa3oBaHusl, TO3BOJIIOIINE NOIy4aTh TpeOyeMble

OLICHKU U XapaKTEPUCTUKHU

3ajayeil 4MCIOBOrO 3Tama peanu3alud 000OIIEHHOT0 CHEKTPalbHO-aHATUTHYECKOTO
MeToJa SBISETCS CHHTE3 aJaNTHBHBIX aJTOPUTMOB, OOECIICUMBAIOIINX ONTHMAIbHYIO

(KBaSI/IOHTI/IMaJ'IBHyIO) AHAIIUTUYCCKYHO allIIPOKCUMALIUIO BXOJHBIX CUT'HAJIOB B BUC
N
x()=2 4,0, (4.5.1)
n=0

C MHHUMAJIbHOMW JJTHHOM psijia HE3aBUCUMO OT (PU3NUECKO# MPUPOJIBI TOCTYIAOIET0 CUrHana. B
BelpakeHUH (4.5.1) xos¢p¢unmentsl paznoxenuss A, riayOuHa pasnoxeHus N Hu cuctema
OPTOTOHANBHBIX (QYHKIMA {Qn(t)} MOTYT H3MEHSATHCS B 3aBUCHMOCTH OT OCOOEHHOCTEH
CHUTHAJIOB ¥ X IPOMEKYTKOB CYIIIECTBOBAHHS, HO CTPYKTypa aHAJTMTHYECKOTO OTMCAHMSI BCETAa
OCTaeTcsl MOCTOsIHHOW. lcmonb3oBaHWEe paHee BBEASCHHOTO TMOHATHA KoddduimeHta (Hopmbl
o0ecrieuynBaeT MPU aANMPOKCHMAIMU KaXJIOTO CHUTHAJIAa BBIOOp HaMOoOJIee TMOAXOIAIICTO
opToroHanpHOro 0OasWca W3 4YHWClIa 3apaHee BBEACHHBIX B DOBM  MoauuimpoBaHHBIX
KJIACCHYECKHX OPTOTOHANBHBIX 0a3ucoB. B aBTOMaTWyeckoM pexuMe Ha OCHOBE KpHUTEpHs
Oy30CcTH 3HaYeHUH KO3(PPUITMEHTOB (POPMBI TOCTYIIAIOIIMX CUTHAIOB M BBIYHMCIICHHBIX 3apaHee
K03 uiueHToB (HopMbl HYJIEBBIX (UM HECKOJBKUX TMEPBBIX) B3BEUICHHBIX (DYHKIMN U3
BBEJICHHBIX B MaMaTbh DBM OpTOrOHaNbHBIX 0a3MCOB OCYIIECTBISICTCS KOHKPETHBIM BBIOOD
6azuca. Kpome »3TOro, Kakaplii pa3 B aBTOMATHYECKOM PEXHME IMPOMCXOJHUT COTJIACOBAHUE
JUITATEIILHOCTH  TIPOMEXYTKa CYIIECTBOBAaHHMS BBIOPDAHHOTO OPTOTOHAJIBHOTO 0asmca C
JUTUTEIIbHOCTBIO allIPOKCUMHUPYEMOT0 CHUTHaIA. 3aKIIOYUTEIbHON aJanTUBHOW MPOLIEAYpOH
SIBIISICTCS TOCTH)KEHUE 3aJ]aHHOW TOYHOCTH aHAJTUTHYCCKOTO ONMMCAHHS CHTHAJIIOB MHHUMAJIBHO
JIOMTyCTUMON  TITyOMHON pa3nokeHUst Npin, OOecreunBaronieil HEOOXOIUMYI0 TOYHOCTD.

Brmonaenne npeaiaracMbIxX aJalITUBHBIX mnmpoucayp IIPpUBOAUT K OINITUMAJIBHOMY
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(KBa3HOITHMAIFHOMY) aHATHTHYECKOMY ONHMCAHMIO CHIHAma M3 L® MpH JOCTATOYHO IIHPOKOM
ACCOPTUMEHTE OPTOTOHAIBHBIX 0a3MCOB, BBEICHHBIX B OBM.

Crenyromas BaxHasi OCOOCHHOCTh QJITOPUTMHYECKON pealn3aliiy MepBOro 3Tarna MeToaa
COCTOMT B HEOOXOAMMOCTH BBINOJIHEHHUS OINEpalMii YUCICHHOTO MHTETPHUPOBAHMS C BBICOKOM
TOYHOCTBIO Ha 1KU(ppoBoit IBM npu BeruucieHnu ko3ppuuneHToB pasnoxenus. Ito Hanbomee
OTBETCTBEHHBIH 3Tall aHAJUTUYECKOTO ONMCAHHS BXOJHBIX CHTHAJIOB, TaK KaK MOTPEHIHOCT,
JOITycKaeMasi TpH  YHCICHHOM WHTETPUPOBAHUH, OMpPEICNsIeT HE TOJBKO TMOCIEIYONIYIO
HOTPEIIHOCTh MCKOMBIX OLIEHOK, HO W MPUBOIUT, BOOOLIEC TOBOps, K HAPYIICHHUIO YCIOBUH
OpPTOTOHAJIBHOTO PA3JIOKEHHUs] CUTHAJOB, YTO TaKXke OyJeT BbI3BIBATH B JaJIbHEHIINX
npeoOpa3oBaHUSX JOMOJHHUTENbHBIE MOTPEIIHOCTH. B CBsI3M ¢ 3TUM TIpu  pa3paboTke
BBICOKOTOYHBIX aJITOPUTMOB BBIYHCIICHUS] HHTETPAJIOB B IIPOLIECCE HAXOXKICHNS KO3 (UINEHTOB
pa3NoXKEeHUsI IIMPOKO HCIONB3YIOTCS KBajparypHble Meronsl. llocnmennee tpeOyeT 3HaHUS
3HAYEHUH WHTETPUPYEMBIX CUTHAJIOB B KBaIPaTYPHBIX y371ax. ITO 00CTOSTENHCTBO 00YCIOBUIIO
HEOOXOIMMOCTh  TepexojJa OT  PAaBHOMEPHBIX  JMCKPETHBIX  OTCYETOB,  3a/aOIINX
o0OpabaTbIBacMblii CUTHAJ, K TIOJyYCHHIO €r0 B BHJE HENPEPHIBHOW (YHKIUH C MOMOIIBIO
(GOpMyJT HHTEPIOJISALIH.

VcxonHpIMH JAHHBIMHM 3Tala aHAIUTHYECKUX NPEoOpa3oBaHM SIBIISIOTCS Pe3YJIbTAThI
AQHAJTUTHYECKOTO OMHUCAHUS BXOJIHBIX CUTHAJIOB B BHUJE OTPE3KOB OPTOTOHAJIBHBIX DSJIOB.
[TosToMy MOXHO 3apaHee B 0OmEM BHJIE IIyTEM COOTBETCTBYIONIMX aHATUTHUECKUX
npeoOpa3oBaHUil TNONydYaTh AHAJUTUYECKUE BBIBOABI ((POPMyIBI), MO KOTOPBIM, 3Has
KOHKPETHBIE ~ 3HAueHHs  KOO(P(PHUIMEHTOB  pa3IOKEHHS, BBIYUCISAIOTCS  HEOOXOIUMBIE
XapaKTePUCTHKH M OLIEHKU. YTIOMSHYTBIC aHAIUTHYECKHE MPEeoOpa30BaHUs BBIOIHIIOTCS LIS
Ka)XXJIOTO OPTOTOHAJIBHOTO 0Oasmca, MO0 KOTOPOMY HPOHMCXOAUT PA3JIOKEHHE CHUTHAIOB. OTO
00CTOSITEILCTBO HUKOMM 00pa3oM HE OrpaHMYMBAET BO3MOXKHOCTH IMOJYYEHHsS TpeOyeMbIX
OLIEHOK, TaK KaK BCErJa M3BECTHA COBOKYMHOCTbh OPTOrOHAJIBHBIX 0a3MCOB, BBEJCHHBIX B DOBM,
10 KOTOPHIM OYZeT TPOM3BOJUTHCS PA3NIOKEHHE CHTHAJIOB, YTO MO3BOJISIET 3apaHee BBHIIIOJIHHUTH
HEO0OXOAMMbBIC aHATTMTUYECKHUE MMPEOOpa30OBaHUSI.

BMmecre ¢ Tem mpakTMka I0OKa3aja, 4YTO BBIIOJHATH pPAa3JIUYHbIC aHATUTHYECKHE
npeoOpa3oBaHusl C OTPE3KaMU OPTOTOHAIBHBIX PSAAOB YaCTO 3aTPYAHUTENBHO, a TOJTy4aeMble
dopMysBl BecbMa TIPOMO3JKM M HEYAO0OHBI Npu peanu3anuu. [[ng npeogoneHus naHHOU
TPYAHOCTH OBUI TPEUIOKEH OPHUTHHAIBHBIA TpPHEM, KOTOPBI IMO3BOJIWII PE3KO YMPOCTUTH
aHAJIMTUYECKHE TpeoOpa3oBaHMs U (aKTHYECKH cIenaTh CTaHJapTHBIMH  OCHOBHBIC
BBIYHMCIIUTENBHBIE ONepanud U (GopMy MpeICTaBICHHS HWCKOMBIX OICHOK M XapaKTePHCTHK.
CyIecTBO YKa3aHHOTO IpHEMa CBOAMUTCS K TOMY, YTO IIOCJI€ BBIIOJHEHUS HEOOXOIMMBIX

aHATTMTUYECKHUX TPeo0pa3oBaHuil ¢ BEIpaKeHUAMU THIA (4.5.1) ¥ MOIy4YeHUs] COOTBETCTBYOIINX
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rpoMO3AKUX (HOpPMYJT MPOU3BOAUTCS WX AHATUTUYECKOE pPA3JIOKEHUE B PsAd IO TEM IKe
OpPTOTOHAIBHBIM 0a3ucaM. B pesyibprare Takoro pas3ioXeHUS OPTOTOHAJIbHBIC (YHKIHH
UCKJTIIOYArOTCs U3 paccMoTpeHust. OcTaroTcs TOJIbKO MO0 CTPOrve aHATUTHUYECKHE 3aBUCUMOCTH
Mexay KOdIPIUIMEHTaMH Pa3JIOKEHUSI HCKOMBIX OLEHOK M HMCXOJHBIMH KO3(HIHeHTaMu
pa3IoKEHUsI BXOJHOTO CUTHAJA, 00 MOy4atoTCs OKOHYATENbHbIE ()OPMYIIBI JUISI BEIYMCICHUS
OLIEHOK IO 3HAa4YeHUsM KOI(D(UIIMEHTOB pa3iokKeHUs BXOJHOTO CUTHaia. B mepBoM ciydae
TpeOyemble OLEHKH WM XapaKTePUCTHKHU IMOJIy4aloTcs Mo (opMmylie, MOJI00HON BBIPAKEHUIO
(4.5.1) mpu MoACTaHOBKE B HErO COOTBETCTBYIOIMIUX KOI(DPHUIIMEHTOB Pa3I0KEHUS.

ITpumep. Ilycts curnan x(t) pazinokeH B OPTOrOHAJIbHBIN Psilt

N
x()=) 40,1, (4.5.2)
n=0

N
Torga npoussoaHas x'(t) umeer Bun x'(t) =Y A,@.(f). Pasnoxum nociesHee BLIPAKEHNE B
n=0

pAIl TO OPTOTOHAIBHBIM (YHKIHSAM @n(t), TO ecTh HahgeM Kod(D(HUIIMEHTHI pa3IoKEHUS

MPOU3BOAHOM X'(t)

B, =E[Am(r)+Alcof<r>+...+Ar,co,;a)]qzl(r)dt. 453

B wactHOM ciryuae, eciu X(t) pa3ioxkeH B ps IO OPTOTOHANBHBIM (GyHKIusM Jlareppa, To

ecTb Qn(t)=l,(mt), nerko mokasate, 4TO B pe3ysbTaTe BbIUMCICHUS UHTerpana (4.3.3) nomyuum

N
B, =-m Z(i—n)Al.. Torma BeIpakenue ansi npousBoAHOM X'(t) B cTanmaptHoit (opme

i=n+l1
OyJeT UMeTh BU]T

x'(t)=e " [-0,5m %‘ AL (mt)+ Nlil B L, (mt)]. (4.5.4)

n=0 n=0

[Tpumep. IlycTh cTanmonapHsle ciaydaiiHble mpouecchl X(t) u y(t) pa3nokeHbl B OpTOrOHAIbHbIE
N N
psasl o ¢GyHkimaMm Jlareppa, TO ecTh x(t)zZCnln(mt) u y(t)zZBnln(mt). MosKHO
n=0 n=0
I0Ka3aTh, 4TO KOA(PQUIUEHTH! paznoxeHus D, B3auMHON koppensuuoHHOH (yHkmmu Ry y(7)
BbIpaxkatoTcsi 4yepe3 kodpduuuentsl paznoxenus C, u B, ciydaifHbix mpoueccoB X(t) u y(t)
1 N
crenyromell  GyHKUMOHANBHONH — 3aBuCMMOCTBIO D, :T C¢,(B,,—-B,,,). Torma
=0

m

AHAJIUTUYCCKOC BBIPAKCHUC IJIA B3aMMHOM KOppeHHHHOHHOﬁ Q)YHKHI/II/I HUMECT BUJ
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N
R, (r)=2.D,I,(m7). (4.5.5)
p=0

TakuM 00pa3oM, aHATUTHYECKHE BBIPAKECHUS MCKOMBIX OIICHOK M XapaKTEPHUCTUK BCETIa
MOKHO TMPEJICTaBUTh CTAHIAPTHBIM 00pa3oM B (opMme OTpe3Ka OPTOTOHAIBHOTO psja, a
KOO(QQHUIMEHTB pa3iokKEeHUsT IS OTHUX OLEHOK WM XapaKTePUCTUK  ONPEACISIFOTCS
AHAJTUTHYECKUM IyTeM TOYHO 4Yepe3 KOIDOUIMEHTHI pPa3JIoKEHUS HCXOIHBIX CHTHAJIOB.
YucinoBele TOKa3aTeNd MM OIEHKH BBIPAKAIOTCS TaKXKE Yepe3 HCXOJHbIE KO3((UIIMEHTHI
pas3yIoKeHUs B BUIE KOHKPETHOH (hOpMyIIbl, KOTOpas MporpaMMupyeTcsi win 3aHocutcs B [13VY.
B BeIBenieHHBIX 3apaHee GhopMysiax UCXOIHbIE KOA(PPHUIIMEHTHI Pa3IoKEHHS 3alTUCaHbl B 001eM
Buze. [lo Mepe pasiokeHHs BXOJHBIX CHTHAJIIOB M BBIYUCICHHS KOHKPETHBIX 3HAUCHHM
KOI)(I)(I)I/IL[I/IGHTOB Pa3JI0KCHUSA, MOCICAHUC HAIIPABJIAKOTCA B COOTBCTCTBYIOIIHC STYCUKHU ITaMATH.
B pesynbrare BBIMHCIUTEIBHBIE OINEPALMU BBIMOMHAIOTCS DBM 3HauuTenbHO OBICTpee W C
00J1bI1IeH TOYHOCTBIO.

TexHuueckas peanu3anusi OTACITBHBIX  OMNEpAIMid, ONPEHSIIeMbIX IMPUBEIACHHOU
CTPYKTYPHOM CXEMOW, HMMEET psi BBIUUCIUTEIBHBIX TPYIHOCTEH, IIPEOJOJICHHE KOTOPBIX
CYHCCTBCHHO IIOBBICUT HCHHOCTH MpCjiaracMoro meroaa. K UM MoxHO OTHCCTH, NPCKIC
BCEro, MpoOJieMy BBIYUCICHHE KOXDOUIIMEHTOB pa3JIOKEHUS, KOTOPOE MPUBOAUT K
HEOOXOJIMMOCTH YUCIICHHOTO MHTETPUPOBAHUS C BHICOKON TOYHOCTHIO 32 MHHHUMAJIBHOE BPEMS.
Kak ye oTMedanoch, HAaWIy4IIMM BBIYHCIUTENBHBIM CIIOCOO0M, 00ECTIEUNBAIOIIUM TPEOYyeMYIo
TOYHOCTb, SIBJISIETCS METOJ] KBajapaTyp. Ha ero ocHoBe pazpaboTaHa crienualibHas mporpamma,
MO3BOJIAOILAs BBIYUCIATH 10 HECKOJIBKUX COTEH KO3(DPUIMEHTOB pa3iiockeHns Ha MUKpoOBM.

AJNBTEpHATUBHBIM CIIOCOOOM pEIICHHS YyKa3aHHOH TPYTHOCTH SIBIISICTCS ITOCTPOCHHE
CHCIHATBHOTO  BBIYUCIUTEIBHOTO ycTpolicTBa. [locienHee IMO3BOJUT — CYHIECTBEHHO

pacmmpuTh 006JaCTh IPUMEHEHUS MIPEIaraéMoro MeToia.

[IpoGnemoii, TpeOyromield CBOEro pEIICHHS, SIBISCTCS PACIIMPEHUE BBIYACIUTEIHHBIX
BO3MOXXKHOCTEl ~ MeToJa M yBEJIMYEHHE €ro  YHHUBEPCAIBHOCTH,  IpeJroJiararoliee
pacrnpocTpaHeHHE UCIOIb3yeMbIX MOX0J0B Ha HOBBIE MPEAMETHbIE 00acTu uccienoBanuii. Ha
3TOM MyTH HEOOXOAMMO IMpoBeAeHHEe padoThl B JBYX HampaBieHHsx. OAHO mpeamnosiaraer
BBIBEJICHHC HOBBIX AHAIMTUYCCKUX 3aBHCHUMOCTEH MeXITy Kod(h(dHUIMEHTAaMU pa3joKeHHUs ¢
LEJIbI0 TIOJyYeHUs] HeOOXOUMBIX OLICHOK INPHU PA3JI0KEHUHU CUTHAJIOB MO TEM OPTOrOHAJIbHBIM
0asucam, A KOTOPHIX TaKHE 3aBHCHUMOCTH W OICHKM €Ie HE BBIBEJEHBI M OTCYTCTBYIOT B
cnenuanbHOM OaHke (opmyin. J[pyroe HampaBieHHE CBSI3aHO C PACIIUPEHHEM acCOPTUMEHTA
OLCHOK M XapaKTCPUCTHUK IMPHU PCHICHUHN 3ala4 B HOBBLIX HAYYHBIX 06nacmx, KOTOPLBIC TAKKE HC

UMEIOTCS B OaHKe (popmyII.
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Pemenne 3amau omepaTuBHOM 00paOOTKM MH(MOPMAIIMOHHBIX MAacCHUBOB, CHTHAJIOB
pa3MYHON  TPHUPOJABI  COJACPNKHUT NPOIEAYpPhl HAKOIUIGHWUS  CHTHAJIOB,  CTIIA)KUBAHHSA
BBICOKOYACTOTHBIX IIOMEX, BBIYMCICHUS HHTETPAJOB M TPOU3BOJHBIX OT PErHCTPHUPYEMBIX
CUTHAJIOB, CYMMHPOBAHHs, YMHOXKCHUSI W BO3BEICHHS B CTENECHb W psijia APYTHX OIEpaIui.
AHaJIOTWYHBIE TPOLEAYPhl MMEIOT MECTO IpPH PEHIeHWH 3aJady PErpecCUOHHOrO aHaju3a,
napaMeTpUIecKOi HICHTU(UKAIIUH, THATHOCTHKH COCTOSHUS M3Y4aeMbIX OOBEKTOB, a TAKXKE B
3a7a4ax aHauu3a n300pakeHUH M pacro3HaBaHHS 00pa3oB. B CBs3M ¢ 3THM clienyeT B MEPBYIO
oyepenb BBIICIUTH CIEAYIONME THUIIOBBIE ONEpaluud ¢ HHGOPMAIMOHHBIMA MAacCCHBAMHU:
CYMMHUPOBAHHE CUTHAJIOB, UX YMHOKEHHE, JICJICHUE, BO3BEJICHHE B CTEIICHb, N3BICUYCHUE KOPHS,
IpOIEIypbl CTAaTUCTHYECKOTO aHalu3a, Iu(QepeHIMpOoBaHNe, HWHTETPUPOBAHUE, PEIICHHE
muddepeHManbHBIX W MHTErpaNbHBIX ypaBHEHMH. [l BceX yNOMSHYTHIX —Omnepanui
HEOOXOAMMO BBIBECTH AaHAIUTHYECKUE COOTHOIIEHHS B TMPOCTPAaHCTBE KO3(P(PHUINEHTOB
pasJIoKEHUs M CBECTH UX B CIIEIMaIbHbIC Ta0nuIbl. BoiBeneHHbIEe panee (opMyJsIbl OMEIICHBI B

Ta6J'II/II_Iy U MMPUBCACHBI B ITPHUJIOKCHUU.

4.6. AHAUIUTHYECKOE OMTMCAHUE U300pKEHU I

B kadecTBe OCHOBBI IpeJIaracMoro MoAX0/la K PEIICHHUIO 3ajau aHaIn3a U300paKeHUN |
pacmno3HaBaHHs 00pa30B MPHUHST aJaNTHBHBIA YHCIEHHO-aHATUTUYECKUN METO/I, pa3BUBACMbIN B
npeziaraeMoM mocoduu. IIpenrmonaraercs, 9YTo CyIIECTBEHHBIC JUIS aHAIN3a XapaKTEPHUCTUKU
U3y4aeMoro 00bEeKTa MOTYT OBITh TIPEACTABJICHBI B BU/IE COBOKYITHOCTH OJTHOMEPHBIX KPUBBIX, U
3ajJjaua CBOJUTCS K BBISBJICHHIO M UCIIOJIB30BAHUIO UX HanOosee nHYOPMATUBHBIX MPU3HAKOB. B
HACTOAIIEe BpeMsl OONBIIMHCTBO MATEMAaTUYECKUX METOJOB OMUCaHus U 00paboTku
M300paXCHUI OCHOBAHO HAa WCIOJIB30BAaHUM (YHKIUH JIBYX MEepeMeHHBIX. K HHM MOXHO
OTHECTH, TPEKAEC BCETO, OPTOTOHAIBHBIC TapMOHHYECKHE (QYHKIMH JBYX MEPEMEHHBIX
(mBymepHbie psbl Dypre). [1aBHBIM HETOCTATOK ATOTO MOAXO0JIa COCTOMT B TOM, YTO padboTa ¢
TakuMu  (QyHKIUSAMUA TpeOyeT OONBIIUMX 3aTpaT MAaNIMHHOTO BPEMEHU. 3HAYHUTEIbHBIC
BBIYHCITUTEILHBIC CIIOKHOCTH CTOST TaKXKE Ha MyTH MPUMEHEHHSI OPTOTOHAILHBIX 0a3MCOB ABYX
NIEPEMEHHBIX, IOJyYaeMbIX M3 KJIACCHYECKUX OPTOTOHAIBHBIX 0a3WCOB HEMPEPHIBHOTO WIIH
JIMCKPETHOTO apryMEHTOB.

B nocnennee Bpems B 3amavax 1udpoBoil 00paboTKM M300paKeHUH IIUPOKOE pa3BUTHE
MOJTYYMJIH METOJIbI, OCHOBAaHHBIC HA MCITOJIb30BAHUN JUCKPETHBIX OPTOTOHAIBHBIX 0a3HCOB JIBYX
nepeMeHHbIX: GyHKIM Amamapa, Yoomra, Xaapa ¥ HEKOTOPBIX JAPYTHX. DTO OOBICHSIETCS

MPOCTOTON peanu3allid MU yJOOCTBOM paboThl B JaHHBIX Oaszucax Ha OBM. DOtor
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MaTeMaTHYeCKUi amnmapar o0ecreyrBaeT SKOHOMHYIO HHU(POBYIO 00paOOTKYy MaHHBIX, HO HE
JTaeT BO3MOXKHOCTH ITPUMEHSTh B PACCMAaTPUBAEMBIX 3a/1a4aX aHATUTUICCKAE METO/IBI.

[ToMrMO yKa3aHHBIX HANpaBICHUH B HACTOSAIIEE BpeMs NPUMEHSECTCS OOJBIIOE
KOJIMYECTBO  PA3MUYHBIX  CICHUAIU3UPOBAHHBIX, AJITOPUTMOB aHalM3a CHTHAIOB H
pacriozHaBaHus 00pa30B. X ncnonbp30BaHue 7S OTAEIBHBIX KJIACCOB CUTHAJIOB M N300paskeHUi
MOXET OBITh ocTaTo4HO 3(PpPekTuBHBIM. Crienuann3aus TaKuX TEXHOJIOTHI MPUBOIUT K TOMY,
YTO MPH aHAIN3€ (HU3NIECKH PA3IMYHBIX CHTHAJIOB, HO MPUHAJICKAIINX K OJHOW MPHUKIIAIHOM
obnactu (Hanpumep, aHanu3 Gpororpaduil, aHaIU3 pPeun ), IPUXOTUTCS UCTIOIH30BATh PA3ITUYHbIC
IPUEMBI U TIOAXO/IbI, UTO CO3/1aeT ONPEACICHHbIEC CI0KHOCTH.

[Ipeuiaraemprii  371€Ch  MOAXOJ OTJIMYAETCS OT MHOTHX HMMEIOLIUXCS, BO-TIEPBBIX,
aJlalTHBHOCTRIO K KIACCYy CHUTHAJIOB W HM300paXEHUH W, BO-BTOPHIX, YHUBEPCAIBHOCTHIO.
Hacrosimuii MeTol OCHOBaH Ha XOPOIIO Pa3BHTOM MAaTEMAaTHUECKOM amrapare, mpeajiararinemM
TOYHYIO MaTeMaTU4YecKylo (OpMyJIMpOBKY 3a7ayd, B TOM YHCJE J0Ka3aTeNbCTBO CJENAaHHBIX
IBPUCTHYECKUX JIOMYLICHUH C TOYKH 3PEHUS ONTHMAJIBHOCTH M CTPOTOCTH TNPHUMEHSEMOTO
MaTeMaTHYeCKOro ammapara. MIMelTcsl MUpoKue BO3MOXHOCTH ONTHMU3AINH TIPeIaracMbIX
QITOPUTMOB, BBICOKHI YPOBEHb MX aJallTallMH, CBA3aHHBIA C BHIOOPOM CHUCTEMBI KOOPIWHAT U
COOTBETCTBYIOILIETO OPTOTOHAJIBHOTO Oaszuca B (YHKIMOHAJIBHOM THpOCTpaHcTBe L, mpu
amNMpPOKCUMAIIMHN CUTHAJIOB. XapaKTep HCIOJIb3YEMbIX MPHU3HAKOBBIX MPOCTPAHCTB IO3BOJIET B
MpoIlecce HCCIEAOBaHWM IOy4YaTh ONTUMalibHbIe (Haubonee WH(pOpPMATUBHBIE) HAOOPHI
NPU3HAKOB  (KOX(PQUIIMEHTOB pPAa3JIOKEHUs) Ui JIaHHOrO Kjacca curHaioB. Mwmeercs
OPUHIUNNMATIBHAS ~ BO3MOXKHOCTh  CO3J@aHMsI B IEPCIEKTHBE  ABTOMATHU3UPOBAHHBIX
KOMITBIOTEPHBIX CHCTEM DAcllO3HABAHWS, aHAIM3a M JMArHOCTHKH HCCIEIyeMbIX OOBEKTOB B
Pa3INYHBIX PEIMETHBIX 00JIACTSIX.

Takum 00pa3oM, KaK MOKa3bIBAIOT MHOTOYUCIICHHBIE MPHUIIOKEHHS, Pa3BUBACMBII MOIXO/
Hapsy ¢ YHUBEPCATbHOCTBIO, 00JIaJaeT BHICOKUM OBICTPOACHCTBHEM, MOBBIIIEHHOW TOYHOCTHIO
U SKOHOMHUYHOCTHIO. [Ipm 3TOM cieayeT MOAYepKHYTh, 4TO 0000IIeHHe pa3pabaThiBaeMOro
KOMOWHUPOBAHHOTO YHCJICHHO-aHAIMTHYECKOTO METO/a Ha IUIOCKAE W IMPOCTPAHCTBEHHBIC
3ajaun I pa3pabOTKH aHAJMTUYCCKHX METOJIOB aHalin3a W300paKeHHW W Paclio3HaBaHUs
00pa30B JIOMYCKAeT pealu3alri0 ONUCAHUS IJIOCKUX M HPOCTPAHCTBEHHBIX H300paKECHUN
cHUCTeMaMH IapaMeTPUYECKUX YpaBHEHHH OfHOro aprymeHta. [Ipu 3ToM Bce anropuTMmbl
AQHAJTUTHYECKOTO OMHCAHUSI CUTHAJIOB M MX 0OpabOTKH, CO3JaHHBIC JJISi OJHOMEPHOTO CIydas,
JIETKO 0000IIAI0TCS HAa TUIOCKHE W MPOCTPAHCTBEHHBIC 3a7aud. OTINYUTEIBHOW 0COOEHHOCTHIO
NPUMEHEHHUS MPeIaracMoro KOMOMHHUPOBAHHOTO YMCIIEHHO-aHATMTHYECKOTO METO/Ia B 3ajauax
aHanmu3a M300paXEHUH M PACMO3HABAHUS OOpPA30B SBISAETCS HEOOXOAWMOCTH IMPOBEICHHS

BeChMa OTBETCTBCHHOM ornepanru MmoJayd4CeHusas CUCTCMbl OAHOMCPHBIX HpOGKIII/If/'I HCCIICOYCMBIX
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u300pakeHnd  (BEKTOpU3allMK  W300pa)xeHWil) Uil  TOCIEAYIOUIeT0  aJalTHBHOTO
AHAJIUTUYCCKOI'O OIIMCaHUus nonyqume HpOCKHI/IfI OTpe3KaMI/I OpTOI‘OHaJILHI)IX p?[[IOB C
MCITOJIb30BAaHUEM KJIACCHUECKUX OPTOTOHAJIBHBIX 0a3MCOB OJTHOTO apTyMEHTA.

AHaJIUTHYECKOE OMHMCAHME TMPOCKIUN HCCIeNyeMbIX H300paK€HHIl B BHUAE OTPE3KOB
OpTOFOHaJIBHLIX pSIILOB IIO3BOJISACT HpI/I OTHOCHUTCIIBbHO H€6OHLH_II/IX BBIUHUCIIUTCIIbHBIX 3anaTax
HUCIIOJIB30BAaTh B HOJIHOI>'I Mepe CI/IJIy AHAJIMTUYCCKUX METOAOB B 3aJadyaX OIIMCaHUuA
M300paKeHHM, NX aHaJIW3a U pacno3HaBaHus. [Ipeniaraemplii MOAX0 OCHOBAaH Ha CIIEIYIOIINX
NPUHLUINUATIBHBIX TIOJIOKEHUSX. BBIMONHAETCA Mepexoa K MapaMeTpHuecKOMY OIHCAHUIO
(BekTOopHW3anuu) w3ydyaeMoro oObekta. I[Ipum 9STOM O0OBEKT OMHCHIBAETCS CHCTEMOM

MapaMeTPUUYECKUX YPAaBHEHUH, 3aBUCAILIUX OT OJHOTO apryMeHTa

xi=X),i=1,..,n. (4.6.1)

Hanpumep, curHan, onMchiBalOmMil H3MEHEHHE KakKoOH-TMOO BEIMUYMHBI BO BPEMEHH,

IPEJICTaBISIETCST OJHUM ypaBHEHMEM (n = 1), a miockass KpuBas (B 4YaCTHOCTH, KOHTYp
HEKOTOPOTr0 N300pakeHMs) OAHO3HAYHO OMMCHIBAETCS CUCTEMOM JIBYX YpaBHEHUM

x=X);y =Y. (4.6.2)

Ha cnenyromem sTarne nosydeHHble MPOEKLUUHU alIPOKCUMUPYIOTCS OTPe3KaMU OPTOTOHAJIbHBIX

pAAOB C BaHaHHOﬁ TOYHOCTBIO (B PAaBHOMCPHOM WJIN CPCAHCKBAIPATUIHOM CMLICJIC)
N;
X,(6)=2.Cy B (1), (4.6.3)
k=0

rae Ci - koapduuueHTsl pasioxeHus QyHKuui Xi(t) Mo M3BECTHBHIM OPTOHOPMHUPOBAHHBIM
¢yuxusam Pi(t) BeiOpanHoro 6a3uca. B coorBeTcTBUM € pa3BUBaEMbIM MOAXO0A0M IpearaeTcs
BBIOMpaTh cuctemy {Py} w3 uucia MoauUIIMPOBAHHBIX KJIACCHYECKUX OPTOTOHATLHBIX
MOJIMHOMOB, CTPEMSCh MPHU TOM JOCTUYb 33JaHHON TOYHOCTH MPU MHUHHMAIBLHO BO3MOXHOU
muiaHe psina. [lomyuyeHHble TakuM 00pa3oM pasokKEeHHUs MPEACTABIAIOT COOOH aHAIUTHYECKOE
ONMCaHue MCXOTHOTO 00bekTa. HeoOXoamMasi TOYHOCTh ONMMCAHUS M, COOTBETCTBEHHO, YHCIIO
koddurmento  dypbe 3aBUCAT OT KOHKpETHOW 3amauu. [l panpHeumeid o0paboTKu
OTIPEEISAIONINM SIBISIETCS TO OOCTOSATENBCTBO, YTO B KOI(PHUIIMEHTAX Pa3TOKEHHS CONEPIKUTCS
BCs CyIIeCTBeHHas wHpopMmaius o0 00beKkTe. DTO O3HA4YaeT, 4To, 3Has KOA(P(DUIIUEHTHI
pa3oKeHUs, MOXKHO BBIYHCIATH TpeOyemble XapaKTepPUCTUKH OOBEKTa, HE TOBOPS YXKE O
BO3MOXXHOCTH TPSIMOTO HCIIOJIb30BaHUS KOA((ULIMEHTOB pa3joKeHUs B KaueCTBE MPU3HAKOB.
JanbHelilliee MOHUKEHHE Pa3MEPHOCTH MIPOCTPAHCTBA MMPHU3HAKOB BO3MOXKHO — 4Yepes
UCTOJIb30BAaHUE CTATUCTUYECKUX CBOMCTB KOI((UIMEHTOB pa3loKeHUs JJaHHOrO Kiacca

N300paXKeHU.
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B monp3y mocTpoeHuss METOJOB pacno3HaBaHUS 00pa3oB M aHalW3a M300pakeHUi,
OCHOBaHHBIX Ha MEPEUYUCICHHBIX MOJOKEHHUIX, MOKHO BBICKA3aTh CIEAYIOLIHME COOOpaKEeHUS.
[TapameTpuyeckoe  omucaHMEe  MHOIOMEpPHBIX  OOBEKTOB  (HampuMep, IUIOCKMX U
IPOCTPAHCTBEHHBIX KPUBBIX) MO3BOJSET CBECTH 337ayy OOpaOOTKHM MHOIOMEpPHBIX IAHHBIX K
Habopy OAHOMEpHBIX 3anad. Ilpu 3TOM eIMHCTBEHHOE YCJIOBHME Ha BEIMYMHY Pa3MEPHOCTH
CUCTEMBI, ONMCHIBAIOIIEH AaHAIU3UPYEMbI OOBEKT, Hajaraercss TpeOOBaHUE OJHO3HAYHOCTU
ONHUCaHMsl BCeX OOBEKTOB B Kilacce, KOTOPOMY NaHHbBIM OOBEKT MPHUHAMJICKUT. AJANTUBHOE
AQHAJIUTUYECKOE ONMCAaHUE KaXJIOW MpOoeKUuH Haubojee MNOAXOIAIIMMU OpPTOrOHANbHBIMU
MOJMHOMAaMM TPUBOIUT K PE3KOMY YMEHBILICHHIO 00beMa MpeACTaBlIeHUs NaHHBIX ("'coxaTuio"
JMaHHbIX). B mpouecce nanpHeiimeil 00padOTKH JaHHBIX HCIIONB3YIOTCS aHATUTUYECKUE BBIBOIBI,
KOTOPbIE MOYKHO IIPOBOJUThH 3apaHee, IOJHOCTbI HCKJIOYas MHOTOKPaTHYIO 00paboTKy
UGppPOBBIX MaccuBOB Ha OBM, a 3TO CyIIeCTBEHHO yMEHBIIAET HEYYUThIBa€Mble OLIMOKU
okpyrienus. Ilpemmaraempie mpoueaypsl OOECIEUUBAIOT TMOJNHYI OOpabOTKY [aHHBIX B
"cxxatoM" BHJE, 06€3 BOCCTAHOBJIEHUS NEPBOHAYAIBHON (DOPMBI KPUBBIX, @ TAKK€ 3KOHOMHYIO
nepefadyy M300paKeHUH IO TeNeMeTpUYEeCKMM KaHajaM M palUOHAJIbHOE XpaHEHHe
¢akTorpaduueckux JaHHbIX B mamatu OBM.

B pesynbrare mobast cioxHas TUIOCKas KpuBasi, 3afaHHast cucteMoil (7.2), omuchiBaeTCs

aHAJIMTUYECKH, C JIF000H Hamepe]] 3a1aHHON TOYHOCThIO, CUCTEMOM YpaBHEHUI BUIa

N, N,
x(t) =D AP (t), y(t) =D B, P (1), (4.6.4)
k=0 k=0

rie KodhUIMeHTsI pa3noxeHus Ay , By 3a1ar0Tcst HHTErpanamu

b b
Ay = [x(OP (1) p(t)dt, By = [ y()P, () p(t)dt, (4.6.5)

rae p(t) - BecoBas pyHkuus BeiOpanHoro 6asuca {Py}. Beruucnenue unrerpanos (4.4.5) - camas
OTBETCTBEHHAs U TPYJOEMKas omepaius CHEKTPaJbHOrO0 aHalu3a CUrHainoB. MMeHHO 31ech
OCYIIECTBIIIETCS Mepexoa K (YHKIUSM HENMPEephIBHOW MEPEeMEHHOMW, MAIOIUN B JajdbHEHIIeM
BO3MOXXHOCTH PEaTi30BaTh BCE MPEHMYIIECTBA AHATUTUIECKUX MTPE0Opa30BaHUM.

VYpaBHEHHS OINHUCHIBAIOT OCOOCHHOCTH (DOPMBI HCCIEAYEMbIX IUIOCKUX KOH(PUIypalu,
puyYeM TIIyOuHa Pa3ioKEeHHUs U3MEHSETCSl B 3aBUCMOCTHU OT TpeOyeMoii cTerneHu noipoOHOCTH
onucanus ¢opmbl. Tak, mosyueHue oOIIero mpejacTaBieHus o Gopme ucciegyeMoro o0bEeKTa
TpeOyeT MEHBIIIETr0 YKcia WICHOB OPTOTOHAIBHOTO psijia (HECKOIBKO MEPBBIX K03 uineHToB),

a yuer Oosee MeNKUX neTanel (QopMbl MPUBOIUT K YBEIMYEHUIO TIIyOMHBI Pa3liOKEHUS.
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OproroHanbHble PYHKIIMHA B YPaBHEHHSIX HE 00s3aT€IBHO JOKHBI OBITH M3 OJHOTO CEMEWCTBA,

OJTHAKO B PsIJIE CIy4aeB UX MIPUHAUIEKHOCTD K OTHOMY 0a3HCy OKa3bIBACTCS MOJIC3HOM.

B03MOKHOCTH HENOCPEICTBEHHOIO0 IOJIYYEHUS AHAIMTUYECKOIO OINMCAaHUS IUIOCKUX
KOHQUrypanuii pa3jiMyHOM CIOXKHOCTH C HCIHOJb30BAHMEM OPTOIOHAIBHBIX  (DYHKIMH
WUTIOCTPUPYIOTCS Ha puc. 4.6.1 u 4.6.2, Ha KOTOPHIX B KAa4eCTBE MapaMETPUUECKUX (DyHKIMNA
x(t) u y(t) B34THI OT/AEIbHbIE OPTOTOHAJIbHBIE MOJMHOMBI SIKOOM C BappUpyeMBIMH O U 3 H
pasnuuHBIMM  n. Bce TmpuBEeNeHHbIE HA PHCYHKaxX IUIOCKHE KpPUBBIE MMEIOT TOYHOE
aHATMTHYECKOe omnucaHue yepes3 X(t) u y(t), KOTopble, B CBOIO OYepe/b, UMEIOT aHATUTHICCKUE
BBIPQ)KEHUS, COOTBETCTBYIOIIUE BBIOPAaHHBIM Oa3uCHBIM (YHKIMSIM SIKOOM € KOHKPETHBIMU

3HAa4YCHUSIMU & , ﬂ u n.
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[IpuBeneHHbIE NPUMEPHI MOJYUYEHHS CIOXKHBIX IUIOCKMX KOH(PHUIypamuid MOKHO
CYLIECTBEHHO paclIMpuTh. B mpakTHdyeckuX 3ajadax BO3MOXKHOCTb AHAJIUTHYECKOIO
npeacraBieHus X(t) u y(t) HE TOIBKO OTIAEIBHBIMH OPTOTOHATBHBIMH (PYHKIUSMH (KaK 3TO
noka3zaHo Ha pucyHkax 4.6.1, 4.6.2), HO U OTpe3KaMu OPTOTOHAIbHBIX PSAOB CYLIECTBEHHO
YBEJIIMYMBAET BO3MOXKHOCTH AHAIMTHYECKOTO OMHMCAHUS IUIOCKMX KOH(HUrypanuid c o000
Harepes 3aJaHHOM TOYHOCTBIO.

[Tpumeps! moTydeHus MIO0CKUX KOH(UTYpauii, OnpeaessieMbIX CHCTEMaMH YpaBHEHHH, He
ucuepnbiBatoTcst 6azucamu Skobu. [IpoBoarmoe u3yueHUE CBOWCTB JAPYTUX OPTOTOHAIBHBIX
0a31CcoB M3 YyKCla KIACCHYECKUX CBHIETENBCTBYET 00 MX BEChMa HMIMPOKHUX BO3MOXKHOCTSX IS
aHaJM3a ¥ CHHTE3a CIOKHBIX MHOTOMEPHBIX KPUBBIX, U TIPU 3TOM OTKPHIBAIOTCSI HOBBIE CIIOCOOBI
UX MaTeMaTHYeCKOIr0 OMHCAHUS.

[lepexon k mapamMeTpU4ecKOMY 3a/aHUIO TUIOCKUX M MPOCTPAHCTBEHHBIX H300pakeHUi
[14,15] (BexTopu3amms H300pakeHuil) TpeOyeT BBIMOJIHEHUS HEKOTOPBIX JIOTMOJHUTEIBHBIX
IpoLeayp, K KOTOPbIM OTHOCSITCS: BBIJEJIEHUE KOHTYPHOIO H300pakKeHHs aHAJIU3HPYEMOIO
0o0BbeKTa; BEKTOpU3alMsl M300pakeHUS M MOATOTOBKA MPOEKIUH K BUAY, YIOOHOMY st
AHAIUTUYECKOTO OIMKCAHUS; OIM(PPOBKA KOHTYPHOTO M300pa)KeHHs M OINpeaeTicHHe HauyalbHON
TOYKU OLM(POBKH; MapaMEeTPHUUECKOE 3a/laHue KOHTYPHOI'O M300pakeHUs B yA00HOU cucreme
KOOpAWHAT. BbInenenne KOHTypa U €ro BeKTOPHU3alus NPEACTaBISIIOT cO00i CaMOCTOSATEIbHBIC
3agauyn. CyIIecTByeT MHOXKECTBO aJITOPUTMOB, KOTOPbIE YOOHO MCHOIb30BaTh B TEX MM MHBIX
KOHKPETHBIX CITy4asiX, B HACTOSIIEE BPEMs OHU IOCTATOYHO MOJPOOHO OMHCAHBI.

B HekoTOphIX 3amadyax oOpabOTKM (HampuMep, B KOMIIBIOTEPHOH Kaprorpadun)
M300paKeHMs 3a/1al0TCs B BUJIE MOCJIEI0BATEIILHOCTH Iap YHUCEN, KOTOpbIe U IMPEACTABISAET
coboli nckoMyro mapamerpuzanuio. [Ipu BekTopu3amuu pacTpoBbIX W300pakeHUH HE0OX0IUMO
NPUMEHSATh CIENUANIU3UPOBAaHHBIE MporpaMMbl. [IIsi 3aMKHYTBIX KOHTYpPOB CYIIECTBYET
npobiemMa cTaHiapTU3aluy BRIOOpa Havyalla 0OTCYeTa mapamerpa Ha KOHType. DTy 3a/1a4y MOKHO
PELINTD IIPU MOMOILIY ONTUMHU3ALNUN HEKOTOPOro (pyHKIIMOHAJIA, 3aBUCALIETO OT Havaja OTCUETa.

B pamkax amanTUBHOTO YHCIEHHO-aHAIMUTUYECKOTO MeToaa o0paboTKH IudpOBBIC
MAacCHUBBI, COOTBeTCTBYyIoUIMEe GyHKIUIM X(f) u y(t), HEoOXoIMMO ammpOKCUMHUPOBATH
AQHAIMTUYECKUMH BBIpOKEHUSIMU BHuAa (4.6.4). Peanusanus airopuTMOB pacO3HABAHUS C
UCTOJIb30BAHUEM pa3lOKEHUH KOHTypa O0BEKTa B OPTOrOHAJIbHBIC pAObl Ha 9Tarne
npenoOpabOTKH TMPEAroaraeT HCMOJIb30BAHUE TOTO WJIM HHOTO ajJrOpUTMa BEKTOPU3AIUH.
3nech W Janee Mmoj BeKTopuzanuei OyaeM MOHUMaTh HPOLEAYpY Iepexoaa OT HCXOIAHOIO
JBYMEPHOTO H300pa)K€HUSI K OJHOMY BEKTOPY WM COBOKYIHOCTH JIBYMEPHBIX BEKTOPOB
onpeneneHHod JuMHbBL. Hambosee BaXkeH B OTHOUICHWH pPACCMATPUBACMBIX IPHIIOKEHHUM

YacTHBIM Cily4ail BEKTOpU3allUU - OKOHTYpUBAaHUE OOBEKTa M MapamMeTpu3alys MOIYyYEHHOIO
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KOHTypa. AJTOpUTM JOJDKEH o00dagaTh JOCTAaTOYHOW OOIMHOCTBIO M HE 3aBHUCETh OT
KOHKPETHOTO Kjlacca H300paXeHUH 1 XapaKTepa ero JIeTaje.
Bosee mnonpoOHble omnucaHWs METOAOB IPOBEICHUSA BEKTOpPHU3alMU M  OUU(PPOBKU

KOHTYPHBIX U300paskeHuil mpuBosaTcs B padorax [30].

Onucanus CJI0KHBIX KOHTYPHBIX 00HeKTOB

N=100 N=450

Puc. 4.6.3.

4.7. nuBapuaHTHbIE COOTHOILLIEHUS. AJTOPUTMBI aHATU3a U300paKEHUH,

pacrio3HaBaHus 00pa30B U CIICH

Ilepeiinem K BBIBOAY aHAIUTHUYECKUX 3aBUCHMOCTEH, ITO3BOJISAIOIINX PEATM30BATh ITOJIHOE
pacrio3HaBaHue u300pakeHmid. [Ipexae OTMETHUM HEKOTOpPhIE OCOOCHHOCTHU ITOCTaBICHHOMN
3amaun. He cHukas OOUIHOCTH  pacCyXACHWUN, TMPUMEM  CJIEAYIOUIME  IOJOKEHUS:
paccMaTpuBaeTCs IUIOCKOE H300pa)KeHUe; MNPHUHATA TMPSAMOYTOJIbHAS CHUCTEMa KOOpPJIUHAT;
UCTIONB3YyeTCsl mapaMmerpudeckas (opma 3amaHus u3oOpaxkeHwid. B 3tom cioywae uis

aHAJIMTUYECKOTO OMUCAHUS KOHTYPHOTO U300pakeHUs MPeIBApUTEIHHO HEOOX0JUMO MEePENTH K
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napaMeTpU4EeCKOMY 3aJaHUI0 KOHTYpPa, TO €CTh BBINOJIHUTH €r0 BEKTOpHU3aLui0. B pesyibrare

KOHTYpP OJJHO3HAuHO Oy/I€T ONMUCHIBATHCS CUCTEMOM JIBYX NapaMEeTPUUYECKUX YPaBHEHUN
x = x(1)
b
y=y@)

rae t - mapaMerp, B JaHHOM cllyyae - JiuHa. MlHade 3Ty onepanuio Ha3blBalOT BEKTOpU3ALUEH

(4.7.1)

KOHTYPHOTO M300pakeHus, TaK Kak rogorpad Bekropa r(¢) =ix(¢) + jy(¢) npu u3MeHeHnu ot t =

0 mo t = T onuceBaeT 3aiaHHBIA KOHTYp. B pesynbrare omepanuy BEKTOpU3aLUU KOHTYpa
dopmupyrOTCS MaccuBBl JaHHBIX X(t) W y(t), aHanUTHYeCKas anmpoKCUMAalMs KOTOPBIX
IPUBOJUT K aHAIMTUYECKOMY OINMCAHUIO0 KOHTYPHOTI'O N300paXkeHus C JII000M Hanepe 3aJaHHOU
TOYHOCTBIO. 3aMETHUM, YTO JJs AHAJIUTHYECKOrO OIUCAHHUA W300paXKEeHUs COBEPUICHHO
0e3pa3iIMuyHO, Kakas TOYKa Ha KOHType OyJeT NpuHsTa 3a Hadano orcdyera. OpHako, npu
IIPOM3BOJILHOM M3MEHEHUM TOYKM OTCUETa HAa KOHTYype, NPOEKIUH OyayT U3MEHAThCSA, HO B
1000M ciyyae OHM OyJyT TOYHO ONMHUCHIBATh pacCMaTpHUBAaEMOE KOHTYPHOE H300pakeHue. JTo
K€ MOXXHO OTMETHTh M JUIsl KOd()(HUIIMEHTOB pa3noxkeHust A, U By, KOTOpbIE SBISIOTCS Takxke
(GYHKLIMAMU Ha4aJIbHOU TOYKH OTCUETA.

OnuH W3 BapUaHTOB HAXOXJEHUS HMHBApUAHTHBIX COOTHOIIEHUH Ui paclo3HaBaHUs
COCTOUT B TOM, YTOOBI KaKUM-JIMOO NPUEMOM HAXOIUTh HAa KOHKPETHOM H300pa’KeHHH
"0coOy10" TOUKYy M NMPUHHMATh €€ 32 HaYalbHYI0 TOUYKY OUU(POBKHM KOHTYpa, TO ecTh t =0.
VYcnoBuMes, 4TO JABMKEHME IO KPUBOM OT HAyajdbHOM TOYKM OTCYETa Ul BEKTOPU3ALMH
KOHTypa OyZeT Bcerja MPOUCXOAMTh MO 4YacOBOW cCTpenike. BhINOJIHEHHE MPUHSATHIX YCIOBUH
00EeCreYnT HAaXO0XJACHUE WHBAPUAHTHBIX COOTHOIICHUI NIpU paclo3HaBaHUM KOHTYPHBIX
N300paXKeHUH.

Wrak, B pe3yibTaTe BEKTOPU3aLMU KOHTYPHOIO 00BEKTa MOJIyYEHO €ro napaMeTpuiecKoe
3aJlaHie B BHJIE CUCTeMbl ypaBHeHUHl (4.7.1). Bplumcaum Ko3(QQUUUEHTHl pa3IokKeHUs

COOTBETCTBEHHO A, /i1 poekiuu X(t) u By 11 npoexuun y(t)

T T
A4, =[x, (0)dt, B, = [ y(t)p, (1)1, (4.7.2)
0 0

[Tpn moBopoTe H300pa’keHHsT Ha Yros (IPOTHB YacCOBOW CTPENKH) B HPSMOYTOJIBHON
CHCTEMe KOOP/MHAT HOBbIC IPOSKIMU X(¢) U Y(Z), B COOTBETCTBUU C H3BECTHBIME (HOPMYIIaAMH,
OyIyT BbIpaXkaThCsl uepe3 crapeie X(t) u y(t) cnemyromum odpazom [32]:

X(t)=x(t)cosa— y(t)sina, y(t) = x(¢t)sina + y(t)cos .

B cootBercTBUU ¢ (4.7.2) BBIYUCIHM HOBBIE KOA(DPHUITUEHTHI pa3IOKEHUS
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T

T T
4, = [¥(V)p, ()dt = [ x(t) cosag, (t)dt - [ y(1)sinagp, (1)dt =
0 0 5 (4.7.3)

=4, cosa—B, sina.
[To aHaymoruu MoIy4YumM
By, = 4; sina + By cosa. (4.7.4)

B pesynbrare HaX0aUM CBS3b HOBBIX KOA(PPHUIIMEHTOB Pa3JIOKEHUS Zn u B, x CO CTapbIMU BUJA:

A, = A, cosa—B,sina, B, = 4, sina+ B, cosa. (4.7.5)
Eciu ke paccmarpuBaeMoe TIOCKOE H300pakeHHWE HE TOJIBKO IMOBEPHYJIOCH OTHOCHUTEIHHO
CBOET0 HAYAJILHOTO TOJIOKEHHUSI HA YToJl, HO M MIEPEMECTUIIOCHh U3 TOYKH (Xo, Yo) B TOUKY (X, V),
TO €ro HOBBIC IPOCKIMH OYyT IMETh BU]I

X(t)=xy +x(t)cosa — y(t)sina, y(¢) =y, +x(¢)sina + y(¢)cosa.
Haiinem ko3 puimeHTs pa3nokeHus 0 aHAJIOTUH ¢ BeipakeHus MU (4.7.3), (4.7.4) nis

CiTydasi IPOU3BOJIBHOTO MOJIOXKEHHS (UTYPBI
= 0 - ) 0 -
A4,=A4) +A4,cosa—B,sina, B, =B, + A4, sina+ B, cosa. (4.7.6)
Otmiure 0T Hyns Kod(QUIMEHTOB pasnoxenus Ay u B CBHICTEIBCTBYeT O TOM, HTO
aHATM3UPyeMoe H300pakeHNE IEPEMECTHIIOCh OTHOCHTENBHO Hauajla KOOPIMHAT 10 CPABHEHHIO

0 0
C UCXOJIHBIM moJioxkeHueM. I1o 3HaueHusIM Ao U B) MOXHO OIpeNeIuTh C TOYHOCTBIO 10 AAg

nu AB() BCJIIMYMHY, Ha KOTOPYIO NIEPEMECTUIICA O6”beKT, 1 HOBBIC KOOPAWHATBI MECCTOHAXOXKICHUA
€ro recoMCeTpu4YCCKOro nLeHTpa. Ha CJIeayromeM mare H606XO,I[I/IMO OTBICKATh YTOJI IMOBOPOTa

00BEKTa, MCXOAS W3 3HAHUS HOBBIX M CTapbhlX KO3((UIMEHTOB pasznoxeHus. M3 mepsoro

ypaBHeHHs cucreMel (4.7.5) momyunm A, cosa = Zn + B, sina, ortkyma ciegyer

4

n

cosa =—+ A—"sin a. IloncTaBuM 3HaYeHHE COSCL BO BTOPOE ypaBHEHHE cUCTEMBI (4.7.5)

n n

" . A, B, .
B, =4,sina+B,| —+—"sina |.
4, A

n n

[Tocne psna npeoOpa3oBaHUil OKOHYATEIBHO MOTYYUM

: A B, —AB,
smg=——-. 4.7.7)
A,A4, +B,B,
AHAJIOrMYHO HAXOIUM
A,A4, +B,B, A,A, +B,B,
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CrnenyeT mOI4epKHYTh, YTO yYTOJ MOBOPOTa KOHTYPHOTO M300pakKeHUS OIpPEAeseTCs 10
KOX(PUITUEHTAM PA3JIOKCHHSI C OJMHAKOBBIMU HHJIEKCAMU, Mo3TOMY (hopmyitsl (4.7.7) u (4.7.8)
OKOHYATEJIBHO 3alMCHIBAIOTCS B BHJIE
AnB n__ An B n .

sina =
2 2
A, + B,

cosgg =—-+2——~1. (4.7.9)

Takum 00pa3oM, MO M3BECTHBHIM HOBBIM M CTapbiM KOd(HUIIMEHTaM Pa3IoKEHUS MOXKHO
OIPENICIIUTh YTOJI MOBOPOTA PACIIO3HABAEMOT0 00BhEKTa OTHOCUTEIILHO UCXOIHOTO MOJIOKEHHS.

[Tpu pacrio3HaBaHUK HEOOXOIUMO YOCIUTHCS, YTO KOA(P(MUIIMECHTHI Pa3ioKeHus (cTapbie U
HOBbIC) TPUHAAJIEKAT OJHOMY M TOMYy ke u3o0paxenuto. [lostomy cnexyer Haiitu
COOTHOHICHUA, IO KOTOPBIM MOXHO YCTAaHOBUTH COOTBECTCTBUC KO3(1)(1)I/IIII/I€HTOB PAa3JI0KCHUA

pacrno3HaBaeMOMy 00beKTy. JlJig 3TOro Bo3BeeM B KBaJpaT JIEBbI€ U MPaBble YACTH YPaBHEHUU

(7.17), npuHMMas A7l TPOCTOTHI Ag = B(()) =0, B pe3ysbTare moay4um

A% = (A, cosa— B, sina)* = A2 cos® a+ B sin® @ — 24, B, sinacosa;
B} =(A,sina+ B, cosa)® = B> cos> a+ A>sin® a+2A4, B, sinacosa.
CxuazpIBast JI€BbIE U NIPABbIE YaCTH yPaBHEHUH, HAXOAUM
A? +B? = 4> + B2, (4.7.10)

TO €CTb CyMMa KBaJpaToB KO3((QHUIMEHTOB pa3IOXKEeHUs s HOBBIX M CTAapbIX MPOCKIHI
nocrosHHa. YcnoBue (4.7.10) sBnseTCS WHBApUAHTHBIM [0 OTHOIIEHUIO K YIJIOBOMY
MIOJIO’)KEHUIO KOHTYPHOI'O H300pa)KE€HUs, TO €CTh, Ha Kakoil Obl yros HM ObUIO MOBEPHYTO
KOHTYPHOE H300pak€HHE OTHOCUTEIBHO HCXOJHOIO COCTOSHHUS MAJISl JIAaHHOTO H300paXKeHMs,

CYMMBI KBaJpPaTOB HOBBIX U CTapbIX KOB(l)(bHI_II/IeHTOB pas3IOKCHHUA C HOMCpaAMHU 1 6y,Z[YT

HCU3MCHHEBI. O‘-ICBI/IIIHO, CIIpaBCAJIMBO BBIPAKCHUC
N 2 2 N 72 D2
2>(A; +B,)=2> (A, +B,)=const, (4.7.11)
n=1 n=1

KOTOPOE OCTaeTCsl HEM3MEHHBIM JUIsl AaHHOTO M300paxeHus. KoapuumenTs! pasnoxenus Ay u
By B paBenctBe (4.7.11) He yUUTBIBAIOTCS, TaK KaK OHU ONPEACISIOT MOJIOKEHHE N300paKeHHS
Ha IUIOCKOCTM M OyIyT HCIOJIB30BATBCSA B IPOLECCE DPACHO3HABAHUA [UIl ONpEACICHHUs

MECTOITOJIOKCHU A I/I306pa}KeHI/I${.
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Boob6e, mi1st obecrieueHus: OJJMHAKOBOM TOYHOCTH aHAJIMTUYECKOTO OMUCAHUS MPOCKIUI
x(t) 1 y(t) konmyecTBO TpeOyeMbIX KO3(PPHUIIMEHTOB Pa3I0KEHUS I KKION MPOSKIIUH MOXKET
OBITh pa3IMYHBIM. B TO ke BpeMs sl OTpeesieHUs YTiia IIOBOPOTa KOHTYPHOT'O H300paKeHHUs
OTHOCHUTEIIFHO HCXOJHOTO TIOJOXKEHUs (TOJIOKEHUE W300paXKeHUsT B PEKUME OOYyUYCHHUs
aJropuT™Ma) 11e1ecoo0pa3Ho HCIONB30BaTh KO3(PPUIMEHTHI pas3ioKeHUs € OIMHAKOBBIMU
UHJAEKCaMU. JTO OyJeT COOTBETCTBOBATH OJHMM M TEM JK€ COCTaBISIONIMM (Hampumep,
JUHEHHBIM, MapaboJIMYecKuM | Jp.), oOpasyromum mpoekiuu X(t) u y(t). Kakume wmmeHHO
COCTABJISIIONLIUE CIIEIYET MCIOIB30BaTh ISl OICHKH yTila MOBOPOTa U300paKeHHsI, HEOOXOIUMO
pemiaTb B KaXJIOM KOHKPETHOM ciiyyae. Bo3MokHO, 3T0 OyneT COOTBETCTBOBATH YCIIOBHIO
MaKCHMAaJbHOTO 3HAUEHHUsS 1O a0COJTIOTHOW BEIUYHMHE Mapbl KOI(PPHUIMCHTOB PA3IOKCHHUS C
OJIMHAKOBBIMH HHIICKCAMHU.

B cooTBeTcTBMM C TMONyYECHHBIMH AHAIUTUYCCKUMH COOTHONICHUSMHU U YCJIOBUSIMHU
MHBapUAHTHOCTU TpEIJIaraeTcsl cileaylolas cXeMa paclo3HaBaHHUs IJIOCKUX KOHTYPHBIX
n300pax

AJroput™M pacno3HaBaHus B pexkume oOyuenus. IIpennonaraercs, 4yTo Bce KOHTYpPHbBIE

nU300pakeHusi, KOTOpble OyOyT MPEIbSBIATHCS K pacro3HaBaHHIO, BBeAeHBHI B DBM B Buue
U POBBIX MACCUBOB JaHHBIX. CIIeIyeT BBIMOIHUTE CIICAYIOIINE OTepaIiu:

- ONPEACNIUTh TOUKY Hayajia OTCYETa Ha KAKJIOM KOHTYPHOM H300pa)KEHWU U BBHITIOJHUTH
WX OIU(PPOBKY;

- BBINOJIHUTH TOCIIEJIOBATEILHO BEKTOPU3ALMI0 KOHTYPHBIX M300paXkeHUil U ouudpoBarth
uX npoeknuu x(t) u y(t) mapaMeTpuyecKoro npecTaBlIeHuUs;

- BBIYUCIHATH KOY(DPUIMEHTHI pa3iokeHus A, npoeknuu Xi(t) u By mpoekuu yi(t), mpu
9TOM TIJIyOMHAa pa3fio’KEeHUsI BCEX NPOEKUUH JOJKHA oOecrneyuBaTh 3aJlaHHYI0 TOYHOCTH
pacmo3HaBaHMs, TO €CThb JUISI KaXKIOW NPOEKUUU YUCIO KOIPPHUIMEHTOB pa3lioKeHUS
ompezensercs TpeOOBAaHUSIMH YETKOTO OIMUCAHUS JeTaledl aHaIN3UPyeMBIX H300paKCHHUIA,
KOTOpBIE CJIeAyEeT YUUTHIBATh MIPU PACTIO3HABAHUU.

- no Kodp¢uUUEeHTaM pa3lIoKEeHUsS C HyJNeBbIMU HUHAEKcamMu A u By ompenenutsb

KOOPJHMHATHI FEOMETPUYECKOTO LICHTPA i-ThIX H300paxeHuit Xy; = Ay;@y, Vo; = Boi®Po;

N
2 2
- BBIYHCJIINTh 3HAUYCHUA ZA’ZI n ZBVZZ , IO KOTOPBIM, B COOTBCTCTBUU C PABCHCTBOM

n=l1 n=l
[TapceBans, onpenensercs HE0OXoauMasi TOYHOCTh aNIIPOKCUMAIIAN 1-TBIX MPOEKIINN, a TaKKe

AJI KAXKAO0TO 3HAUCHUSA N BEIYUCIIUTE CYMMBI
2 2 _ R
H, =A% +B%, n=12,.N;i=12,.], (4.7.12)

ni°

rzae J - 4ucio aHanu3upyeMbIX U300paKEHUH; a TAK)KE MOJIHBIE CyMMBbI
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N
Hyi =Y Ay + By, i=12,..], (4.7.13)
n=l1

KOTOPBIE SIBIISTIOTCSE 000OIIEHHBIMU MTPU3HAKAMH JUTS KKJ0T0 i-0r0 00bekTa. Cymmel (4.7.12) n
(4.7.13) uHBapUaHTHBI K U3MEHEHHIO YTJIOBOTO TMOJIOKEHUS KOHTYPHOTO 00BbEKTa. YKa3aHHBIMU
BBIUMCJICHUSIMH 3aBEPINAIOTCA TMOATOTOBUTEIBHBIC OMEpAlluy AJIs TMOCIEAYIOIIEro pelleHus
3aJaun pacro3HaBaHMs. Takue MpeIBapUTeNIbHBIE pacueThl MPOBOAATCS HA dTare 00y4eHUs I

BCEX U300paKeHUM, KOTOpbIE OyAyT NPEAbSIBIATHCSA K pACIIO3HABAHUIO.

Pabora anroputma B pekuMe pacno3HaBaHus. Bce wn3o00paxxeHus, MpenbsBICHHbIE K

pacno3HaBaHMIO, 00padaTHIBAIOTCS B JTFO0OH ITOCIEIOBATEIILHOCTH TI0 CIEIYIOUIEMY aITOPUTMY .
1. Onpenensiercss HauanbHask TOUYKA OTCUETa U OLM(PPOBKA i1-T0O KOHTYPHOTO U300paKEeHUSI.

2. BolnonHseTcs BEeKTOpU3alMs H300paXKeHUs, TO €CTh HONy4eHWe npoekimii X;(f) u

Y ().
3. Beumcnsiorcs Kod(GQUIMEHTH Pa3I0KEHHUs NPOEKIHi, KOJTHYECTBO KOTOPBIX

OIIPEJIEIAETCS 3aJaHHOW TOYHOCTBIO PACIIO3HABAHM.
72 P2
4. Beruncnstrores 3HaueHust A,; u B, ..
5. Bserumcmsaores cymmel Hy;, un H,;, 1O KOTOpBIM NPOHCXOJUT IEPBUYHOE

pacrio3HaBaHUC MPCABABICHHOI'O I/I306pa)K€HI/I$I.

6. 3Has K03 HUIMEHTHI pazokeHus Ay U By, BEIYHCIIEHHBIE TTPU 00YUYEHUHN alTOpUTMa, U

HOBbIe A U By, OnpenesioTcss KOOPAUHATEI MECTOHAX0XKACHUS H300PKCHYS.

7. Uctionb3ys 3Ha4eHUS KOIDPUINCHTOB pa3IokeHus Ay, Bnin A4,; u B,;, onpenensercs

ni°

TEKyIlee YTIOBOE MOJIOKEHHE PACIIO3HABAEMOT0 0OBEKTA 110 OAHOM U3 (hopMyII.

Paccmotrpum mnpumep paboThl npearaeMoro aiaroputMa. IlycTh K pacno3HaBaHHUIO
MPEeIbABISAIOTCS U300paxeHus crenyoomux ¢uryp: Nel - tpeyrompHuk (puc. 4.7.1, a), N2 -
oBan (puc. 4.7.1, 6), Ne3 - tpaneuwms (puc. 4.7.1, B). [nst ynoOcTBa X IMHEHHBIC pa3Mepsl
MacCIITaA0OUPYIOTCS, YTOOBI TUIOMAIN (HUTYp OBLTHM COM3MEPUMEBI. B peknme 00ydeHUs! KaXKIbIi
00BeKT mojBepraercs BekTopuzanuu. HauanbHas Touka ouuPOBKU Al KaxaoW (GUrypsl
ompezensercs Kak Hambosee yJaleHHas TOYKa OT reomeTpuyeckoro neHtpa ¢urypsl. [locne

our(POBKU IS KAXKJIOM aphl MPOSKIU
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51
5 O 5 10
10 |
5
B) U

Puc. 4.7.1.
x1(t) 1 yi(t), x2(t) 1 ya(t), X3(t) 1 y3(t) Beruucstor mo 10 3HadeHut K03HPHUITUEHTOB Pa3I0KEHUS
Ani 4 By A 1 Bpo, Aps 11 By mo popmynam (4.7.2). 3aTem onpenensitoTcsi CyMMBbI KBaJIpaToB
N-bIX UCXOAHBIX KOXPPUIIMEHTOB paznoxenus mo Gopmyne (4.7.12) Hyi, Hyp u Hys 1, HakoHet,
o0mre cymMmbl Uit Kaxaon uz ¢uryp (dpopmyna 4.7.13) Hyi, Hxy u Hys Ilo xodddummentam
pasnoxeHus A U By HaXomaTcs MCXOIHBIE KOOPAMHATHI T€OMETPUYECKOTO IEHTpPa KaXIAO0ro
aHAJIM3UPYEMOT0 U300paKeHUs
Xo; = A0i®o> Yoi = Boi®o- (4.7.14)
MO’KHO BBIYUCIIUTH U TOYHOCTh, C KOTOPOH pacmo3HaeTcst KaKIblii 00BEKT, HO JUIS TPOCTOTHI
3]1eCh ATOTO JeNaTh He OyaeM. Pe3ynbTaTel pacueToB B pexxuMe 00ydeHUs TPUBECHBI B

tabnuie 4.7.1.
B pexxume pacnio3HaBaHus 7151 KaX 0K (GUTYPBI TOBTOPSIIOTCS BCE BhIUUCICHHS ((HOPMYITBI
(4.7.11), (4.7.12), (4.7.13)). Ilo 3nauenmo Hy; npeaBapuTENbHO OIpeneIsIeTCs

pacrno3HaBaeMblil OOBEKT U €My IIPUCBAUBACTCS COOTBETCTBYIONIUI HOMEP. 3aTeM 1O 3HAYCHUIO
4acTHBIX CyMM K ,; yTouHseTcs pacro3HaBaeMblii 00BeKT. Ompenensercs HOBOE MECTO
HaXOXJEHUs Kaxnoro oOwekta (4.7.14) m ero yrioBoe TMOJOXKEHHE [0 OTHOIICHUIO K

UcxXonHoMy. B ciayuae HEOOXOAMMOCTH TO W3BECTHBIM yriaM MPOM3BOIAUTCS TE€pecUeT
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KOZ—)(b(I)I/IL[I/ICHTOB Pa3jIoKCHUA M3 TCKYHIUX K ICPBOHAYAJIbHBIM 3HAYCHUAM, BLIYMCIICHHBIM B

pexuMe 00ydeHHs, U CpaBHEHHE MX Mexay coOoi. CoBnageHne KOdPGUITUCHTOB PA3I0KCHHSI,

OTHOCSIIIIUXCSL K OINpeAeNieHHOW Qurype,

OKOHYATCJIIBHO IMOATBEPKIAACT IIPABUIBHOCTH

paciio3HaBaHMA. PC3y.]'IbTaTLI pacu€ToB B PCKHUMEC pPaCIIO3HABAHHA IIPCABABIICHHBIX (1)I/Il"yp

npuBefieHbl B Tabmuue 4.7.2. IlpuBoasTcs 3HAa4eHHsT HOBBIX KOI()(DUIMEHTOB Ppa3IokKEeHHUS

NPOEKIHi (HUTYyp, CyMMBI KBaJpaTOB N-HBIX KOA(PPUIIMEHTOB, O0IINE CYMMBI, YTl TIOBOPOTOB

(1)I/Il"yp OTHOCHUTCJIBHO HCXOJHOI'0 IMOJIOXKCHUSA W HOBBIC KOOPAMHATBI Fr€COMETPUIYCCKUX LCHTPOB

¢buryp. Ha puc. 4.7.2 npuBenieHo pacnonoxeHue GUryp B MOMEHT UX pacro3HaBaHUS.

25.0
20.0
15 0
10.0
S - \
.,
5.00
0 N \—’) - e
-3.34 _ 1 . / .
-3.15 0 5.00 10.0 15, 20.0 25.0
Puc. 4.7.2
Tabmuna 4.7.1.
®Ourypa 1
Ak Bk Hk
227 0,75 5,75
-2,86 6,14 45,92
2,42 0,67 6,34
0,93 -0,71 1,38
121 0,18 1,50
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-0,51 -0,02 0,26
0,62 -0,04 0,39
0,27 0,16 0,10
-0,29 0,14 0,10
HS=61,77
Koopaunats! “B3Bemennoro” nenrpa: x = 3,33 y=5,04
®urypa 2
Ay Bk Hy
-0,00 -2,78 7,74
-5,33 0,01 28,43
-0,00 1,99 3,99
1,30 0,00 1,71
-0,00 -0,30 0,09
-0,37 -0,02 0,14
0,00 0,28 0,08
0,32 0,01 0,10
-0,00 -0,14 0,02
HS=42,33
Koopaunats! “B3BemenHoro” nenrpa: x = 6,00 y=3,18
@urypa 3
Ay Bk Hy
3,44 -2,18 16,65
-3,41 -2,94 20,34
-2,79 1,99 11,76
-0,64 0,63 0,81
0,20 -0,53 0,33
0,29 -0,10 0,09
0,44 0,04 0,20
0,15 -0,08 0,03
-0,30 0,04 0,09
HS=50,34

Koopaunats! “B3Bemennoro” nenrpa: x = 6,01 y =3,64
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Tab6muma 4.7.2

Ag B Hy
-2,41 -1,39 7,74
-2,65 4,62 28,43
1,73 1,00 3,99
0,65 -1,13 1,71
-0,26 -0,15 0,09
-0,20 0,31 0,14
0,24 0,13 0,08
0,17 -0,27 0,10
-0,12 -0,07 0,02
HS=42,33 Oto0 durypa 2
VYron nmoBopora -60°
Koopaunats! “B3Bemennoro” nenrpa: x = 10,94 y =3,09
A Bk Hy
-2,14 1,07 5,75
2,31 6,36 45,92
2,19 -1,24 6,34
0,15 -1,16 1,38
-0,98 0,72 1,50
-0,37 0,35 0,26
0,40 -0,47 0,39
0,31 -0,07 0,10
-0,11 0,30 0,10
HS=61,77 Oto durypa 1
Yron nosopora -45°
Koopaunats! “B3BemieHHoro” nentpa: x = 3,05 y = 5,04
Ax B Hy
-2,18 -3,44 16,65
-2,94 3,41 20,34
1,99 2,79 11,76
0,63 0,64 0,81
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-0,53 -0,20 0,33

-0,10 -0,29 0,09

0,04 -0,44 0,20

-0,08 -0,15 0,03

0,04 0,30 0,09
HS=50,34 310 ¢urypa 3 VYron noBopota -90°
Koopaunats! “B3BemienHoro” nenrpa: x = 20,97 y = 3,48

Takum oOpa3zoMm, aHaMM3UPysT KOIPGUIMEHTH pPAa3I0KECHUS, TOJYyYEHHBIE KaK TIpH
o0yuYeHHH aJropuT™Ma, TaK U B TPOIECCE PACIO3HABAaHUS, C YYETOM IOJYYCHHBIX JUISI HUX
MHBapUAHTHBIX COOTHOIICHH, MOXHO YBEPEHHO Paclo3HaBaTh MPEIbsBIIsIEMble OOBEKTHI U UX
MOJIOKCHUE Ha TUIOCKOCTH. [Ipesiaraemple anrOpuTMBl OCHOBAaHBI HA CTPOTHX AHATUTHYCCKHX
COOTHOIICHUSAX, HCIONB3YIOMUX TONBKO KOIP(PUIUECHTH pa3JIOKEHUs, M HE TpeOyroT
BOCCTAHOBJICHHS W300paKeHHsI B TNEPBOHAYAILHOM BHUJE Ui €ro pacro3HaBaHus. B To ke
BpEMs, B ClIydac H606XOI[I/IMOCTI/I, I/I306pa)K€HI/ISI MOTYT 6BITI> BCCrda BOCHPOU3BCIACHBI Ha

OCHOBAHUU NOJy4EHHOW CHCTEMBI YPaBHEHUI

Nx N}’
x; (2) = ZAki(Dk (0), y; (1) = ZBki(Dk ().
k=0 k=0

Ananuzupyss paboTy ajropuTMa  pacro3HaBaHUs, CIEAyeT MOJYEpPKHYTb, 4TO
OTHOCHTEIIFHO MaJIOe KOJIMYECTBO KOA((PUIIMEHTOB PAa3IoKeHUs (3a CUET MPOLEAYp aJanTaluu
JIOCTUTAETCS CYIIECTBEHHOE '"Cokatme" o0beMa [aHHBIX) M HCIOJB30BAHHE TMPOCTEHIITNX
AHATMTHYECKUX COOTHOILICHUW TMO3BOJISIOT pellaTh 3aJauyd paclio3HaBaHUs 3a BpeMs,
COM3MEpPUMOE C BPEMEHEM, 3aTpauyrMBaeMbIM Ha BBIYHCICHHE KOA(h(UIMEHTOB pasnoxkeHus. B
CBSI3U C ATHM HOSBISETCS BO3MOXHOCTh S((EKTUBHOTO pEHICHHUS, KaK B CTaTWKE, TaK U B
JTMHAMUKE 3a7[a4d aHaJIu3a CleH U PAclio3HaBaHUs MX OOBEKTOB.

B 3akmodeHue cremyer ckaszaTh, YTO AQHAJOTHMYHBIC HHBAPHAHTHBIC COOTHOIICHHUSI
COXPaHSIOTCS IS TPeX U Oosiee pa3MepHbIX U300pakeHHi, 1 Oy IyT UMETh BU

A2 +B*+C>+D>+..=A>+B>+C>+D’ +..,
g:(A2 +B>+C2+ D>+ )z %(Zz +B>+C>+D’ + )
n n n n A n n n n oee
n=1 n=1
IJIe  pa3MEpPHOCTh HM300pPAKEHUS ONpPENeNsieTcs YUCIOM KOd(D(DUIIMEHTOB pPa3IOKCHHS,
0003HAYEHHBIX pPAa3HBIMH OyKBaMH. BBIYHCIEHHE K€ HOBOTO YIJIOBOTO IOJOXCHUS
pacro3HaBaeMoro OOBEKTa MOXKHO OyIeT ONpeAeisiTh JIHMIIb YWUCICHHBIM IIyTEM IpH

BBIIIOJIHCHHUH Psda CIICHHUAJIbHBIX YCHOBHﬁ.
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MNMpunoxeHue 1. MogncgpununpoBaHHble Knaccuyeckue opToroHanbHble 6a3ucol

Ha3panue mHOTrO4IEHA HNnTepBan
No Oo011ee BhIpaKeHUE Bec p(x) CyIIECTBOBA-
11/T1 HUS
1 | CmemeHHbIC OINHOMBL (@+f+2n+ D@+ f+n+D0(@+n+DO(B+n+]) 2048
o (T —x)"x"” ©, )
sIxoon R," (x) 298 T Tath ,
L n CH(x—T)fFx"* a>-1, p>-1
i—ol(a+k+DI(f+n—-k+1)
R,fﬂ(mx) \/m(a+ﬂ+2n+1)1"(a+/3+n+1)1“(a+n+1)F(/3+n+1) ratp —

2948 1 Ta+ps (0, o)

1 gt ey

T" i Tla+k+DI(f+n—-k+1) oa>-1, p>-1

2 CmerieHHbIe GyHKIHHT (a+p+2n+D)l(a+p+n+ DI (a+n+DI(L+n+ 1)

ko6 ;]2!,3 (x) T2y 1 (0, 7)

k al2+k Bl 24+n—k o>-1, B>-1

Z( HFCH(T -x) X
T” io T(a+k+DI(S+n—k+1)
}]rfllﬁ (mx) m@+f+2n+Dl(a+f+n+Dl(@+n+DI(S+n+])

n! 1 (0, oo)

o>-1, B>-1

1 & CF =t 67(0.5+k+a/2)mx(1_ efmx)n_k

T_Z‘; Ttk DB rn—k+D)
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CMelleHHBIE TOJIMHOMBI \/ (c+n)(20 +n) F(o +1+0.5) & 5 Crx-T)Fx"* 221 (T — x)7-05 5003
['erenbayspa 220-27 ST(a+k+DI(B+n—k+1) 7201 0, 7)
C°(x,T)
o=P=c-0.5
o 20-1 _—(c—-0.5 )mx
220—2 n' % (1 _ e—mx )0'—0.5 (0’ OO)
y i (—l)k C’l;e—(0.5+k)mx(1 _e—mx)n—k OL:B:G-O.S
o Ia+k+DI'(B+n—-k+1)
CwMmeneHHbIe QyHKIHH 2(c+n)I'(20 +n)
[erenbayspa \/ 220-2 T(o+n+0.5)x 1 0,7)
0 == -
x, T +0'70.5 . +0'70.5 a B c-0.5
1) r Chfckr-n 2
i Tla+k+D)I(f+n—k+1)
O
g" (mx) @+ mTQRIH D 4 4 0.5)x i 0.
o052k o=p=0-0.5
Z( DiCle 2 (1—-e™)
o Ta+k+DI(f+n—k+1)
CM?IIJ.IgHHBIe H;)JII/IHOMLI 4”r(”)r( 0.5) L 1 i Ck (x— T)k n—k T .
cOpimesa I pona " 7l 7" AT+ 0.5 (n—k+0.5) 2 /(T —x)x 0, 7)
T, (x,T) o=p=-0.5
T, (mx) nmT(n) (1) ChemO5+oms (1 R y—k 05
— - T(n+0.5) Z . (0, )
Tn! i—o Tk+05I'(n-k+0.5) 241—e ™
o=p=-0.5
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CwMmerneHHbie QyHKIMH

2nT(n)

Ck (T _ x)70.25+k -0.25+n-k

(=1
YeoOrmmena [ pona kZ;) T(k+0.5)(n—k+05) 1 0,7
0,(x.T) 0==-0.5
k —(0.25+k)mx (1 _ —mx —k-0.25
0, (mx) /2nmr(n)F 0535 C 1)k Cke (1—e 1 0.
=0 I'k+05I'(n—k+0.5) ’
o=p=-0.5
CMeleHHbIC TTOTMHOMBI (n+DC(n+2) F(n+1 5) & Ck (x=T)*x"* 2
= NT -
Yeornimena 1 poma \/ Tl Z =Tk +1.5)(n—k +1.5) T ( X)X 0, 7)
U (xT) a==0.5
U, (mx) \/m(n+l)l"(n+2) 15)2( D'Cye (05+k)mx(1 € mx)n_k —0.5mx_ |1 _ ,~mx
! = T(k+1.50(n—k+1.5) 0—p=0.5 (0, )
CMGHIGHHBIC (1)yHKHI/II/I \/2(n+l)r(n+2) F(n+1.5) z( 1) Ck (T x)025+k 0.25+n—k
Heobiuesa I poxa ! T & T(k+1.5(n—k+1.5) 1 0,7)
u,(x,T) o=p=0.5
u (mx 2}’}’1(1’! + I)F(n + 2)
n (mx) \/ - T(n+1.5)x . 0. )
=pB=0.5
y i“ (_l)kcr/lce—(o.75+k)mx(l_e—mxr_k+0'25 ¢ B
o I['k+1.5'(n—k+1.5)
CMelleHHbIC TOTMHOMBI 2n+1) nl & Ck (x=T)kx"*
(pynkiun) Jlexanapa \/T e kZ_;,) K(n— k)l 1 0, 7)
Pn (xa T) B OL:B:O
c - mx —mx —k
F, (mx) (2n+1)m;6(—l)kC,’fe (05+k) (l—e y 1 0, )
B o=p=0
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10 OpToHOpManbHbIE n ok k —(Q+kmx(;  —mx J1K 1
HKCHOHEHIHAIbHbIE \V2m(n+1) Y] (D Cye (1 ¢ Y a=1,=0 (0, )
=0 rk+2)f(n—-k+1)
dynxupn E, (mx)
11 [TommaOMBI COHMHA- mI(n+1) Zn: T(n+a + ) (=mx)* (mx)a e_mx
Jareppa L% (mx) Tn+a+1) S T(@+k+D)I(n—k+D)(k+1) (0, )
o>-1
12 Pyniumi Conira- m™ 01 41) 05a,-05m<s_ Tta+)(mn' 1
a T’ € > o>-1 (0, 0)
Jareppa [, (mx) C(n+a+1) ST(a+k+D)C(n—k+1)T(k+1) )
n k _
13 ITonuuomer Jlareppa Jm z n!(—mx) o M .
L, (mx) Z(n—k) k! 40 (0, )
14 Oynkuuu Jlareppa S0 i n (—mx)* 1
ln (mx) me k:()(n - k)'k'k' a=0 (07 OO)
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MpunoxeHune 2. Npeobpa3zoBaHUA B NPOCTPaHCTBE
Ko3adhhpuumeHToB pa3no>|<e|-|m| ((bparmeHT Tabnuubl)

Hcxoonvie cuenanol

W>Z@WW)Z&W

rae A, -Ko3(pPUIHEHTHI pa3NoKeHus, P, -OpTOHOPMUPOBAHHBIE MOJIUHOMBI
HemaHz{pa
Pn 2n+1 z . \ T)k tn_k
o ((n— k)'k')
N
n/n HaumenoBanue PesynbTupyromas [Ipumeuanus
orepanuu dopmyia
1 CyMMupOBaHHE C,=4,+B,;
yMMHPORat 2() = Z C,P,:
CHUT'HAJIOB: N, >N,,B, =0,npu
n>N,
z(t) = x(t) + y(1)
2 YMHOXKEHHUE N, N N,
CUTHAJIOB (1) = ZD,, n D, = ZZCWA Bj;20e
i=0 j=0
z(t) = x(1) * y(1)
Cijn IPP P,dt,npu
Dn—uemn.,— (i + j)—uemmn.
n—ueyem.,— (i+ j)— neuem.;
2))i—j| <n;
)i+ j|=n.
3 BosBenenue B L N
CTETeHb CUTHAJIA 2= ch E, Gy = IP (O 4,P)" dt
m "= 0 n
2() = [x()]
4 Beruncnenue Y
MPOMU3BOIHOM = ?Z\/ (2k+1D)(2n+1)4,
k
/
z(0) = [x(0)] .
-
z(t) = ZCnPn k=n+1,..,
n=0 TOJIBKO HEUYETHBIE MPHU YETHOM 7;
k =n+1,..., TOJIbKO YE€THBIC IIPU
HEUYECTHOM 7.
5 Brruncnenue C - A A,
MHTErpana N+ Y RS

2(t) = j x(r)dr
0

2= Cyb,
n=0

Ay

T |Vak-t |

W2k +1| Ay P
V2k+3

Ck:

135



MpunoxeHune 3. BaBelleHHble OPTOroHasribHbl€ MOSIMHOMbI

Axkobm npu n =0, 1, 2 n pa3nUYHbIX 3HA4YEHUAX NapamMeTpoB o

np

O¢

7

g

$0-

$00-

50

7 60

7o« |

Y

Tabmmma 1.
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MNMpunoxeHue 4. UameHeHne BecoBbIX (hyHKUUN CoHMHa-Tlareppa npu pasrnuyHbIX 3Ha4YEeHUAX
napameTpa o U MacwTtabHoro koadpduymeHTa m
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