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1 3amava onTUMAaJILHOTO yIPaBJIEHUA

1.1 TIlocranoBka 3amauyn

Mpsr Oymem paccMaTpuBaTh CHCTEMY, ITOBEIEHIE KOTOPOH OMUCHIBAETCS OOBIKHOBEHHBIM Au(depeHITna b=
HBIM yPaBHEHHUEM:

&= f(z,u), (1)
roe x € R™, u € R™, f € R™. Yupasjenue u yI0BJIETBOPSIET reOMEeTPUIECKOMY Orpanudenuto u € U, rie
U C R™. Muoxkecrso U (06sacTh yNpaBieHnsi) B MATeMAaTHUECKON TTOCTAHOBKE 33JIaUi CUNTAETCS TIPO-
M3BOJIBHBIM, HO [IJIsT TEXHUYIECKUX 33739 OCOOEHHO BarKeH CIydail xkomnarxmhuozo Muoxectsa U. VmeHHO
TaKOe MHOXKECTBO MbI U OyJeM pacCMaTpUBATh B JaJIbHEHIIeM.

Bsenem mekoTopbie obo3uatdenns: Mo — MHOKECTBO HAYAbHBIX COCTOAHUI; M1 — MHOXKECTBO KOHEd-
HBIX cocToguuil; (tg) = xo, (t1) = x1. Bysem cuurars, 90 MOMEHT BpeMeHHU to 33JaH, a t; BbIOUpaercs
ucxong u3 ycnosus x(ty) € M.

Kpowme Toro, 3aman knacc D DOMyCTUMBIX YIIPABJIEHUH, YIOBIETBOPSIONINI CIEAYIONINM YCIAOBUIM:

1) Ecmm u(-) € D, 1o u(:) n3MepruMO 1 OrpaHUYEHO HA PACCMATPUBAEMOM OTPE3KE BPEMEHH.
2) Eciu u(-) € D, v € U, To ngia mobwix t',t" : tg <t < ¢ < t; ynpasnenue

v, <t <t

ul (t) = ! "
u(t)a te [t07t]U(t 7t1]

TaKzKe JOTyCTUMO.

3) Eciu orpesok [tg,t;] pa3bur Ha KOHEYHOE YUCIO OTPE3KOB, HA KAXKJIOM M3 KOTOPBIX YIIPABJIEHUE
u(+) Jommycrumo, To U Ha BceM OTpe3ke [to, t1] ynpasienue u(-) TakzKe HOMYCTHMO.

4) Ecim u(t) € D, t € [to, t1], To ynpasienne una v(t) = u(t— a), 3a7aHH0e Ha OTpe3Ke [ty +a, t1 +af,
TaKzKe JIO0IIyCTHUMO.

[Tepeuncanm HanboIee IACTO BCTPEYAIOIINECT KIACCHI TOMYyCTUMBIX YIIPABJICHMUIA:

® Dpyqe — MHOXKECTBO BCEX M3MEPUMBIX U OTPAHNYEHHBIX HA HEKOTOPOM OTpPE3Ke YIMPaBIEHUA.

e MHOKEeCTBO BCEX KyCOYHO-HENPEPLIBHBIX CEBA YIPABJIEHUH, TO €CTh KyCOUHO-HENPEPBIBHBIX yIIPAB-
nennit, mst KoTopbix u(t — 0) = u(t) ans Beex t € (to,t1] m u(to + 0) = u(ty).

® D, in — MHOXKECTBO BCEX KyCOYHO-IOCTOSHHBIX YIIPABJIEHUN, HEPEPHIBHBIX CJIEBA.

Eciu 3amano ponycrumoe ynpasienue u(-) € D, To, nogcrasisis ero B ypasaenue (1), nomydum:

& = f(z,u(t))

3anas HauaabHOE yeaoBue (tg) = Xg, MOKHO PEIUTh 3TO YPABHEHUE U TIONYYUTh JOIMYCTUMYIO TPACKTO-
puto z(t).Hanomuum, yro B siuneitnom ciaydae, koraa f(x,u) = Azx+u, 1yid BCeX U3MEPUMbIX yIPaBIEHUH
u(-) Bepua dopmyna Komu:
t
z(t) = e'tay + /e(tfs)Au(s) ds

to
B menuneiinom ciayuae f(x,t), BoobIIe roBopsi, pa3pbiBHa Npu u3MepuMoM ympasiaenun u(t). Orser Ha
BOIIPOC O CYIIECTBOBAHUHU W €IUHCTBEHHOCTH DEIEHUS B 9TOM CIYYae JAeT CICAYIONas TeOpeMa:



Teopema. ITycmov 6 3adaue

z = f(x,t)
{x(t 2)

0) =T
BHINONHERDL CALOYIOULUE MPEBOBAHUA:
1) f(z,t) onpedesena u nenpepwvieha no T das nowmu ecex t.
2) f(z,t) usmepuma no t npu ar0bom x.
3) |f(x,t)] < m(t), 2de m(t) — cymmupyemas Gynryua.

Tozda cywecmeyem makoe € > 0, wmo na ompeske [to,to + €] cywecmsyem abcoaromuo HenpepveHoe
pewenue z(t) sadavu (2). Ecau, kpome mozo, 0as 41060 T,y 6bINOAHEHO HEPABEHCTNEO

|f(£L‘,t) - f(yat)| < l(t)|£L‘ - y|7
20e I(t) — cymmupyeman Pynryus, mo pewenue eOUHCMEEHHO.

[Ipumem 31y Teopemy 6Ge3 m0Ka3aTEIHCTBA.

11t TOrO, 9TOOBI 0OECTEYNTH CYIIECTBOBAHNE U €IMHCTBEHHOCTH PEIEHUs, OYIeM MPEeInoIararh, 9To

8 N
dbyukuusa f(x,u) u Bce 3MEMEHTHI MATPUIBI % pa3mepa (n X 1), COCTABJICHHON U3 YACTHBIX IIPO-

U3BOIHBIX (DYHKINM f, HEMPEPBIBHBI TI0 COBOKYITHOCTH MepeMeHHBIX B E™ x U. ByaeMm moapa3yMeBarh
BBITIOJTHEHNE STOTO TPEOOBAHNS B KAXKION MOCIELYOMEi 3a1aqe.
t1
IIycrs rakxe 3agan dyakmuonan J = [ fO(z(t),u(t)) dt, rae fO ynosnersopsier Tem e TpeGOBAHUIM,
to
gro u f.
WTax, 32718498 ONTHMAJILHOTO YIPABIeHNS (GOPMYIHPYETCS CISTYIOMIM 06pa30M:

&= f(z,u), uelU
z(to) € Mo, x(t1) € M,

u(-)GDU

ty
J:/fo(a:,u)dt—> min
to

B nepBoit wacTu Kypca Mbl TOIpOOHO U3y YN 33189y OMTUMAJILHOTO YIIPABJIEHUS I IHHEHHOM CUCTEMBI
B caydae, Korma fO = 1, To ecTh JIMHEHHYIO 33039y OBLICTPOIEHCTBI:

t=Ar+u, uwelU
iIZ(to) € My, CU(tl) € M,
ty —tp — min
u(-)€EDy
HpI/I 3TOM OCHOBHBIM OOBLEKTOM HAIIErO n3yvdeHund ABJIAJI0Ch MHOXKECTBO JOCTHZKHUMOCTH

X(t) ={y € R"™ : z(typ) € My, z(t) — TpaekTopusi cucrembl Ha [to,t1], y = z(t1)}

Bcee DIOJTy4Y€HHbIEC HAMH PE3YJ/IbTaTbl ObLIM OCHOBAHBLI HA CBOICTBAX MHOXKECTBA, JOCTUZKUMOCTH.



Ecin My — Buimykabiii kKoMnakt, a U — koMmakT, To X (t) — BBIMYKJIBIT KOMIAKT. DTO CIEACTBHUE

dopmynsr Kommn:
t

z(t) = et Az, 4 /e(t*S)Au(s) ds
to
¢
X(t) = et AN, + / =AU ds
to
U TeopeMbl JIAmyHOBA O BBINYKJIOCTH WHTErpPaja OT MHOTO3HAYHOIO OTOOpayKeHms. X0/ HALIMX Paccy-
JKJIEHUH [PHU JI0KA3aTeIbCTBE NPUHIMIA MakcuMmyMa [loHTpsruHa ObUT mpuMepHo ciaegyiommm. X (8) —
BBIMTYKJIOE KOMITAKTHOE MHOXKECTBO, MOMEHT TEPBOTO KACAHWs C MHOXKeCTBOM M sIBIIsIeTCsl BpeMeHeM

obicTpomeiicTBus. Boimykibie muoxkecrsa X (1) u My B MOMEHT KaCaHWUsi MOXKHO OTJIEIUTH THMEPILIIOCKO-
CTBIO, onpeneaeéHHoi Bekropom ¥y # 0.

W,y

Jlajiee perraeM COMpPSKEHHYIO CHCTEMY
b =—-A"Y
P(t1) =1

u nojydaeM GyHKIuio ¢ (t), YA0BIETBOPAIONLYIO YCIOBUSIM MPUHIANS MAKCAMYMA.

Oxka3bIBaeTcst, YTO W B TPOM3BOJIHLHON HEJWHEHHOHN 3aade ONTHMAILHOTO YIPABJIEHUS MHOXKECTBO
JIOCTUKAMOCTHU UTPAET TAKYIO Ke PyHIAMEHTAIbHYIO POJb, XOTS B 9TOM CIIy4Yae OHO, BOOOIIE TOBOPs, HE
ABJIAETCA BBIIYKJIBIM.

IIpumep.
1 = xu—zv, |u/ <1, 2,(0)=1 =,(T)=-1
2 = —mu-—mzw, [v|<1, 22(0)=0, x(T)=0
T — min
u(-)GDU

MHOKECTBO JOCTUKIMOCTH:
X(t)={y e E" :y = x(¢), ©(s) = f(z(s),u(s)), z(to) = xo, u(:) € D, to < s <t}
[MepeitgéM K TOMAPHBIM KOOPIUHATAM:

Ty =TCcosp
To =rsing

(3717372) 7£ (Ov 0)



OueBugHO, CIPABEIJIUBO CIEIYIONIEE PABEHCTBO
r? = CU% + :Ug
[Mpomud dbepernnrpyem ero JgeByio u MpaBylo 4acTu Mo nepemennoii t. [Togydnm

2r1 = 2x1%1 + 2x2T5.

. T@ +Tade 71 (Tou — 1v) + 2o (—T1U — TV) r?v + z3v r2y
r = = = — = —— = —Tv
r r r r

To =TSN +rYcosy = —T1U — T20 = —TUCOSP — rvsin

Orcroga mpu cos ¢ # 0 noxygaem

¢ =—u
ITpu cos ¢ = 0 monyuum anamorunyduyio dhopmyy, auddepeniupys 1 (Ipu 3TOM, OUEBUIHO, Sin ¢ # 0).
Urak:

7 = —-rv, -1<v<l, r0)=1
$ = —u, —-1<u<l ¢0)=0
r = efoiv(s)ds
t
o = [u(s)ds

0

Ouesngno, —t < ¢ < t, e~t < r < €. Byagem usyuarsh noBefeHre MHOXKECTBA, OCTIKEMOCTH 1pu ¢ > 0.

IRy

B 9acTHOCTH, B MOMEHT BDEMEHW t = T MHOXKECTBO JOCTHKUMOCTH X () MPEACTABIAET COGOH KOIBIO
eT"<r<e™, 0< ¢ <2r. Touka (-1,0) nossasiercs cpady BuyTpu X (7).
1.2 PacmupenHas 3agada

B nanbreiiniem HaM TOTpeOyeTCs SKBUBAJEHTHAS (DOPMYJIUPOBKA, 339N ONTUMAJBHOTO YIIPABJICHUS.
JobaBuM K haz0BBEIM KOOPIAMHATAM KOOPIUHATY ¥, 3aKOH M3MEHEHNS KOTOPOH MMeeT BULT,

20 = fOxy,..., 20, u),

roe fO — dbyuknua u3 onpegerenus dynknuonana J. Yepes & 6ymeMm 0603HAYATL BEKTOP U3 PACIIHPEH-
HOTrO TpocTpancTea, R™T!. Bynem paccmarpupath cuctemy auddepeHnnaIbHbIX VPaBHEHTI:

i= f(a:,u),



e f(z,u) = (fO(x,u), f(z,u))T € R"'. Bamernwm, 4To mpaBas JacTh ITOH CHCTEMBI He 3aBHCHT OT z°.

HauambHOe yeaoBue 3aqaauM creayfomum obpasom: &(tg) = (0,20)7 .

ITycrs u(-) — HEKOTOPOE AOIyCcTUMOE yupasieHue, (t) — COOTBETCTBYIOIIEE PEIIeHue CUcTeMbl (2).
Torna pemrenwe #(t) pacmmpeRHOil CHCTEMBI ¢ HadaIbHBIM yeaoueM &(tg) = (0,20)7, coorBercTryromee
yrpaByenuio u(t), uMeer BULI;:

J ({0, utt) d
x(t)

B gacraOCTH TIpH t = t; UMeeM:
ty
J FOa(t),ult)) dt
to

T

O603raumM gepes IT mpamyio, mpoxogantyio gepes Touky (0,2;)7 € R"! mapammensuo ocu z°, To ecth

obpaszoBanmyio Becemn Todkamu Buga (&,71)7. B MoMenT Bpemenu t = t; pemenne ¥(t) pacIIHpeHHO
CHCTEeMBI TPOXOIUT depe3 mpamyio II, a uMeHHO, Uepe3 TOUKy ¢ Koopamuaroil £° = J. eoMmeTpuueckas
KAPTHUHA BHITJISIAT CICAYIOMAM O06pa3oM:

8
—~
~
A

R
Zo

z(t)

Bepmo u obparuoe: ecnu u(t) — monmycrumoe ymupasienue, Z(t) — COOTBETCTBYIOIIEE €My DEIeHUe pac-
mmpennHoit cuctemsr u &(tg) = (0,z0)7, z(ty) = (2% 21)7, 10 z(t) — pemenne mcxomHOI cHCTEMBI 1
z(ty) = zo, x(t1) = z1, J = 2°.

Takum 06pa30M, CTAIO BOSMOXKHBIM COPMYJIAPOBATDH 3aJa9y ONTHMAILHOTO YIPABICHAS B CIIELyTO-
IeM 3KBHUBAJCHTHOM BHJIE:

B (n + 1)-mepuom npocrpancrse R™T! sanamst Touku Zo = (0,20)7 u npsamaa II, napanrensuas
ocr z° m mpoxonamas 4epe3 Touxy (0,z1)7. Cpeanm Bcex momycTmMmbIx ympamsienmit u = wu(t), Takmx
YTO COOTBETCTBYIOMIEE PeleHte PACITMpPeHHoi cucteMsl Z(t) crapryer m3 Toukn (0,29)7 n momamaer wa
npamyto I, HaiiTu Takoe, TOUKa Iepecedenns KOTOporo ¢ mpamoii II nMeeT HauMeHbITyIo KoopauHaTy x°.

OGo3uadmm depe3 X (t) MHOKECTBO JOCTHKEMOCTH PACIIMPEHHOI cieTeMbr. ITyers u, () — onTuMaits-
HOE yIpaBJieHue, a &4 () — COOTBETCTBYOIIAs ONTUMAJIbHAS TPAEKTOPHS, TOI/IA TOYKA T (f1) J€KUT HA
rpanmne mMuoxecTBa X (11).

JleficTBUTE IBHO, TPEIIOIOKIM TIPOTUBHOE, TO €CTh MYCTh &, (t1) € int X (t1), TOrga A7 HEKOTOPOro

e > 0 rouka (z)(t) —¢, z(t1)) € X(t1), TO €CTh B 9Ty TOUKY MPHXOJUT HEKOTOPAS TPACKTOPHUSI CHCTEMBL.



B 10 e Bpems, z0(t1) — & < J. TlomyJdennoe MpoTUBOpedNe JOKA3LIBACT YTBEPIKICHNE.

I1

/ Rn
X T

Nrak, 3amaqy MOXKHO mepedopMy THPOBATH TAKKM 00Pa30M, ITOOBI ONTUMATbHAS TPAEKTOPHS B KOHETHBII
MOMEHT BPEMEHHU JIeXKaJjla Ha IPAHUIE MHOXKECTBA JOCTUKUMOCTH PACIIMPEHHON cucreMbl (s HCXOAHOMN
3471449l 9TO, BOOOIIE TOBOPS, HEBEPHO).

1.3 Ilpocreiiinue pe3yabTaThl AJisd YIIPaABJIAEMON CHUCTEMBbI
NTak, OCHOBHBIM OOBLEKTOM HAIIErO M3Yy4UeHHsI OyIeT MHOXKECTBO JOCTHKUMOCTH YIIPABIIEMON CHCTEMBbI

z = f(z,u), welU
x(t

0) = To,

(3)

rme x € R*", U C R™.
MHOKECTBO JOCTHKUMOCTH OIPEIEICHO PABEHCTBOM

X(#) ={y € R" :y = x(t), &(s) = f(x(s),u(s)), v € Du, s € [to, 1], x(to) = wo}.
Byaem caurars, aro dyukinus f ya0BIETBOPSIET YCIOBHIO ONPAHUYEHHOCTH B OJHOM W3 JIBYX BHUIOB:
1 (z,u)ll < Allz|| + B (@)

wim

(f(z,u), ) < All2|]” + B, (8)
rae A, B — MOMOKWATETHHBIE TOCTOAHHBIE. 3AMETHM, 9TO yCJIOBHE () MPEICTABIAET COOON YACTHBIN CITy-
qaii ycnoeust (). JeficTBUTEILHO, €CIM BBIMOIHEHO (), TO

(f(z,u),z) < |If (=, w)llllz]l < Allll” + Bllz]|.
Hockombky ||z]| < [|z]|*> + 1, To
(f(z,u),z) < Allz|” + Bllz|]” + B = (A+ B)||z||* + B.

Ec/u BBINOIHEHO YCI0BUE OPPAHUYEHHOCTH, TO BCE TPAEKTOPUN YIPABJISIEMOil cucTeMbl (3) paBHOMED-
HO OrpaHUYEHbI HA 33JAHHOM MHTEpBae [to,t1]. s nokasarenbcra sroro dakra HaM n0Tpedyercs

JIemma. ITyemwv na ompeske [to,t1] 3adana nenpepvishas eexmop-dyrkyus x(t) u 048 HEKOMOPHIT HUCEN
P,Q > 0 das scex t € [tg,t1] vinoaneno

()l < P +Q / e (s)llds. (4)



Tozda dan ecex t € [to,t1]
[l2(t)]] < PeRtto).
okazamenvemeo. Oboznaunm M = max ||z(t)]|. U3 mepaBencrBa (4) MOXKHO MONYYIUTH CJIEILYIOILYTO
[to,t1]
to,t1
onenky st ||z(t)]]:
lz() < P+ Q(t — to) M.

IMoxpcrapiss B HepaseHcTBo (4), moxydum
t
t—1t
=zl < P+ Q /(P +Q(t — to)M)ds = P + PQ(t — to) + MQ2Q_

2!
to

ITpomomxkas mpomece, Ha (N + 1)-M mare noxydnm:

(t —to)N
N!

(t —to)N Tt
MO T =

(t—to)" QN (t — tg) N H!
:P<1+Q(t—t0)+...+QNT?> +M (N+1())!

lz(®)|| < P+ PQ(t —to) + ...+ PQYN

QN FL(t—tg) N+
M (N+1())!

HepaBeHcTBa Oyer crpeMuThest K Pe@(t—10) | JTenmma nokazana. O

Yerpemum N k beckoneunocTu. [IockonbKy ciaraemoe CTPEMUTCS K HYJIIO, TPaBas YacThb

ITycrs Teneps Boinosnueno yeaosue (). [Tockonbky

TO
t

(&) < [lzoll +/||f(w(8),u(8))||ds < [lzoll +/(A||w(8)|| + B)ds.

to

O6osnauasi P = ||zg]| + B(t1 — t9), @ = A w npuMeHsist JIeMMYy, TTOJIY9INM, 9TO Ha OTPe3Ke [to, t1]
||$(t)|| < PeQ(tfto) < PeQ(tlftO).

Eciu e Boimonaeno yciaosue (), I0Ka3aTENIbCTBO PABHOMEPHON OrPAHUYEHHOCTH MPOBOIUTCS CJIe-
nytonmM obpaszom. [Iponuddepennupyem serpazkenue ||z(t)||? mo t:

%Ilfv(t)ll2 = 2(i, 2) = 2(f(z,u),z) < 24||z(t)|]* + 2B.

[IpounTerprpoBaB HEPABEHCTBO, O YUM

t
[z ()] < [lwol* + 2A/ l2(s)I” ds + 2B(t1 — to).

to



i 3aBepIreHnst J0KA3aTeIbCTBA CHOBA, IIPUMEHSEM JIEMMY, HA 3TOT pa3 B obo3Hauenusx P = ||zgl| +
2B(t; — to), Q = 2A.

Ec/ii Bce TPaeKTOPHH yIPaBiiseMoii cucreMbl (3) PaBHOMEPHO OrpaHuYeHbl Ha oTpeske [to,t1] u U —
KOMIIAKT, TO Ha TOM OTPe3Ke OyIyT TaK¥kKe Oorpanudennl Benudusbl || f(z,u)|| u ||%(CU, w)]|-

Teopema 1. ITycmov 6 ynpasasemoti cucmeme (3) U — KOMNAKM U 6BNOAKEHO YCAOBUE 02PAHULEHHOCTIU
() wau (B). Tozda X (t) — nenpepwvisro 3asucawud om t Komnaxm.

Joxazameavcmeo. Kax ObLIO NOKA3aHO BBIIIE, U3 YCIOBUS OUPAHUYIEHHOCTH CIIEYET OPAHUICHHOCTD
maoskecTBa X (t), mostomy X (t) — xommaxT. JlokaskeM HEMpepbIBHOCTE X (t).

To onpenenenuto X (t), ans moboro t' € [to,t;], moboro p € X (t) u moboro & > 0 Haiinéres Takas
rTpaekropus z(t), 4To

() = pll < 5

C apyroit croponst, mockonbky || f(z(t),u(t))|| < m Ha [to,t1], BepHa oneHKa

le(t) /||f ()l ds < mlt — t'].

Takum obpasom, mis joboro € > 0 waiinéresa rakoe § > 0, yro npu |t —¢'| < §

€
le(t) — ()] < 5
CrenoBarensHo, ecnu |t — t'| < 4, TO

() = pll < llz(t) — 2@l + [l«(t) —pll <e

IMockonbky x(t) € X (t), To soKazanmoe o3Hauaer, 4o npu [t — t'| < § mas moGoro py € X (t') naiinéres
Takoe p2 € X(t), uato ||p1 — paf| < &, mpuuénm BemraMHa § omHa W Ta e mIA Beex t' € [to, t1]. Crenona-
TenbHO, ipn |t — t'| < & auist moGoro py € X (t) Haiinéres Takoe py € X (t'), uro ||p1 — pa| < e. Urak, npu
t— 1] < 5

X(#) Cc X(t) + S=(0),
X(t) C X(¢') + S:(0),
a 9TO U O3HAYAET HeNpepLIBHOCTH oTobpaskerns X (t). Teopema mokasaHa. O
Crenyronyio TeopeMy mpuMeM 6e3 T0Ka3aTelhCTRA.
Teopema 2. Paccmompum ynpasisemyo cucmemy
z = f(z,u), ueU,
{ z(tg) = wo.
Iyems 6vinoAHEHYL CALOYOUUE YCAOBUS
1) U — xomnaxm,
2) ewnoaneno ycaosue ozpanusennocmuy 6 gopme () uau (3),
3) mmoocecmeo F(x) = f(z,U) ={y € E" : y = f(z,u), u € U} swnyxso.
Toz0a daa mobozo t € [to,t1] muoorcecmeo docmustcumocmu X (t) AGAAEMCA KOMNAKMOM.

MuozkectBo F' () Ha3bIBAECTCA 6EKINOP2PAMMOT crKopocmed.
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1.4 Teopema cymiecTBOBaHUA peHIEHUS 3aJa4u ObICTPOIEiiCTBUS

Paccmorpum 3amady ObICTpOAeiicTBHS:

&= f(z,u)
.’L‘(to) =2y
.’L‘(tl) = (5)
ty —tp — min
u(-)EDy

Teopema 3. ITycmv 6 3adaue (5) 6unosnerv, CACOYOULUE YCAOBUA:
1) U — xomnaxm,
2) ewnoaneno ycaosue ozpanusennocmuy 6 gopme (a) uau (8),
3) F(z) = f(z,U) — swnyravii xomnaxm,
4) cucmema ynpasasema u3 Ty 8 Ty.
Tozda cywecmeyem onmumasbhoe no Gucmpodelicmseuto ynpasaerue.

Joxazameavcmeo. VI3 Teopembr 2 BbiTekaer, uro X (f) — HeNpepbIBHBIA KOMIAKT. IIOCKONBKY CHCTEMA
ylpaBisema, CyIecTByeT takoe T > to, 410 1 € X (7). Obosznaunm ¢ = inf{7 > ty : z(7) = z1}.
OueBuaHo, uto t; < 7.

B cuuy onpenesnenust TOUHON HUXKHEH IDaHU, CyNIECTBYET MMOCIEAOBATEIBLHOCTD {T;}, CXOAAMIAACT K
t1, nuist Koropoii z1 € X (7;). B cuny menpepsisroctr X (t) umeem: X (7;) — X (t1) npu 7; — t1. dpyruvu
caoBaMu, st Joboro € > 0 Haiingres takoe § > 0, uro u3 |1; — t1| < § ciaenyer

X (1) C X(t1) + S:(0).

[Mocnennee o3nagaer, B yacrHocTH, 9to =1 € X (1) + S-(0). 113 kommaxkTaOCTH X (#1) ¥ IPOM3BOIBHOCTH
e cuenyer, uro 1 € X (t1). Teopema nokazaua. O

1.5 Cucrema ypaBHeHuii B Bapuamuax

Baiimémcs reneph 6oslee IEeTANBHBIM U3Y9YeHHEeM MHOKECTBA JAocTukumoctd X (i) Jjisi ynpaBisieMoil cu-
cremb (3). Hamra nens B moceayiomeM GyJeT COCTOATH B TOM, YTOOBI HEKOTOPBIM 06PA30M AMTPOKCH-
MHUPOBATH MHOYKECTBO JOCTHKUMOCTH X () B OKPECTHOCTH ONTUMAJBHON TPAEKTOPHU BBIMYKJIBIM MHO-
JKECTBOM U JIaJiee BOCIOIb30BAThCS TEOPEeMOi 00 OTIENMMOCTH, TaK YK€ KAK U B NPUHIIAIE MAKCHMYMa,
[Moutrpsiruaa miist muHeHHBIX cucreM. s 3Toro HaM mOTpebyercs U3yYuTh MMOBEJIEHUE YIPABISEMON CH-
CTEeMBbI B OKPECTHOCTHU ONTUMAIBHON TPAEKTOPHUH.

B nmanbHueiimem OyaeM Tpenoararth, 9TO B KAYECTBE MHOXKECTBA IOMYCTUMBIX yOpaBjeHuii [ Bbi-
OpaH KJIaCC BCEX KYCOYHO-HENPEPBIBHBIX CJIEBA yrpasieHuii. VlccaeoBanne MHOKECTBA, JOCTHKUMOCTH B
CJTy9ae MPOU3BOIBHBIX U3MEPUMBIX YIIPABICHUH OTINYACTCA HEKOTOPBIMA TEXHUYECKUMU JETAJSIMHE.

Paccmorpum cHauasia ciaydail HENpepbIBHOIO HA oTpe3ke [ty,t;] ynpasienus u(t). Mbr noaygaem na
9TOM OTPe3Ke KIACCHIECKOe OOBIKHOBEHHOE nudepeHnnaabHoe ypaBHEHNE:

T = (p(l‘,t) = f(.’L‘,’LL(t)) (6)
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Mpb1 npennosaraem, kak 06bI9HO, 9TO ©(,1), W — HempepbIBHBIE TIO0 COBOKYITHOCTH MEPEeMEHHBIX
dbyukuuun. 3anas naganbuoe ycmosue x(tg) = T, MOAYYUM, B CHIY TEOPEMbI CYIIECTBOBAHUS W €JIUH-
CTBEHHOCTH, perntenne z(t), KoTopoe GyIeM CINTATh ONpeNeéHHBIM Ha OTpe3Ke [to, t1].

B cuny Tteopembr o guddepeHIupyeMoCTH 1 HEMPEPBIBHON 3aBUCHMOCTH pelrenns quddepennmaib-
HOTO ypaBHEHHs OT HAYAJbHBIX YCIOBHMH, HAWIETCA TaKoe €, YTO I JIO00ro &, yIOBIETBOPAIOIIETO
HepaBeHCTBY ||€ — zp|| < €, cymecrByer pemenue ypasHenus (6) ¢ HadanbHbIM ycioBueM Z(tg) = &,
ompesieIéHHOe Ha BCEM oTpeske [tg,t1]. O6Go3Haumm 310 perrerne depes x(t, &, to). @yurmpn z(t, &, tp) u
%g’t‘)) HENPePBIBHBI [0 COBOKYIHOCTH IIEPEMEHHBIX t, £ M ABIAIOTCA aBGCOMOTHO HEIIPEPLIBHBIMU (DYHK-

o dz(t.€,to) &
UUAMH, TO €CTh CYIIECTBYET NMPOUSBOIHAA z; — pz——, NPUIEM TOPHAIOK nuddepeHIupoBaHns MOKHO

MEHSITD.
Pemenne x(t, £, tg) MoXKeT OBITH 3aMHCAHO B BUJIE

or

z(t,&,t0) = x(t, 20, t0) + €

(€ = o) +o(ll§ = zoll)-

(t,zo0,t0)

SamaauM BO3MYIIEHNE HAYAJIHLHOTO YCIOBUS B CHEIUAJbHOM BuIe: & = xo + eh + 6(5) U UCCIIeyeM,
KaK U3MEHUTCS pelleHne.
JuddepeHmmpoBaHueM MOy TaeM:

or

9 h

(t,z0,t0)

g[w(t,f,to)—w(t,xo,to)] =€4; l +0(e).

ot ot

C 1pyroit CTOpOHBI,

0
E[x(ta ga tO) - CU(t, Zo, tO)] = (p(m(ta ga tO): t) - (p(m(ta Zo, tO)v t) =
ox _
=@ Z‘(t,l‘g,to)-l- a¢ h+0(6)7t —(p(l’(t,l‘o,to),t) =
85 (on,to)
=¢ g_cp % h+o(¢).
T (z(t,z0,t0),t) E (t,zo,to)
[IpupaBHUBas MpaBbie YACTH, TOTYTUM:
0 | oz Op Ox
e— | == h| +0(e) =¢ == — h+a(e).
ot laf (t,00,t0) O | (4t 20,t0),8) P& | (t,20,t0)

[Momenvm Ha €, yCcTpeMuM € K HYJIIO U BBEIEM CJIeAyIolee 0003HAUEHME:

O

T h.

(t,z0,t0)

y(t)

Mb1 nonyuunmnum, uyro dbyaxuus y(t) yaoBieTBopsier JUHeRHON cucreMe ypaBHEeHU

.o Op
y(t) = D Y,

(m(t7x0,to),t)
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njain

. of
y(t) = 5= y (7)
(z(t,zg,tg),u(t))
C HAYAJBHBIM YCIOBUEM
ox ox o0&
ty) = — = —| h=—=—=h=FEh=h.
y(to) ¢ tomot) o€ |, ¢

Nrak, arobsr Beraucaurs z(t, &, to) = z(t, xo,to) + €y(t) + 6(e) ¢ TounOCTBHIO 10 (), HEOOXOAUMO
pemuTh cucreMy ypasHeHuil (7) ¢ HadanpHBIM ycrmoBueM y(tg) = h. Cucrema (7) HasbBaercs cucmemot
ypasrenut; 6 6aPUAYUAL.

z(t1) +ey(t1) + o(e)

zo +eh + o(e)

T
Cucrema ypasHaennit (7) onpenensier onepatop Ag,, TO €CTh
y(t) = Awoy(to)-
OrmernM HEKOTOpBIE CBOHMCTBA omepaTopa Ay, :
1) Omneparop As, — nuueiinbiii (370 crexyer u3 Buna ypasuenus (7)).
2) Omeparop Ay, — HEMPEPHIBHBIN (3TO CIEAYeT U3 MPEBIAYIIEro CBONCTBA).
3) Omneparop A,, — TOXIECTBEHHBDIA.
4) Hus nobwix t,s,T € [to,t1] BepHo ArsAsr = Ayr.
JIemma 1. ITycmo y(t) — pewenue cucmemor (7), Y(t) — pewenue conpastcénnoti cucmeml

. of*
b= =S @), ult).

Tozda (1(t),y(t)) = const das atobozo t € [tg,t1].

Zoxaszameavcmeo. IlpoauddepeHnppyem cKaasipHOEe TPOU3BEIEHUE TIO ¢:

SEO0.5(0) = GO0 + 0050 = = (G000 ) + (w60, ) =

= (v, 5v) + (w0 5v) =0

9TO paBEHCTBO BEPHO Jis JiI000i BHyTpeHHel Touku. Ha KOHIAaX OTpe3Ka yTBep:KISHUEe JIEMMbI Oy da-
ercs 10 HenpepbIBHOCTHU. JlemMa moka3aHa. O
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2 Bapwmarnuu MakineitHa 1 KOHYC KacaTeJIbHBIX HAMPaBJICHU

2.1 IIpocreiimmue ogHOYIEHHBIE BapUaIuu

B kiaccuyeckoM BapuanumoHHOM ucuucienuu PpyHKuus uw*(t) HasbiBangach Bapuaipeil Gynkuuu u(t) Ha
orpe3ke [to, t1], ecin s HekoToporo € > 0 HepaBeHCTBO |u(t) —u*(t)| < € GBLTO BBINOIHEHO ISt JIF0OOT0
t € [to,t1]. Ucnonb3oBanue Takux Bapuanuii ynmpasienus «(t) BO3MOXKHO B ciaydvae, Korjga U — OTKpBITOe
MHOKECTBO. B 3T0oM ciiyuae npu mMasom € > 0 Bce Bapuaiuu u* (t) He BBIXOIAT u3 MHOXKeCTBa U.

g 3a1a49 ONTUMAJBLHOrO YIPABIEHUS XaPAKTEPeH Caydail, Korma MHOXKeCTBO U — KoMmakT (Ha-
npumep, U = {—1,1}), a rakxe ciydail, Korga onruMainbHoe ynpassiedue uaér no rpauune U. B srom
cllydae UCIOIb30BaHUE KJIACCHICCKUX BApHAIU OKA3BbIBACTCA HEBO3MOXKHBIM, HOCKOIBKY JAXKe IPH Ma-
JIOM BapbUPOBAHUY YIIPABJIEHUE MOKET BLIATH W3 MHOKecTBa, U. Onmirem Apyroii cnoco BapbUpOBAHUS
yTIpaB/IeHus, HAUOOIEe YACTO UCTIOIB3YEMbBIA B TEOPUU ONTUMAJILHOTO yIIPABJICHUS.

ITycrs u(t) — momycTuMoe ympaBiieHHe Ha OTpe3Ke [to,t1] m T € (to,t1) — TOYKA HENPEPHIBHOCTH
dyukuun u(t). Hycrs 0 > 0, e > 0 u v € U. Bpeném obozuauenune J(1,0,6) = (7 — €0,7|. Bynem
rOBOPHUTDH, 4TO ynpasienue u*(t) nosydeno u3 yupasienus u(t) npu noMouu 00HOuAEHHOT 8APUALUY
Maxwetina M(7,0,v,¢), eciu

u*(t) — ,U7 t E J(T7U75)7
u(t), tE€ [to,t1)\J(1,0,¢).
OueBnano, Gynkms u*(t) ABAAETCS MOMYCTAMBIM YIIPABIEHUEM.

ITycrs yupasienuro u(t) Ha orpeske [to, t1] coorBercrByer Tpaekropus (t). Uccienyem, Kak u3MeHuT-
sl TPAEKTOpUd U 3aMeHe yrpasienus u(t) Ha u*(t) ¢ coxpaHeHneM HAYAIBHOIO yCa0BUs. TpaekTopuIo,
COOTBETCTBYIOILYIO yrpasaenuio u*(t) ¢ HadaabHbIM ycaoBueM z*(tg) = xo obosnaunm depe3 z*(t). Ha
orpe3ske [tg, T — £0] BeIMONHSAETCS TOXKAECTBO u* () = u(t), ciaemoBaTesbHO, HA 3TOM oTpe3ke z*(t) = z(t).

JIerko BUIETH, 9TO
-

z*(r) — (1) = / [f(2"(t),v) — f(x(t),u(t)] dt.

T—EO

B o e Bpewms, st Beex t € (T — €0, T| BepHO

() = % (1) + /f(:n*(s),v) ds = z*(1) + a(e),

rae non «e) moHmMaercss DeCKOHeYHO Masas npu € — 0 Besmumaa. OTciofa B CHILy HENPEPBIBHOCTH
f(z,u) cnenyer, uro

f@*(t),v) = f(z"(7),v) = ale).
AHAJIOrMYHO, B CHJIy HENPEPHIBHOCTU 4(t) B TOUKE T MOJLYyIUM:

f(@(t),u(t) = fz(7),u(r)) = ale).

Taxum obpazom,
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CrenoBaresbHO,
z*(r) —a(r) = / [f(@*(7),v) = f(a(7),u(r)) + ale)] dt = eo[f(z*(T),v) — f(x(r),u(r))] + o(e),

oTKyza momydaeM, 9to £*(7) = z(7) + a(e). Urak,

2" () — (1) = eo[f(x(7),v) = f(z(7),u(r))] + 0(e).

Ucnonb3ys nuneiinbiii oneparop Ay, MbI MOxKeM neperectu npupaiienue €o[f(x(t),v) — f(z(1),u(r))]
u3 Touku Z(7) B TOUKy z(t1):

2" () —x(t) = oAy, - [f(2(7),v) — f(a(7), u(r))] + o(e).

2.2 VcaoKHEHHBIE OOHOYJEHHBIE Bapualuu

VeaoRHUM Tenepb KOHCTPYKIIUIO OJHOYWIeHHON Bapuanuu Maxkimeitaa.
ITycrh, kak u pasbliie, u(t) — AOIMyCTUMOE yIpaBjieHHe Ha OTpe3ke [to,t1] u 7 € (tp,t;) — TOUKA
uenpepbiBHoctu byukuuu u(t). [ycrs, kpome Toro, e > 0 u o > 0, v, € U gua k = 1,s . O6o3nauum

Jo=(F—-¢elor+...+05-p41),7—¢€lo1+...+0s5_)], k=1,s—1,

Js = (1 —eoq, 7).

Byunem rosoputh, uro ynpassienue u*(t) nomydeHo u3 ynpassenus u(t) npumenenueM Bapuaiuu Mak-
weitna M (7;01,...,05;01,...,0s;€), €ciu

Vg, te Jg

W= uw), te [to,tll\ijJ1 Ti:

Iycrs z(t) w z*(t) — TpaekTopuu, cooTBeTcTBYyIOIME ypaBaenusm u(t) u u*(t). Ha mpaBom KoHie
orpe3ka Ji, KAK U B CJlydae IPOCTEHIeil OqHOUIEHHON Bapuanum, Oy1eM nMerhb

2 (r—eloa+...405) —z(t—e(lo2+ ...+ 05)) =
=ceo[f(z(t —e(o2+ ...+ 05)),n) — flz(r —e(o2+ ... + 05)),u(t — (o2 + ... + 04)))] + 6(g).

W3 nerpepbierocTn byrkunn f(x,w) n GyHkimn u(t) B TOUKe T momydaem

fla(r—e(oa+...+05),01) = f(2(r),01) + ale)

fle(r—e(loa+...405),u(t —e(oa + ...+ 05))) = flz(r),u(r)) + a(e).

OKOHYATETHLHO TOTyYaeM

z(r—eloa+...405) —x(t —elos + ...+ 05)) = cor[f(x(1),v1) — f(z(r),u(r)] + 6(¢).
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Uccnenyem Teneph mpupalieHne TpaeKTOPUN Ha, TTPABOM KOHIIE OTpe3Ka, Jo.

z(r—elos+...+05) —x(r —e(og + ...+ 05)) =ceor[f(x(r),v1) — f(z(r),u(r)] + o(e)+
T—e(os+...405)

[ e o - S,
T—e(o2+...40s)

Ucnonb3ys wenpepbiaocts Gyukuuit f(z,u), z(t), *(t) u dbyukuun u(t) B TOUKe T, MOSYIUM, AHAIO-
TMYHO CJIy4Yal0 NPOCTEHIeidl OJHOYJIEHHON Bapualuu, YTO

T—e(o3+...405)
[f (2" (8),02) = f(x(t), u(t)] dt = eoa[f(2(7),v1) — f(2(7),u(r)] + o(e)

T—e(o2+...405)

Taxum obpaszom,

z(r—elos+...+05) —x(t —elog + ...+ 05)) =ceor[f(z(r),v1) — f(x(r),u(r)]+
+eoa[f(x(r),v1) = f(2(), u(r)] + 0(e).

IloBTOpsa paccyKaeHue st OTPE3KOB Js, ..., Js, OKOHIATEILHO MOTYyYaeM BbIpAYKEHUE IJIT TTPUpa-
IIeHUsT TPAEKTOPUM B MOMEHT BpEMEHH T:

#(r) —a(r) = ¢ Z il f(2(7), vi) = f(x(7),u(7))] + 0(e) = €€ + d(e),

rae
S

£= S ailf(@(r),v) — Fle(r),u(r)].
i=1
[Tpupamenne B MOMEHT BPEMEHH 1 TOIYIACTCs, KAK U PAHBIIE, IPUMEHEHIEM JIMHEHHOTO oneparopa Ag, -
K [IPUPAIIEHUI0O B MOMEHT BPEeMeHU T:

2 (t) — o(t) = eAy, € + 0(e).

2.3 MHorou/ieHHbIE Bapualuu

[ycrs Teneps My (115071, ..., 0’;1;’1)%, ... :1’;1;5)7 ooy My (1507, ... 00 507, ..., 0] ;€) — OIHOYIEHHBIE Ba-
puanmu Makimeiina, mpuaém to < 71 < ... < T < t1.

Byunem ropoputh, uro ynpassenue u*(t) noaydaercs u3 ynpasienus u(t) IPUMEHEHUEM MHO204AEHHOT
sapuayuu Maxwetina M, cOOTBETCTBYIOIIEH OMHOUTIEHHBIM BapuanuaM My, . .., M,., eciu OHO Moy daercs
u3 u(t) nmocsienoBaTe/bHBIM OpUuMeHenueM Bapuauuii My, ..., M,.

Vccnmenyem npupalnenne TpaeKTOPHHU 11 MHOTOUJIeHHOH Bapuanun. s ¢ = 1,r B caydae, Korma K

VIPABJIEHUIO IPUMEHSIeTCs Wb Bapuaius M;, Oyaem nmern

z* (Tl) — l‘(Tl) = 8& + 5(8),
rie

&= 3 o), v)) - falr),u(r)]
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[Iycts Teneps Bapuatuu My, ..., M, mpuMensioTcs mocneaoBareabHo. [Ipumennm cHavaaa Bapuanmnio My
U nepeHecéM I0JlyYeHHOe IIPUPALIEHe B TOUYKY To — (01 + ... + 05, ):
(e —elo1 4+ ...+ 0s,)) —x(ra —elo1 +...+05,)) = sAT2_E(01+___+032)7T1§1 +o(e) =
= 5AT2T1 £1 + 6(5)'

[Tocnenmee paBeHCTBO cieAyeT u3 TOro (hakTa, YTO, B CHIIy HEMPEPLIBHOCTH omepaTtopa Agr, ,

ATz*E(01+...+052),T1£1 = A, & +ale).
B Touke 1 momyunm

2" (r9) — x(72) = €Aryr &1 +0(e) + / [f(@* (), u* () — f(z(t),u(t)]dt =
re—e(o1+...40s,)

= 5AT2T1 £1 + 552 + 6(5)'

[Ipomonkas mporece, B TOYKE T, MOy IUM
a* (1) —x(ry) = elArn &+ ..+ Arr Gt + &) + 0(e).
Ocraérest mepeHecTH MPUPAIIEHUE B TOYKY t1:
e (t1) —x(t) = elAprn b + ...+ Ay 6]+ 0(e) = ep(M) + o(e),

riae (,D(M) = Atlrlfl + ...+ AtlTrfT'
B ciayuae omHounentoit Bapuanuu BekTop (M) onpenensercs aHaJOTHIHO.

2.4 KoHyc KacaTeJbHBIX HAIIPABJIEHUI U ONepanuy HAJ, BapUAIASIMU

CoBoKymHOCTB BCex BeKTOPOB (M) 17t BCeBO3MOXKHBIX MHOTOYIEHHBIX Bapuanuii M 06o3HaImM 9epes3
K. MuoxkecTBo K Ha3BIBACTCA KOHYCOM KACAMENLHBIT HANPAEGALHUT K MHOKECTBY JOCTHKAMOCTH B TOYKE
.Z‘(tl)

IMokazkeMm, 9T0 MHOKECTBO K NefiCTBUTENILHO ABJISETCA KOHYCOM, 6OJIee TOrO, BBIMYKJIbIM. [Ijis 3TOro
HaM mOTpedyercs BBeCTH Jyis Bapuanuii Maxieiina onepanuy CI0KEHUsS U YMHOKEHUS Ha, IUCJI0. JTU
OTIEPAITUY MBI OMPEIEIUM MOCIE0BATEIBHO JIJI IPOCTEHIITNX OJHOUICHHDIX, YCIOKHEHHBIX OJHOUICHHBIX
¥ MHOTOYJIEHHBIX Bapuaruii MaxkieitHa.

MMycrs M (7,0,v,e), M'(1',0',v',¢") — npocreiimme onHouwnennbie Bapuanuu Maxineiina. Tius onpe-
JenéaHocTr Oyaem cautarh, 9to T < 7. Bapumammio M + M’ onpenenum B ciydae T = T KaK yCIOXK-
HEHHYIO BapHaluio ¢ napamerpamu (7; 0,0 ;v,v',€), a B ciaydae 7 < 7/ — KaK MHOTOWIEHHYIO BAPUALIUIO,
coorBercrByolryo Bapuaism M, M'. TIpu srom B obozuavenusx & = o[f(z(1),v) — f(z(r),u(r))],
& =0o'[f(x(r"),v") = f(z(r"),u(r"))] OBynem umerb B nepBoM ciy4dae

a* () —a(r') =e(§ + &) +ole)
U, c/Ie0BaTesbHO,

z*(t1) — x(t1) = e[Ap, &+ Ay &'+ 0(e) = e[p(M) + o(M")] + o(e),
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a BO BTOPOM CJIy'ae
(') —2(r') = (A 6+ &) + o(e)

U, c/Ie0BaTesbHO,
z*(t1) — x(ty) = e[Ap+§ + Ay €] + 0(e) = elp(M) + p(M")] + ().

Taxum 06pa3oM, B 060UX CIIydasTX

no_ '

(M + M") = p(M) + p(M"). (8)

Ecnu teneps M (7;01,...,0401,...,05;€), M'(7';01,...,0L;v],...,0%;€) — yCIOKHEHHBIE ONHOUIEH-
mele Bapuanumu Maxkmeitna, To Bapuamug M + M' onpepenserca B caydae T = T' KaK yCIOXHEHHAS
BapUALHUS C APAMETPAME (T;01, ..., 05,01, .., 0% V1, ..., Vs,V],...,V5;€), & B cnydae T < 71 — Kak

MHOTOYJICHHAST BapUAIUsA, COOTBeTCTBYIomas Bapuamusam M u M'. CupasemyuBocth pasenctsa (8) B
3TOM CIyvae JIOKA3bIBAETCS aHATOTUTHO.

Haxkonen, mycts M, M' — MHOrO4YJIeHHbIE BApHUAIIMH, COOTBETCTBYIONIUE ONHOWICHHBIM BapPUAIUIM
My,...,M, u M{,...,M],, opuMeHseMbIM COOTBETCTBEHHO B TOUKAX T1,..., Ty L T1,. .., T . MOXKHO cau-
Tarh, 9T0 T =1 u T, =7 A i = 1,...,r, IOCKOIBbKY B IPOTUBHOM CJIy9ae K KAXKION M3 MHOIOYIEHHBIX

Bapualyii MOXKHO JOOABUTH BBIPOYKIEHHbIE BApUaliu (C HYJIEBBIMM MapaMeTpaMu o), MPUMEHsieMble B
Hegocraommx Toukax. Onpenemnm Bapuamyio M + M’ kak (My + M{) +...4+ (M, + M]). B arom ciaydae

S S

P(M + M) = (3 (Mi + M) =D (p(M;) + (M) = Z p(M;) + Z Q(M;) = o(M) + o(M').

i=1 i=1

Taxkum 06pa3oMm, i CyMMbI ABYX BapUAalMii CIPABEJIUBO PABEHCTBO (8).
IMycrs A > 0 u M(7,0,v,6) — npocreiimas ogHo4sieHHas apuanus Makmeiina. Onpeznenum Bapua-
o AM Kak OJHOYICHHYIO BAPUAIMIO ¢ mapaMeTpaMu (7, Ao, v, €). OUeBUIHO, B 3TOM CJIy4ae BBITOJIHSI-

eTCsT PAaBEHCTBO
P(AM) = Ap(M). (9)

Ecim e M(7;01,...,04;01,...,0s;€) — YCIOKHEHHAS OJHOYIEHHAsS BapUalus, To Bapuauio AM ompe-
JIeJTUM KaK OJHOYJICHHYIO BAPUAIIUIO C MapaMerpaMu (T; Ao1, - .., ATs; U1, - . . , Ug; €). OUeBUAHO, pABEHCTBO
(9) BepHO U B 3TOM CiIyUae.

Ecnn, nakonerr, M — MHOTOUIEHHAST BAPHAINST, COOTBETCTBYONIAS OHOWICHHBIM Bapuamnusam My, ..., M,
TO Bapuamuio AM omnpenenuM KaK MHOTOYIEHHY O BAPHUAIINAIO, COOTBETCTBYOMIY IO BapuamusaM AMy, ..., AM,.
Bemonuenne pasencrsa (9) B 9TOM Cilydae TaKxKe OYEBHIHO.

13 cpoiicT onepamnuii HaJI BApUAIMAMA JIETKO BBIBOAATCS CBO#CTBa MHOXKecTBa K. JlelicTBUTETHHO,
ec (M) € K u A >0, to

Ap(M) = p(AM) € K,

nosromy MHOkKecTBO K — konyc. C apyroii CTOpOHBI, OCKOIbKY aist Jiiobbix a, 3 > 0 uz (M) € K u
o(M') € K cnenyer, dro
ap(M) + Bp(M') = p(aM + BM') € K,

TO MHOXKECTBO K SBJISIeTCS BBIMYKJIBIM.
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2.5 PacmupeHHBIIT KOHYC KacaTe/JbHBIX HAIIPABJJIEHUH

Pacmmpum knace paccMarpubaeMbix Bapuanmii. Ilycts Ha oTpeske [to, t1] 33aHO0 TOMyCTHMOE YIPABIEHHE
u(t). Ilycrs Takxke a € R, a # 0 u M — Bapuanus Maximeitna.

B cayuae @ > 0 GymeMm roBopuTh, 4TO ympapieHue u*(t), onpenenéHHoe Ha OTpe3Ke [to,t1 + £a],
nosyyaercst n3 ynpasienus u(t) mpumenenvem Bapuamyn V (M, «), ecin Ha oTpeske [to, t1] ynpaBieHue
u*(t) nonyyaercs u3 ynpasienus u(t) npumenenuem sapuauuu M, a npu t € (t1,t; + a] Bbimonusercs
pasencTBo u*(t) = u(t1). B arom cayuae npu t € [t1,t; + a] BepHO

t

2" (t) = =% (t) +/f(w*(8),14(t1)) ds = ™ (1) + (t — 01) f (2" (t2), u(tr)) + o(e) =

=a"(t) + (t —t1) f(x(t), u(tr)) + o(e).-

Eciu ke a < 0, To Gyzem roBoputhb, 4To ynpasienue u*(t), onpenenénnoe ua orpeske [to,t;], mo-
aydaerca u3 ynpasienus u(t) npumenenuem Bapuauuu V (M, ), ecniu Ha orpeske [to,t1] ynpasieHue
u*(t) momydaercss n3 ynpasienus u(t) npumeHenvem Bapuaiyn M, a nipu t € (t; + £a, t1] BBIMOMHSIETCS
papeHcTBO u*(t) = u(t). B arom cayvae, anamornvno, st t € [t + e, t1]

z*(t) = 2" (t) + (t — t1) f(z(t1), u(t1)) + 0(e).
Takum o6pa3om, B 060uX ciaydasx B TOUKe t] = t1 + ea umeeMm:
z" (1) = 27 (t) + eaf(2(tr), u(tr)) + 0(e) = 2(t1) +e(p(M) + af(z(t1), u(t1))) + o(e) =
=z(t1) + ep(V (M, a)) + o(¢),

rae p(V(M,a)) = o(M) + af (z(t1), u(t1))-

Beenem nns sapuanuit suma V (M, ) onepanuu CIOKEHUs ¥ yMHOXKEHUSA Ha 9uCI0. [IycTh iy, ap —
HeHyJieBble BelecTBennbie uncia, My, Ms — Bapuamuu Makieiina u A > 0. Cymmy Bapuanuii V (M7, aq)
u V(Ms, a2) onpezpenum ciepyommm 00pa3om:

V(My,00) +V(Ms,az) = V(M + M, aq + az).
[Tpoussenenue apuaiuu V (M, ) Ha YUCIO A ONPENEIUM CJIEIYIOMUM 00Pa30M
AV (M,a) = V(AM, \a).
IIpu sTOM O4YeBHIHO, ITO

o(V(Mi,a1) + V(Ma,az2)) = o(V(Mi,ar)) + o(V(M2,az))

e(A\V (M, a)) = Ap(V (M, a)).

MmuozxkecrBo K Bcex BekTopos Buna ¢(V (M, «)) mna sceBoszmoxkubix Bapuanuit V (M, «) asiasgercs,
OYEBHIHO, BBIIYKJBIM KOHYCOM. DTO MHOXKECTBO HA3BIBAIOT PACULUPEHHDLM KOHYCOM KACAMENbHBIL Ha-
npasaenuti K MHOXKecTBY nocruxkumoctu X (t1) B Touke z(ty).
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2.6 Tomosmormueckue pakThI

s nanpHeiero n3yYeHnsi KOHyCa KaCaTeJIbHbIX HAIPABICHUI HAM TOTPEOYIOTCS HEKOTOPbHIE [TOMOJHHU-
Te/bHbIe (DAKTHI U3 TOMOJIOTHHN.

Jlemma 2. ITyemv M C R™ — sunyxaviti komnaxm, f : M — R™, omobpaoscenue f Henpepviero u
xo € int M. ITycmo, kpome mozo, das mobozo © € OM ewnoaneno nepasencmeo ||f(z) — z|| < ||z — zol|.
Tozda xo € f(M).

Joxazamesvcmeo. CHadama pacCMOTPUM MPOCTOH dacTHBIA ciaydait: xg = 0, M = Sr(0), R > 0. [Joka-
JKeM, 9TO CyIecTByer takoe . € Sr(0), aro f(z.) = 0. Paccmorpum orobpakenue: p(z) = ma (x— f(x)),
re Ty — OMepaTop MPOEKTHPOBaHUs Ha MHOXKeCTBO M. TTOCKONbKY omepaTop 7y ¥ OToOpaykeHue f
HeNpepbIBHbI, 0TOOpazkeHune () TaKxkKe HeIpPepbIBHO, Ipu 3TOM OHO AeiicrByer u3 M B cebs. Coruac-
HO TeopeMe Bpayspa, KOTOPOH MBI BOCHONB3yeMca 6e3 0KAa3aTeNbCTBa, 3TO O3HAYAET CYIIECTBOBAHUE
HEMOBUKHONW TOUKH Ty, JJIA KOTOPOH Ty = ().

Ecmu 2. € int M, 10 x, = war (2« — f(24)) TODIA U TONBKO TOTHA, KOTMIA Tx = Tx — f(Z4), TO €CTH
flzy) =0 = 2. Ecm xe z, € OM, 10 ||z. — f(z4)]] < ||2]] < R. Cnenosarensho, z. — f(x.) € M u
(e — f(24)) = 2 — f(24), TO ecThb cHOBA T, — f(T4) = Zw 1 f(24) = 0 = x0.

Paccmorpum reneps obmuit crygait u ceesem ero K gokazannomy. Chaenaem 3aMeny y = & — g, 9TOObI
u3baBUTbCH OT To. Paccmorpum orobpaxkenue p : M — zg — R", 3anannoe dopmyinoii p(y) = f(z) — zo.
910 oTobpaskenue HenpepbiBHO. Kpome Toro, mjs moboro ¢ € M BepHO

1f (@) = || = [|f(z) — 0 — (z — zo)ll = [Ip(y) — yll < llz — 2ol = llyl].

Takum obpasom, mis Beex y € (M — xg) BepHO

llp(y) —yll < llyll-

HocrarodHo 10Ka3aTh, 9YTO CYLIECTBYET Yy, 11t KOTOporo p(y.) = 0. [Tockonbky M — x¢ — BbINyKJIbIi
KOMIAKT, TO Haiizerca takoe R, yro M — xg C Sg(0). Iocrpoum HenmpepbiBHOE B3aMMHO-OJHO3HAYHOE
orobpaxkenue h : M — xg — Sgr(0):

07 Yy = 0
h(y) = v
Ry min{a >0:y € a(M —z9)} unade.
IIycts § = h(y). o nocrpoenunio j mapasienes y. JJOMHOKEHUEM HA MUHAMYM JIO0MBAEMCS B3AUMHOI
OJTHO3HAYTHOCTH.

PaccMoTpum Kommosumuio otobparkernwit p o h™! : Sp(0) — R™. DTo oTo6GpaskeHne HeMpPepLIBHO.
[TpoBepuM BBINOTHEHNE HEPABEHCTBA I MPAHUIHBIX TOYEK:

lpo k=1 (@) — 7l = Ip(y) — 7l < llp(y) — yll + ly — 7l < llyll + lly — 7l = [17]l-

IMocensee paBeHCTBO CIIPABEIIUBO B CUJLY KOJJIMHEAPHOCTH BEKTOPOB J U .
I[To noxkazamHOMY BbIIIe cymecTByer Takoe §x € Sg(0), aro po h1(7.) = 0. B KauecTBe HCKOMOTO ¥y
cnenyer B3ath b1 (y). Jlemma jokazana.
O

CaencrBue 1. ITyemo M C R™ — swnykand xomnaxm, fo : M — R™, omobpasicenue f. nenpepueno
u xo € int M. ITycmw maxorce ewpasicenue f-(x) — x cmpemumea x nyao npu € — 0 pasromepno no
x € M. Tozda cywecmeyem makoe €g > 0, umo das a06oz0 € < €9 6epro xg € f-(M).
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JHoxasameavcmeo. Ilycrs 3 = m(%l]lw ||z — zo]||- Taxk xak xo € int M, To 8 > 0.
rE

B cuny paBHOMEpPHOl CXOZMMOCTH K HYJIO CYIIECTBYET TAKOE IIOTOKUTENBHOE £g, UTO IJIS JIHOOOTO
€ < €p BBINOJIHEHO HEPABEHCTBO max | fo(x) — z]] < 6.
TE

Iycrs & € OM, Torma
1f(2) —2ll < max||fe(z) —2l] < B = min [lz — 2ol < ||z — o]

Jlist 3aBepITieHnsT JOKA3aTeIhCTBA OCTAETCA MPUMEHUTH JIEMMY. O

CaencrBue 2. [lycmo M C R™ — swnykavid xomnaxm, f- : M — R™, omobpasicenue f. HenpepueHo.
ITyemov maxoce P — nenycmoti xomnaxm, eaosicennndi 6 int M, u ewpasicenue f.(r) — x cmpemumcs
K nyato npu € — 0 pasnomepno no x € M. Tozda cywecmsyem maxoe 9 > 0, umo das a06020 € < €
sepno P C f-(M).

[Hoxazameavcmeo. Ananorudno, nycrb 3 =  min ||z — x|, Torna 8 > 0. Pukcupyem TOUKHU T U T.
z€EOM,roEP

[Monb3ysich yKe moKa3aHHBIM ciegcTBueM 1, moaydaeM, uro o € f-(M) u, B custy npousBoJILHOCTH Iy,

P C f.(M). O

2.7 CaoiicTBa KOHyCa KacaTeJbHBIX HAPaBJICHUIl

BepueMcs K paccMOTpeHUI0 MHOXKeCTBA goctukumoctu X (t). i 10Ka3arebeTBa JAJIbHEHRITNX TeopeM
HaM MOTPeOYyeTCs MOHATHE CUMILIEKCA.

IIycts B mpocTpancTBe R™ 3aaHBI TOYKA Ao, a1, - - - , Ap, TPUIEM CHCTEMA, BEKTOPOB
a1 — o, a2 — ag,---,0n — aQ
nuHeliHo He3asucuma. Cumnaexcom S HA3BIBAETCS BBINYKJasd 000MIOYKA conv(ag,ay,. . .,a,). Apyruvmu
CJIOBAMH,

n n
— n ., — —_
S={yeR":y= E Aiag, A 20, E Ai =1}
i—0 i—0
Ymncna \; Ha3BIBAIOTCA OAPUIEHTPUICCKIME KOOPIHHATAMH. Llenmpom cumnierca Ha3LIBACTCS TOUKA, Y
KOTOPOii Bce HApUIIEHTPIIECKHe KOOPAMHATE COBMAIATOT.

O4eBHIHO, 9TO CHMILIEKC HA INIOCKOCTH — 3TO TPEYTrONbHUK, B MPOCTPAHCTBE — MHPAMUIA C TPe-
yFOHbeIM OCHOBAHHEM.

IIpencraBnenne TpOM3BOMLHON TOYKHU I CHILIEKCA S B BHAJIE

n
T = E Aia/ia
i=0

€IMHCTBEHHO B CUJIY JTUHEHHON HE3aBUCUMOCTHU YKA3aHHOM BBINIE CHCTEMBI BEKTOPOB. VI3 3TOTO TIpencTan-
JIEHUsI CJIEJIyeT, 9TO TOYKA CUMILJIEKCA HEITPEPHIBHO 3aBUCUT OT DAPUIEHTPUIECKUX KOODIUHAT.
JlokazkeM Ternepb CIe[CTBUE MPUHAIIEKHOCTH TOYKN T'PAHUIE MHOYKECTBA JTOCTHUKUMOCTH.

Teopema 4. IIycmo (u(t), z(t)), — donycmumas napa 6 3adaue (3) na ompesxe [to,t1] u x(t1) € 0X (t1).
Tozda 0 € OK.
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Zoxasameavcmeo. Ilpennonoxum mpoTusHOe, TO ecTh mycTh O € int K. Torma cymectByer cummiaekc 11
C BEPIIUHAMH g, A1, .- ., 0y € K, Taxkoit aro 0 € II. Kaxkmoit Bepimntae cuMmIiekca a; OTBEIAET COOTBET-
crBytoniaa Bapuanusa Makmeiina M;, mias xkoropoit x*(t1) = z(t1) + €a; + 0(¢). Tak kak mus oboro

a€cll
n
a = ZAiaia
i=0

n
TO TOYKE @ COOTBETCTByeT Bapuamus Maxmeitna M, = > \; M;, nyst xoropoit o*(t1) = z(t1) + ea + o(e).
i=0
Orobpaxenue f. : I[I - R™ onpenenum (opmyioit

x*(t1) — z(tq o(e
fay D) ) L oE)
€ €
Kak Bugso, f.(a)—a crpemurcs K Hyso pasaoMepho 110 a € II npu e — 0. Takum o6pazom, orobpazkeHue
fe YJIOBIETBOpPSIET BCEM YCIOBUSM CJIEJICTBUS 2 U3 JIEMMBI 2.
Bribepem takoe r > 0, uro S,.(0) C intII. Torma mns Hekoroporo €9 > 0 u Bcex € < €y BEpHO
Sr(0) C f-(II). Buagur, gusa gwo6oro a € S-(0) cymecrByer Bapuanus Maximeitna M (@), Takas 910
o t(t) —x(t)
G=———""———"
€0

wim x*(t1) = z(t1) + goa. CnemoBarensHo, x(t1) + €S, (0) C X (t1), 9TO MTPOTUBOPEUNUT YCIOBHUIO. O

Beprémcst kK pacimperHoii 3a1ade onTuMabHoro yrpasiaenus. Obo3uaunm yepes C u C' coorBer-
CTBEHHO KOHYC KACATEIbHBIX HAIPABIEHUN M PACIIMPEHHBIN KOHYC KACATEIbHBIX HAIIPABICHUN JJI PAC-
IIUPEHHON 3a1a4u.

Teopema 5. ITycmo Z(t) — onmumasvras mpaexmopus pacuuperhot 3a0awu, coOMEemcmeyouLas on-
mumarvromy ynpasaenuto u(t). Tozda ompuyamenvnoe nanpasaenue ocu 0 ne codepoicumes 6 int C.

Joxaszameavcmeo. O6O3HAUNM Yepes Y OIepaTop IPOeKTHPOBaHUs BI0b och 0. Oneparop Y JeiicTByer
o IPABUITY
x(ao,a1,...,ax)T = (0,a1,...,a,)7.
0603HaumM 1epes | orpunarensaoe Hampasiaenne ocu x°. [Ipeamonoxmy, uro | C int C. B R" BoiGepem
cuvmrexe T, ¢ EHTPOM B HYJe U BEPIIMHAME Ay, . - . , y. s h > 0 pacemorpum cummmexe T ¢ Bep-
mmaaMu by = (—h,a0)?,...,b, = (=h,a,)T, nomyaennsrit u3 cuMmaexca T}, TapasTe bHBIM TEPEHOCOM
B HAITPABJIEHNN OTPUIATEIbHOM moayoc z° Ha Besmmauny h. Kax BIHIHO, BCe TOUKH b; IMEIOT HEHYJIEBYIO
KOOPIMHATY b? = —h u a; = x(b;). Kpome Toro, mjis 10CTaTOYHO GOMBIIOrO A IOy UM Té‘ cintC.
st m06o# TOYKU @ u3 cuMIiiekca T, CpaBeminBO MpeICTaBIeHue

n
a= E i@,
=0

rme A\; — OapHUIeHTPUIECKHe KOOPAMHATHI TOUYKHA a. Touka a € T, sABIsIeTCss IPOeKIneil TOUKn

b= zn: Aibi
=0
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u3 cnummekca TP, JIms ka0l BeprmuHEI b; BLIGEpeM TaKyl0 DaCIIHpeHHylo Bapmarmio Maxmeifma
V(Mi,ai), q9To
bi = o(V(M;, ;).

Torma

b= Nip(V(M; ;) = (Z iV (M;, ai)> :

i=0 i=0

Takum 06pa3oM TOYKE G MOCTABIEHA B COOTBETCTBUE BaPUAIIs
n n n
V(M,a) =Y \V(Mj,a;) =V (Z AiMiazAiaz) :
i=0 i=0 i=0
Komer tpaekropuu coorBeTcTByIOmeH Bapuaiuu V (M, ) 3amuChIBATCS B BUIE
Z*(t7) = Z(t1) + eb + o6(¢e).
Torma orobpaxkenue . : T, = R™, 3amantoe hpopmyioi

o(a) = X (1) — 3(0) = a+ 22,

OTIPEIEJICHO I MAaJIbIX TOJIOXKUTEIBHBIX €, HENPEPLIBHO, U BbIpaxkenue [:(a) — a cTpeMuTcs K HyJIO
pasuomepuo no a € 1), npu € — 0. Ilo caexgcrBuo 1 w3 eMMbr 2, IPYA TOCTATOYHO MAJIBIX € BBITOJTHEHO
0 € B.(T,). Takum obpasom, naiinérca Takas sapuauus V (M, ), 9T0 COOTBETCTBYIOMAsA TPACKTOPHs
Z*(t) ynosnerBopser ycnosuio X (Z*(t1) — Z(t1)) = 0. IIpu srom pasnocrs

o 0(t7) — 2°(t1) = —eh + 6(e)

OpPU JIOCTATOYHO MAJIOM € OTpHuaTesnbHa. IlocienHee MpOTUBOPEYNUT ONMTHMATIbHOCTH Tapbl (Z(t), u(t)).
Teopema mokazana. O
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3 IIpuanmn makcumyma

3.1 Ilpuniun mMakcumMyMma AJd JUHAMUYECKON CUCTEMBI

Bepuémcs k paccmorpenuto cucrembl (3). Beeném dbyunkuuo Tamunbrona

H(:IZ,’QZJ,U) = <¢7f(w7u)> = Z%fz(%@

1 0003HAYUM
M =max H(x V).
velU ( ’ ,(/}’ )

Teopema 6 (mpunIun makcumyma). ITyems (u(t), z(t)) — donyecmumas napa 6 3adaue (3) na ompesre
[to,t1] u z(t1) € OX (t1). Tozda cywecmsyem makaa dynkyus ¥(t) # 0, wmo

¥ =- aH(gf’U) ‘ e=a(t) _%J;* (@(t), u(t))y
u=u(t)
H(x(t), (1), u(t)) = M(x(t), ¢ (1)) (10)

oas mobozo t € [tg,t1]. Kpome mozo,
M (t) = const (11)

6ctody wa ompesxke [to,t1].

Joxazameavcmeo. W3 yenosus z(t1) € OX (t1) u Teopembt 4 umeem, aro 0 € 0K . Takum 06pa3oM, KOHYC
K we 3amonHseT Bcero mpocTpaHcTBa R™ u, clieoBaTeIbHO, CYIIECTBYET OMOPHAsT THUIMEPIIOCKOCTh K
konycy K B ero Beprumue. Ipyrumu cioBamu, cymiecrByer takoe & € R™, & # 0, aro ans maoboro y € K
BoinosaeHo (y, £) < 0. B kagecrse dyukuuu 1 (t) Bo3bMEM pernenue ciepyomeii 3agaaun Komu:

_Of (x(t), u(t))

Y1) =¢

IIycrs 7 € (to,t1) — TOUKa HenpepbiBHOCTU yupasienus u(t), a M(r,0,v,¢), tne 0 >0, >0,v e U —
omHOYIeHHAsa Bapuanms Maxkimeitna. Torma BBIIOTHEHO

2" () — (1) = eo[f(x(7),v) — f(z(7),u(r))] + 0(e).

(5

CocraBum cucremy:

WONIACORICTY

y(r) = of(z(7),v) = f(z(7), u(r))] = y-
Touka y(t1) = A¢,+y(7) nexur B K, mosromy

(y(t1), &) = (y(t1),¥(t1)) <O.

ITo memwme 1, (y(t),1(t)) = const Ha orpeske [, t1]. Takum obpasom,

(y(1),9(7)) 0.
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IMoncrapmsisi crofa BhIpaykeHue st y(T), TOIyIuM

(of(x(1),v) = f(z(r),u(r))], 9 () <0,

ninm

Taxkum obpasom, mst awoboro v € U

H(z(7),¢(7),v) < H(z(1),%(7),u(r)),

YTO 03HAYAET BhIMOMHEHNE paseHcTsa (10). s Touek pa3pbiBa ynpasienus pasenctso (10) mokasbiBa-
eTCs IPEAETbHBIM IIePEXOI0M.
Hokaxkem remeps Bbinonaenne paseHcrsa (11). Pasercrso (10) o3nagaer, 4ro Ha oTpeske [tg, t]

(f(@(t), u(t)), (1)).

Hoxkaxkem cHauasa HenpepbiBuocTh byukuuu M (t). Iockonbky byukuuu z(t), ¢¥(t), u f(z,u) wenpe-
PbIBHBI, a ynpasienue u(t) KyCOuHO-HENPePbIBHO ciieBa, 10 Gyukuusa M (t) TakkKe KyCOYHO-HENPEPBIBHA
cJieBa, IPUIEM BCE €€ TOYKM Pa3PhIBa COBIIAIAIOT ¢ TOUKAMU Pa3pbiBa yrpasienus u(t). [Iycts 0 € (to, t1)
— Touka paspbiBa u(t). Joxkaxem, uro M (0 — 0) = M(6 + 0).

U3 pasencrsa (10) caeayer, uro

=
=
I
=
8
Piy
N
<
—~~
N
<
=
I

M6 —0) = M(0) = H(x(0),4(6),u(0)) > H(x(0),4(0),u(d +0)) = M(6 +0).

Paccmorpum renepsb nocie0BaTeIbHOCTD TOY€EK T;, Ajisg KOTOpoit 7; — 040 npu i — 0o. I3 npunmnuna
MaKCUMyMa CJIe/lyeT, 9YTO

M(r;) = H(z(7:),¥(7:),u(r)) > H(z(r:),¢(7), u(6 - 0)).
Verpemsisi Terepb ¢ K OECKOHEYIHOCTH, TTOJTY 9UM
H(x(0),¢(0),u(@ +0)) > H(z(8),¥(6),u(d —0)),

TO eCTb

M@ +0)> MO —0).

13 neyx mepasencts cieayer, 4ro M (0 +0) = M (0 —0).

IMTokazkem Tenepn, uro M (t) = const Ha s060M yuyacrke HenpepbiBHOCTU ynpasienus u(t). Jokaza-
TEIHCTBO TEOPEMBI OyIET TEM CAMBIM 3aBEPIIEHO.

Iycrs to < t2 < t3 < t; m ynpasienne u(t) HempepbIBHO Ha nHTEpBaJe (to,t3]. IlycTh, Kpome Toro,
To,T1 € (t2,t3). VI3 npuHIUNa MAKCUMyMa BLITEKAET BBHINOIHEHUE CJIELYIOMINX JIBYX HEPABEHCTB:

H{(x(10), ¥ (10), u(70)) — H(2(70), ¥ (70), u(71)) > 0

—H(z(n), (), w(n)) + H(z(n), (1), u(m)) < 0.

[TpuGaBuM K 00EUM YACTAM KaXKIOTO HEPABEHCTBA Bhipazkenue M (11) — M (1), yuuTbiBas, 4To

M(m) = M (7o) = H(z(11),9(m1),u(m1)) — H(2(70),¥(70), u(10))-
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Takum 06pazoM, TMOLY UM

H(x(m1),9(n1),u(m0)) — H(2(10), ¥ (70), u(70))

< M(m)-
— M(Tg) < H

(x(71), ¥ (1), u(m)) = H(2(10),¢(70),u(n1)).  (12)

Paccyvorpum mpounssBoamyo

d

0
S H (1), (1), u(r)

|+ .00,

*
v () 1
t=r1 Ox
Ionenum Bee Tpu wacTu ABOMHOTO HepaBeHcTsa (12) Ha 71 — Tp. I3 moCIeqHETO PABEHCTBA CIIELYET,
410 HepaseHcTBO (12) npumer Buz

t=r1

Jlerko Bumerh, 41O

d

of
S H (1), (1), u(r)

:f%

t=1

=0.

t=r1

a(m — 1) < %ﬁj(m) < B(n — 7o),

rae a(t), B(t) — 6eckoneuno masbie npu ¢t — 0. VI3 910ii ouenku Boirekaer quddepeHuupyeMoctsb QyHK-
muu M (t) v paBeHCTBO HyJIO €6 MpOM3BOJHON Bciomy Ha (f2,t3). DTo o3Havaer, yro M (t) = const Ha
(t2,t3), a 3nagur, u Ha (ts,t3]. Teopema nokazaua. O

3.2 3agauya c 3aKpeIIEHHbIMU KOHIIAMU
PaccmorpuM Teneph 3a1a4y ONTHMABLHOTO yTpaBiIeHus, B Kotopoit My = {zo}, My = {x1 }:
&= f(z,u), uelU
z(to) = wo, z(t1) = 1
(13)

ty
J = %z,u)dt — min
/f ( ) u(-)EDy
0

Beeném obo3HAUCHUS

g‘f(:ﬂ,’(ﬁ,u) = <f($7u)v'¢~}> = '(/}Ofo(wvu) + H(:IZ,’QZJ,U)

n
Mz, §) = max3((a, §,v).
O4eBuHO, 9TO IPU ITOM
P
A

Teopema 7. ITycmv (u(t),z(t)) — onmumarvras neapa 6 sadave (13) na ompesse [to,t1]. Toeda cywe-
emeyem pewenue Y(t) Z 0 pacwupennoti conpancénnoti cucmems, 048 KOMOPO2O

1) evinoanen npunyun maxcumyma: Yt € [to, t1]
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2) B NOAHEHD, COOMHOWEHUA

Yo(t1) <0, (15)
M(z(t), $(t)) =0, (16)
3) eciody na ompeske [to,t1]
1o(t) = const (17)
M(z(t),(t)) = const (18)

Joxazamesvcmeo. O60o3HAYIMM Uepes | oTpUIATETbHOE HaIlpaBieHne och y°:
I={2€E":2=(-\0,...,00", A > 0}.

B cuiy Teopemst 5, | ¢ int C. Torna, mo Teopeme 06 OTIEIMMOCTH, HAILIETCS TAKOM BeKTOp f € Ertt,
910 JuIst MO6Oro z € | u mo6oro §j € C' BBINOTHAIOTCS HEPABEHCTBA (2, f) 0u (7, f)
B kauecTBe pyHKIUN z/)( ) BbiOupaem pernenue 3aaa4u Komu:

< OH -~
t) = —=—
§) = -5
P(t) =¢
JoxkazareabcTBo paBeHcTBa, (14) TPOBOAMTCS AHAJIOTUYHO I0KA3aTENLCTBY pasencrsa (10) B Teopeme 6.
Jlna nokasaTeabcTBa HepapeHcTBa, (15) moctarouno 3amernth, uto z = (—1,0,...,0)7 € [ u, ciemo-
BATENBHO, . .
—to(t1) = (2,9(t1)) = (2,8 2 0.
Paccemorpum Bektop of (z(t1), u(t1)) € C. Tlockombky 9)(t1) = €, To
aM(z(t1),(t1)) = (af (x(t), u(t)), (1)) <0
[Tpon3BOMBHOCTH 3HAKA (v TOKA3bIBAET paBeHCTBO (16).
Coornomtenre (17) ciemyer u3 paBeHCTBA
. OH (2,1, u
PR/ U
x
HokazarenbcrBo cooTHomeHus (18) NpoBOAUTCA AHAJIOIMYHO JOKA3aTeNbCTBY cooTHOmmenus (11). O

B ciyuae 3agaau 6uicrposeiicrsus (5) umeem fO(z,u) = 1 u, ciegoBaTenbHoO,
f}f(l‘, ¥, ’LL) =to + H(l‘, Y, u)a
[TpuHONT MaKCHMyMa B 3TOM CJIydae PUHAMAET CIeIyIOmIni BUI;:

Teopema 8. ITycmo (u(t),z(t)) — onmumasvnas napa 6 sadaue (5), mozda cywecmeyem peweHue
Y(t) Z 0 conpascénnoti cucmemnvs, daa Komopozo 6clody na ompesske [to, t1] 6BINOANAIOMCA COOMHOWEHUSA

1) H(x(t),¥(t), u(t)) = M(x(t),¥(1)),
2) M(x(t),(t)) = const >0
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3.3 3agauya ¢ MOABU>KHBIMI KOHIIAMI

st (popMyIMPOBKY U PELIeHNs TabHeHAINX 3a/1a4 00 OTBICKAHUN ONTUMAJIBHLIX yIIPAaBIeHUH HaM OyayT
HEOOXOIUMBI HEKOTOPBIE TEOMETPUIECKUE TIOHSITHSI.

Mycrs f(z) = f(x1,-..,Tn) — OelCTBUTEIbHO3HAYHAS CKAJIADHAA (YHKIM, 3aJaHHas Ha 001acTh
G eskymzosa npocrpancta X . Eciu dyukuus f(x) umeer B G mepBble 4aCTHBIE TPOU3BOJHBIE TI0 BCEM
[IepeMeHHLIM, TO B KaxKJI0i Touke x € (G onpeneseH BEKTOD

o af \"
grad f(z) = <8—a{1”8—w];> ,

HasbIBaeMblii 2paduenmom byukumn f(z).

MuoxkecrBo S = {z € G : f(x) = 0} Ha3bBaercs zunepnoseprrocmsvio mpocTpancTsa X . Bynem
Teneph CYUTATH, 9T0 (BYHKIWs f(T) NMEEeT HEMpPEPHIBHBIEC YACTHBIE MPOU3BOIHBIE O BCEM MEPEMEHHBIM.
Touka = € S, yJI0BIETBOPAIONIAA COOTHOLIEHUSIM

Of(x) _ 0f(x) Of (x)

_— =, = ——— = 0
61‘1 61'2 al‘n ’
Ha3bIBaeTCs 0coboii Toukol runepnoBepxuoctu S. [Ipodre TOYKH THOEPIOBEPXHOCTH HA3BIBAIOTCI €€
HeoCcoObLMYU TOIKAMHU. | MIepIOBEpXHOCTh HA3BIBAETCS TVIAIKON, €CIM OHA HEe MMEeT OCOOBIX TOYeK. Bce
TUMIEPTIOBEPXHOCTH, PACCMATPUBAEMBIE B TAJIBHEUIIIEM, TTPENOIAral0TC TIAIKAMUA.
Ecmu dbyuknus f(z), 3a0a100a5 THIEPIIOBEPXHOCTD S, TUHEHHA, TO €CTh UMEET BH/L

fl@)=a1z1 + aszs + ...+ anz, + b,

10 S Ha3bIBaeTcs 2unepnaockocmsyro. QUeBUIHO, 9TO OHA OyIeT DJIAJAKOM TOrIA U TONBKO TOTIA, KOIJa
cpenn Ko3pDUIMEHTOB a1, .. .,a;, €CTb HeHyJeBble. IIpy n = 2 TUOepIIOCKOCTH IMPEICTaBIsSeT CcODOit
MPSIMYIO Ha, TJIOCKOCTH, & TIPU 7 = 3 — TIJIOCKOCTH B TPEXMEPHOM TTPOCTPAHCTBE.

IMycth o — TpoOW3BOJbHASA TOYKA TIAAKON rumeprosepxuoctu S. Bekrop grad f(xo) maswiBaercs
HOPMAALHOLM BEKTOPOM (HJIM IIPOCTO HOPMAJIbIO) K TUIEPIIOBEPXHOCTU S B TOUKe To. B ciydae runep-
IJIOCKOCTH HOPMAJIM BO BCEX TOYKAX COBIIAJAIOT, TO €CTh MMEETCs €JMHCTBEHHBIM HOPMAJIBHBIA BEKTOD
(a1,as,...,a,). [unepILIOCKOCTH OJHO3HAYHO OIPEAEIISETC 3a/aHUeM HOPMAJIKM U OJHON TOYKHU, IPUHA/I-
Jexkareit 3ro# runeprockocTu. Ecan S — rmagkasi rUMEPIOBEPXHOCT W Ly € S, TO HMEPTIOCKOCTD,
IPOXOISANIAs Yepe3 Lo U umeromas Bektop grad f(xo) cBoel HOpMAIbIO, HA3BIBACTCA Kacameavnol zunep-
NAOCKOCMbI0 TUTIEPIOBEPXHOCTH S B TOUKE Ig.

IIycrs remeps Si,S2,...,Sk — MNIaJKWe MHOEPIOBEPXHOCTH, 3aJaHHbIE B MPOCTpaHCTBE X COOTBET-
creenno ypasuenusivu fi(z) = 0,..., fr(z) = 0. Ilepeceuenue stux runepnosepxuocreit M = ﬂle Si
HasbBaerca (n — k)-meproim 2aadkum mnozoobpasuem B X, ecau mjis Kaxkaoh Touku x € M BEKTO-
por grad fi(z), ..., grad fr(z) nuneiino HesaBncumbl. Ecin Bee S; SIBASIOTCS TUTMIEPIUIOCKOCTSIMA, TO M
Ha3bBaeTcs (n — k)-MepHOil TIOCKOCTHIO.

IMMycrs M — rmankoe (n — k)-meproe muoroobpasue, u nycrb € M. O6o3nauum uepe3 L; kaca-
TEJbHYIO TUIEPILIOCKOCTH K runeprnoBepxuocru S; B Touke x, viae 1 < i < k. [lepeceuenne KacarerbHbIX
runepiiockocreit ' = ﬂle L; nazbiBaercs xacameavnoti (n — k)-meproti naockocmsvio Kk MHOroobpa3uio
M B TOUKE .

Termepb paccCMOTPUM 331a9y OMTHMAJJIBHOTO YIPABIEHUS C TTOJBUKHBIMA KOHIIAMU:

&(t) = f(x(t), u(t))
.Z‘(to) S S(), .Z‘(tl) S Sl

i (19)
tf FO>z(t),u(t)) dt —s U(Tei% )
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Bnech Sy m S; — TIagKMe MHOrOOOpasus Pa3sMepHOCTEe rg W 7| COOTBETCTBEHHO, NMPUYEM g U T'q
crporo Mmenbine n. Ecim oba MHOrooOpasms BBIPOKIAIOTCSI B TOYKH, TO 337a4a IPEBPAITAETCI B yiKe
PACCMOTPEHHYIO 33184y C 3aKPEILTEHHBIMA KOHIIAMH.

Ecmm 661 TOukW 19 W 71 OBLIM M3BECTHBI, TO MBI WMEIW OBl 33139y C 3aKPEMJICHHBIMA KOHIIAMHU.
[Mostomy ympasierue u(t), ONTUMAILHOE B CMBICIE 33Ja9U C MOIBUKHBIMUA KOHIAME, ONTUMAJILHO U B
MTPEsKHEM CMBICIIE, TO €CThH MPUHIWN MakcuMmyma [TorTparura octaercs B cue. OOHAKO B JAHHOM CIydae
HAM HEOOXOJIWMBI €I1é COOTHOIEHHUs, U3 KOTOPBIX MOKHO OBLIO ObI ONPENETUTh TIOMOKEHUST TOUEK Lo H
21 Ha MHOrOOOpasusx So u Si. g 3Toro OyaeM UCnoNb30BATh YCIOBHS TPAHCBEPCATHLHOCTH.

IIycrs 2o € Sp, 1 € S1, a Tp u T} — KacaTeabHbIE ILJIOCKOCTH Pa3MEPHOCTE 7o U 1 MHOrooOpas3ui
So m S, TpOBeNEeHHbIe B TOYKAX Xo M &1 coorBercTBeHHO. IIycrh, namee, (u(t), z(t)), roe t € [to,t1], —
ONITUMAJIbHAS MApa 381891 C 3aKPEIJIEHHBIMU KOHIIAMEA Lo U X1, & 1) () — BEKTOD, ABJIAIOIIAICS pElIeHneM
COIIPSI?KEHHOI'O ypaBHeHus (CyLIeCTBOBAaHME DeIleHus 1oKa3biBaercs B Teopeme 7). Torma Bekrop 1(t1)
YJIOBJIETBODSIET YCAOBUIN0 MPAHCEEPCAALHOCTIAY HA TIPABOM KOHUE Tpaekropuu x(t), ecau Y(ty) LT . Nnage
rOBOPsi, yCJIOBUE TPAHCBEPCAJIbHOCTH O3HAYAET, YTO M1 J1I060ro Bekropa 3 || T, BBIIOJHEHO COOTHOIIEHUE
(¥ (t1),8) = 0. AHaIOruuHO ONpeEIEIAeTCs yCIOBUE TPAHCBEPCAIHLHOCTH Ha, JIEBOM KOHIIE TPACKTOpUH X (t).

VYeoBust TPAHCBEPCATHLHOCTH TTO3BOJISIOT HATIMCATD T'g + 71 COOTHOIIEHUH, BKIIOYAIOIIAX KOOPINHATHT
KOHIIEBBIX TOYEK To M T1. A TAK KAK YUCIO HEM3BECTHBIX MAPAMETPOB MO CPABHEHUIO C 3aJa49eil ¢ 3aKper-
JIEHHBIMW KOHIAMH TAKYKe YBEJIUIUIOCH HA T'g + 1, TO BMECTE C IIPUHIAIOM MAKCHMYyMa yCIOBUS TPAHC-
BEPCATBHOCTH 00PA3y 0T JOCTATOYHY0 CHCTEMY COOTHONIEHWH JJIsT PEIIEHNs] IIOCTABIEHHONR ONMTUMATBHOR
347297 C TIOABVKHBIMA KOHIIAMHA. Terneph, HAKOHEI, MOKHO ¢(hOpMYIUPOBATH TPUHIAT MAKCAMYMA, JIJIsT
347497 C TIOABVKHBIMA KOHIIAMM:

Teopema 9. ITycmo (x(t), u(t)) — onmumanrvnas napa 6 zadave (19). Toeda cyuecmeyem maxoti 6exmop
P(t) # 0, asaarowutica pewenuem YpasHeHus

YIMO CNPABEIAUBDL CACOYULUE YMEEPHCICHUA:

1) dan ar0bozo t € [to,t1] évnoaneno
H(a(t), (1), u(t)) = M(z(t), $(t)),

2) o(tr) <0, M(x(t1),d(t1)) = 0, ¢ho(t) = const,
3) ¥(t)) ydosaemeopaem Yca068UI0 MPAHCBEPCAILHOCTIL HA, NPABOM KoHue, a P)(ty) — Ha Lesom KoHue.

[Ipumem 31y Teopemy 6Ge3 m0Ka3aTEIHCTBA.

3.4 3agaua ¢ HEaBTOHOMHOM CHCTEMOIi

Tenepb pacCMOTPUM 33Ja4y C HEABTOHOMHOM (TO €CTh SBHO 3aBUCAIIEH OT t) CUCTEMOI:

&(t) = f(z(t),u(t), t)

z(to) = o
2(tr) = o (20)
t{ FO(z(t), u(t), t) dt — u(I.gleil})U
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Bpewms tg B Heil npeamoaraeTcst 3a0aHHBIM, a £ — UCKOMOE BPeMs POXOXKIEHUsT 4epe3 TOUKy x1. CBemem
3Ty CHUCTEMY K aBTOHOMHOMY CJIy4alO, BBe/d JONOJTHUTEIbHYIO KOODIUHATY Tpi1:

Ckn—i-l (t) = 1, Tn+41 (to) = t().
O‘IGBI/I,ILHO, Tp+1 = t, TMO3TOMY Temneph Hallla CUCTEMa MOXKET OBITH 3aIMKUCAHA B crenyrmeM aBTOHOMHOM

BHJIE:

Gt () = 1.

{ i(t) = flz(t),u(t), Tpp1),

Bsenem crmenyromme 0603HATEHMSA:

ot = (w,an)”, = ADT, ah = (@lte), wnga (t)” = (wo,t0)”,  (@(t1), znga(t1)" € Si,

rae S; — mpsamas, mpoxofamas depes (21,0)7 mapannensuo ocu T, 1. TakuM 06pa3zoM, MbI HOTYIHIH B

(n + 1)-MepHOM HPOCTPAHCTBE y¥Ke PACCMOTPEHHYIO 3a/a4y C NOJABUXKHBIMU KOHIIAMU:

&*(t) = f*(z*(t),u(t))

z*(to) = x5

z*(t1) € S1

t{ fo(x(*t),’u,(t)) dt — u(rglelILI)U

ConpsizkeHHBIH BeKTOD 1)(t) 11 3TOH 3a0a9u BHIYUCAACTCS TIO (hopMyIaM:

2 OH™ OH
djz(t) - Ba:l n _8xi’

i=0,1,....n

OH*  0H = Of°

¢n+1(t) = _axn—‘rl - _W - . ot

Ya-
Boriscanm, 9To m3 cebst mpeacTaBisieT IPUHITAI MaKCHMyMa, [ MoaydeHHo# 3amaqdn. Ee dyukmns
FamunbToHA UMEET CAemayIomui BU/I;:

F(t, 2™ (), 0 (1), u(t) = Yo fO + Vrf! + .o U f" + Ypgr - 1= H(t,z(t), 0(), u(t) + Vi

[Tosromy

N (8, (1), B(0) = max 36 (¢, 27 (1), D), 0) = M, 2(0), $(8)) + Yt

Taxum 06pazom, coorromrerme H* (¢, z*, 1), u) = M*(t, £*, 1)), BBIIOTHSIONIEECS BIOIh ONTHMAILHOMN Tpa-
exropuu, npuaumaer sug H(t, z, 0, u) = M(t, z, 1/;) — 9TO NPUHIUI MAKCUMYMa W3 MPEIbIAYIel 3a1a49u.

Yenosue TpaHCBEPCATBHOCTH Ha IPABOM KOHIIE TPACKTOPHU O3HAYAET, 4TO IpAMas S, MapasulelbHas
OCH Ty41, OpTOroHasbua BekTopy (1 (t1), ..., Wnt1(t1)), TO ectb 41 (t1) = 0. Kpome toro, g (t1) < 0

no reopeme 9, a yciaosue M* (¢, x,1)) = 0 u3 Toil Ke TeOpPEeMbI MTPEBPAIIACTCS B YCIOBUE

M(t7 l‘(t), &(t)) = _¢n+1 (t)

BekTop t)(t) OTIImden OT HyIst, TOCKOMBKY BEeKTOD 91 (1), . .., 1 () He sSBISETCS HYTEBBIM.
Takum 06pa3om, I0Ka3AHA
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Teopema 10. ITycmo (x(t),u(t)) — onmumasrvras napa 6 3adave (20). Tozda cyuecmeyem maxoii éex-
mop Y(t) Z 0, asaarowuiics pewenuem ypasHenus

YIMO CNPABEIAUBDL CACOYULUE YMEEPHCIEHUA:

1) dan at0bozo t € [to,t1] evnoarero
H(t, 2 (1), D (t), ult)) = M(t, 2(t), (1)),
2) to(t1) <0, M(tr,2(t1),4(t1)) = 0, o (t) = const,

8) M(t,x(t), D) = [ 3 L4, dr.

to a=0

Paccvorpum Temeps HEABTOHOMHYTO 3a70a4y C YCIOBHEM, 9TO BpeMs t1 3aJaH0, TAK 9TO Bpems t1 — to

3aKPeILIEHO.
#(t) = f(2(t),u(t),?)
.Z‘(to) =2y
z(t1) = x1, t1 HUKCHPOBAHO (21)
t1
0 d min
I ), 0t — min

Permerre 310it 331891 TPOBOIUTCS IO aHAJIOTWY ¢ Tpeabiayieii. CHOBa BBOAWM JOTOIHUTEIBHYIO TIEpe-
MEHHYIO Tp+1, U3MEHSAIONIYIOCA IO MPABUIY:

Tpp1(t) =1, @pya(to) = to-
[MepenuceiBaeM crcTeMy B ABTOHOMHOM BHJIE, IIPH 3TOM IIPABOE TPAHUYHOE YCJIOBUE IPHMET BT
(x(t1), Ty (t1))" = (21, 81)".

Temeph MOMEHT BpeMeHHM t; MOXKHO YK€ He CIYUTATh (PUKCHPOBAHHBIM, TAK KAK B CHJIY MPABOrO IPAHUY-
HOT'O YCJIOBUA MONAJAaHNE B TOYKY (wl,tl)T MOXKeT TIPOM30UTH TOJIBKO B MOMEHT BPEMEHU %1, U MOTOMY
npuMennMma, Teopema 10. Takum oOpa3om moKa3aHa

Teopema 11. ITycmo (z(t),u(t)) — onmumasvnas napa 6 sadave (21). Tozda cywecmeyem makoii cex-
mop P(t) Z 0, A6AAOUUTICA PEUWEHUEM YPABHEHUS

YMO CNPABEINUBDL CACOYIOULUE YCAOBUSA:

1) dan a0bozo t € [to,t1] évnoaneno
H(t, 2 (1), (1), ult)) = M(t, 2(t),$(2))

2) o(t1) <0, 1o(t) = const
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AnanornasbiM 06pazoM HOPMYINPYETCsT TEOpEMa IJist 3341 C 3aKPETJIEHHBIM BPEMEHEM U TTOJBUK-
HbIMA KOHIaMH (z(tg) € So, x(t1) € S1), MuIb 106aBISETCS TPETHIA IYHKT: 1)(f1) yIOBIETBOPSET YCIOBHIO
TPAHCBEPCAIBHOCTU Ha, IPABOM KOHIIE, a 1 (fp) — Ha JeBOM.

Hakomer, paccMoTpuM 3aa4dy €O CBOOOAHBIM MpaBbiM KOHIOM (z(t1) € R™) 1 3aKperjieHHbIM BpeMe-

HEM: z(t) = fz(t), u(t),t)
ffl(tO) =z .
0 .
t{ FO>z(t),ult), t) dt — in

BHOBb TOYHO TakuM Ke 00Pa30M BBOIUM MEPEMEHHYIO T,11 W CBOJUM K ABTOHOMHOI 3aJade C Io-
nBUKHBIM (y2Ke He cBOOOAHBbIM!) NPaBbIM KOHIOM. YCJIOBHE TPAHCBEPCAJIBHOCTH B 9TOM CJIydae IPUMET
Bug ¥(t1) LR™, orkyna cieayer, aro 1(t;) = 0. U3 ycioBus 1/;(t) # 0 nosyyaem rorza, 4o g (t;) < 0.
Mozxkuo cuurarb, uro o (t1) = —1. Takum obpa3om, cupasemiusa

Teopema 12. ITycmo (2(t),u(t)) — onmumasvras napa 6 3adave (22). Tozda cyuecmeyem maxoii ex-
mop Y(t) Z 0, Asasowulica pewenuem YpasHeHUs

YMO CNPAsedAUBsL CALOYIOULUE YCAOBUA:

1) dan a0bozo t € [to,t1] évnoaneno
H(t, o (8), (), u(t)) = M(t, 2(t), (1))

2) ¥(t) = (-1,0,...,0)7.
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4 JlocTtaToO4YHBIE YCJIOBUA ONTHUMAJbHOCTHU

4.1 Teopema 0 JOCTATOYHBIX YCJIOBUAX ONTUMAJJIBHOCTHU

Mpuanun makcumyma [TOHTPATHHA COMEPIKUT JIUITH HEODXOJUMbBIE YCIOBUsT ONTUMAaIbHOCTH. Huke Mbr
PACCMOTPUM TEOPEMY O JOCTATOYHBIX YCJIOBHSAX ONTUMAJILHOCTH B TEPMHHAX KOHCTPYKIMH MPUHIUIIA
MakcuMyMma. [jIs onpeneéHHBIX KJIACCOB YIIPABJISEMBIX CHCTEM 3Ta TeOpeMa, siBIseTcs 3 (MEeKTUBHBIM
CPeICTBOM OOOCHOBAHUS ONTHUMAJILHOCTH PEIIeHNUsT, TOCTPOEHHOTO Ha, OCHOBE MPUWHIINIA, MakcuMyMma. [1o-
CJie 3TOTO MbI PACCMOTPUM MPUMEPHI IPUMEHEHUsT TEOPEMbI O JOCTATOYHBIX YCJIOBUSAX ONTUMAJILHOCTH.
BuoBb paccmorpum 3azady (22) co cBOGOAHBIM BPEMEHEM M 3aKDPEILIEHHBIM [PAaBbIM KOHIOM. U3
Teopembl 12 ciaeayer, uro ¢dyukmusa [amunbrona-IloaTpsarunaa mysa 3Toi 3a7a49u OyIeT UMETh BU,

g_{:(t7 1.71/}7”) = _fo(t7 l‘) u) + (1/}7 f(t7x7u)>'

IIpenmonoxkenune 1. [peamonoxum, uro npu jobom Habope napamerpos (t,z,1) CyIIECTBYeT eIuH-
CTBEHHBIH MakCUMU3aTOp Uy (t, x, 1)) bynkuun H:

uy(t, @, ) = argmax H(t, z, ¥, v).
vel

OueBuHO, 9TO

j~C(t7 x’ 17[]7 u)

= M(t, z,9).

u=uy (t,z,9)

Heobxoaumbie ycmoBusi ONTHMAIBHOCTH MPUBOIAT K KPAEBOH 3a/1a4e MPUHIIUIA MAKCUMYMa,

.’L.':%:/}(t,l',i/l,u) Ef(t,l',u*(t,l',’(/)))

u=uy (t,z,9)

1/] = _f}(;(t,x,z/),u) u:u*(t,z,d)) (23)
CU(t()) =X
P(t:) =0

IIpeamonoxenne 2. IIycrs mpu t € [to,t1] cymecrByer pemenne (z(t),1(t)) Kpaepoit 3amaum (23).
[IpeamonaraeTca JUNIb CyHIECTBOBAHKME PEHICHHs, O €r0 eJIMHCTBEHHOCTH HMKAKUX IIPEINONIOKCHHH He
nenaercs. Oupenenum renepb npu t € [to, 1] ynpasiaenue u(t), nonaras

’U,(t) = U*(t,$,¢) z=xz(t) *
Y=1(t)

[Mapa dyukuuii (z(t),u(t)) obpasyer sKCTpeMaIbHbIA IPOLECC, KOTOPbI MOXKET CIIyKUTh IPETEHIEHTOM
Ha POJIb onTuMaJibHOro mnpouecca. [lapa (z(t),u(t)) yuoBaerBopsier HEOGXOAUMbIM YCJIOBUSAM OITUMAJIb-
HOCTH B (bOpME MPUHIUIE MAKCUMyMa C y9aCTHEM CONpSKEHHO# mepemenuoii 1(t). Tpoiika dbyHKImii
(z(t),(t),u(t)) obpasyer sKCTPEMATHLHYIO TPOHKY.

ITocraBum Tenepb OCHOBHOI Bompoc: siBasiercst u napa (z(t),u(t)) onTuManbHO# nins 3azadn (22)7
[TomoxkuTEMbHBIR OTBET HA 3TOT BOIPOC HAET dopMmyaupyeMas HuKe Teopema. s eé dpopMymupoBKu
CIIeTaeM JIOTIOTHUTEbHBIE TTPEITOMOKEHHS.

IIpeamnonoxenne 3. Dyukunm M(t, x, 1), M, (¢, x,1) HENPEPHIBHBI MO COBOKYITHOCTH MEPEMEHHBIX.
IIpeanonoxkenne 4. ConpsKEHHOE YpaBHEHUE IOMYCKAET 3AIMUCH

'9[} = —M;(t,x,'(p).
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IIpeamonoxkenne 5. OyHKINA
m(t,z) = M(t, z,9(t))
SIBJIsIETCST BOTHYTOH (byHKIMeEH nepeMeHHON @ TpH Beex t € [to, t1].

3amevarue. B cBsA3U C TPEATIOIOKEHHEM § HATIOMHAM HEKOTOPBIE (haKThI O BOTHYTHIX (PyHKIMAX. I padux
[JIQIKOM BOrHYTON (byHKIMY f () CKAJAPHOrO apryMeHTa & Paclojaraercs mo kacareabuoil. [Ipupaime-
Hye (pyHKIUHU JI0NYCKAET IPH JIIOOLIX L U AT OIEHKY

flx+Az) - f(z) < f'(2)Az

njain

flz+ Az) — f(x) — f'(z)Az < 0.

B neBoit yacTy MmOC/I€IHEr0 HEPABEHCTBA CTOUT PA3HOCTb MEXK/y 3HadeHHeM (DYHKIUU U JIUHEAHLIMU
YIeHAMHU e TefJOPOBCKOro pasjoskenus. Jaa sormyToit ¢dyekumm f : R® — R' npm mobbx ¢ u Az
BBITIOJIHSAETCS HEPABEHCTBO

f(z+Az) — f(z) = (f'(z),Az) < 0. (24)

Teopema 13 (0 JOCTATOYHBIX YCIOBHUSX ONTUMAIBHOCTH). [Ipu cIeAaHHbLT NPEONOAONHCEHUAT FKC-
mpemanvroti npoyece (x(t),u(t)) asasemes onmumasvrom 6 3adaue (22).

Hoxazameavcmeo. PaccmorpumM npousBoibHbLi gonycrumbii mpouece (Z(t),4(t)), rae t € [to,t1]. [pu
3TOM, OYEBHIHO,

Breném npuparienns:

Huis obocuoBanus onrumasibaoctu nporecca (z(t), u(t)) ciemyer ycranosurh mepaBeHcTBo AJ > 0 mis
npupamienus AJ. TIpuseném cieayomme BoIKIaIKN:

0= {(t1) = Aata) = 0} = (o), Aal0)[ " = [ Stw(0), Aav)at =

t=to
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Orcioga HaxoIuM:
-AJ = / [_<M;:(t7 l‘(t), dj(t))a A.Z‘(t)> + fH:(ta j(t)a /‘/}(t)a ﬁ'(t)) - %(ta 'T(t)a /‘/}(t)a U(t))] dt.

HpI/IHI/IMaH BO BHUMAaHHE IIPUHIUII MaKCUMYMa, IIEPEIMUIIeM IIOoCJIeJHee COOTHOIIECHNE B BUIE:

-AJ = / [_<M;(tax(t)7¢(t))a A.Z‘(t)> + j{(tai‘(t)a/‘/}(t)aﬂ(t)) - M(t,l‘(t),’(/}(t))] dt.
Yaursias, aro H(t, Z(t),¥(t), a(t)) < M(t,Z(t),¥(t)), momydanm

-AJ < /(—(Mé(t,w(t)ﬂﬁ(t)),Aw(t» + M, &(t), (1) — M(t, x(t), ¥ (1)) dt.

to

NurerpanT B NpaBoii 4acTu HEPABEHCTBA He IIPEBOCXOJUT HYJIs B CHJIy COOTHOMIeHus (24), mosromy

AJ > 0.

Teopema mokazana.

3amenwanue. Teopema 0 JOCTATOUHBIX YCIOBUIX ONTUMATBHOCTH TPUMEHUMA, JIJTsT 331a90 YIPABICHUS TPH

(buKCHpPOBAHHBIX KOHIAX TPAEKTOPUH, TO ecTh g 3aga4u (13). deficrBuTeIbHO, KII0OYEBbIM MOMEHTOM

HpI/IBeAéHHOFO BBITITE JOKA3aTE/IHCTBaA ABJIACTCA NTpEeaCTaB/JICHUE HYJId B BUIE

0= (’L/}(tl),Al'(t1)> - <1/J(t0),Al‘(t0)>

Ho u png 3amaunm (13) 370 paBeHCTBO CIpaBeIIuBO, TOCKONbKY Ax(tg) = Ax(t;) = 0.

DTa TeopeMa TaKKe MPUMEHNMA W I 33Ja9u YIPABJICHUsST HA OECKOHEYHOM MPOMEXKYTKE BPEMEHMU:
to <t < 400. B atom citydae, ecTeCTBEHHO, CIIeIyeT PACCMATPUBATH JOMYCTUMbIE YIIPABIECHUS, FAPAHTH-

pyioIue CXOAuMOCTh HECOOCTBEHHOI'O MHTErPasIa

+oo
ﬂﬂzl/f%uﬂﬂm@»ﬁ.

JlJ1sl IPUMEHUMOCTH TEOPEMBI JOCTATOYHO MOTPEeOOBATH BBIMOJIHEHUs paBeHCcTBa (25) mpu ¢ = +00.

4.2 Cuayuaii JUHEHO-KBaApPaTUYHOI 3aga4u

PaCCMOTpI/IM JII/IHeI‘/JIHO—KBa,IIpaTI/I‘IHyIO 3aJa9y ONTUMAJIBHOT'O YIIPpaBJIEHUA:

% = Ax + Bu re€R",ueU=R"te|0,T]
z(0) =z

U

T
1
ﬂmZiﬂ@@m+MWMhaM%%
1]
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TeomeTpuueckoe OrpaHUUEHUE Ha YIPaBICHUE OTCYTCTBYET, IJIUTeILHOCTH T > 0 mpolecca yrmpaBIeHust
3aJlaHa, TpaBblil KOHEI TpaekTopuu cBoboaeH. Marpuupt A € R™*™ B € R™*", () € R™*" 3aiaHbl 1 He
3aBHCAT OT t, mpudeM @ = Q* > 0.

Bamumniem dyuknuo [avuisrona-IlorTpsruna:

9{:—%«@Q@+ﬂmm+4¢Ax+Bm.

g naxoxuenus Makcumusaropa u, = argmaxH(z, 1, u) Boraucaum rpagument Gyakuuun H no u u
u

IIpupaBHAEM ero HyJo:

H! = —u+ B ) =0.

Takum o6paszom, Makcumuzarop u (1)) = B*1 ne 3aBucur or ¢dazosoii nepemennoit z. Orcroga

Mz, ) = H(z, ¢, u.(¢)) = —%((%Q@ +luell®) + (¥, Az + Bu.(¥)) =

=~ ((,Qa) + IB*UIP) + (, Az) + (9, BB*Y) =
= (. Qu) + (A%, ) + 5B
[TepBast u BTOpas npousBomuble MYHKIWH M IO T UMEIOT BT
M (2, ) = ~Qu + A",
Mz, = —Q <0,

nosromy byukuus M(z,1)) Boruyra mno .
Temnephb 3anuIeM CONPSYKEHHOE ypaBHEHUE:

j i * !
dj = _Hz = Ql’ —-A 1/) = _Mz(xadj)
3Haunt, Kpaesas 3aada NPUHIKUIA MakcuMyMa [JOHTpAruHA UMeeT BU/I:

i =Ar+BB, 0<t<T

mgigFAw (26)
() =0

IIpereHgeHT Ha POJIb ONTUMAJBHOTO YIPABJICHUS — r-MepHas BekTopHas MyHKIuA u(t) = u.«(1)). Oue-
BUJIHO, BCE MIPE/IIOIOKEHNsT TeOPeMbl 13 BBIMOIHEHDI, U yripasjenue u(t) 1efiCTBUTEIHHO ABISIETC ONTH-
MAaJILHBIM.

g GaKTHIeCKOro MOCTPOCHH ONITUMAIBHOIO PEIICHH 33,091 EHTPAIbHAA POIb OTBOJAUTCH HAXO-
JKJIGHUIO pellleHus KpaeBoii 3aia4du (26). Meroapl ee perrenus 6y1yT pacCMOTPEHbI HUKE.

MozkHO 10Ka3aTh €IMHCTBEHHOCTD PEIlleHus] KpaeBoil 3aga4u (26). DTo yTBEpKIeHHe PABHOCUILHO
CJIELYIOIEMY: 331294,

©z=Ax+ BBy, 0<t<T

Mgigm_y¢ o
W) =0
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nMeeT TOJIBKO HYJIEBO€ DerrneHue. ,HJIH OKa3aTeJIbCTBa IMOCIEIHEro d)aKTa paccMOTpUM MATPUYHYIO 3a-
maay Ko Buma
{ P(t) = —Q — P(t)A — A*P(t) + P(t)DP(t), D = BB* (28)

P(T) =0

OTHOCHUTEJIbHO Heu3BecTHON Marpudnoil dbyukuuu P(t) € R™*™ — cuMMeTpudHOi MaTPHUIbI NOPIAKA N.
VYpasuenue cucrembr (28) HazbiBaercs mMarpudnbiM auddepeniuanbabiM ypasaenueM Pukkaru. Ilycrb
P(t) — pemenne sroii 3amaun Korn, onpenenennoe mpu t € [0,7T] (370 BO3MOXKHO B CHIIY CIETAHHBIX
npeanonoxennii). [okazxkem, yto BekTopHas dyukuus z(t) = ¢ (t) + P(t)x(t), e (z(t),v(t)) — pemenune
OZHOPOHOM 3ana4n (27), a P(t) — pemenue 3ama4n (28), TOXKIECTBEHHO paBHA HYJIIO.

HeiicTBUTENIbHO, B CHILY OJHOPOAHBIX MPAHUYHBIX yCI0BUii Ha npasoM kouue, z(1') = 0. [Tokaxkewm, 4To
dbyukuus z(t) siBagercs peleHreM JUHEHHOrO 0JHOPOJHOIO BEKTOPHOrO ypasHenus Z = —(A—DP(t))*z:

#(t) = ¢(t) + P(t)x + P(t)i = (Qz — A*¢)) + (—Q — PA — A*P + PDP)x 4+ P(Az + BB*y) =
=Qr — A"(z — Pxr) — Qx — PAz — A*Px+ PDPx + PAx + PBB*(z — Pz) =
=—A*24+ PDz=—(A*—PD)z=—(A—DP)*z.

Onmoponnas 3amada Ko nMeer euHCTBEHOE HYJIEBOE PEIlIeHUE, M03TOMY (DYHKIMA 2 (t) TOXKIECTBEHHO
paBHa Hymo u Mexay byuxkmuaymu x(t) u P(t) umeerca 3aBucumocTsb Buma (t) = —P(t)x(t). ocne
MOJICTAHOBKY 3TOTO BBIPAYKEHUS B MIEPBOE YPABHEHUE CUCTEMBI (27) TOMyInM OmHOPOIHY 3anady Kormm
ornocuresbuo Gyakuuu z(t), u3 gero ciaexyer, uro z(t) = 0, a noromy u ¥(t) = 0. Takum obpazom
JIOKA3aHO YTBEPYKIECHNUE O eIUHCTBEHHOCTH DEIeHUs KpaeBoii 3amaun (26).

Omnurirem MeTon TporoHKu (B HENPEPLIBHON (HOpME) [IJid MOIyUeHnsl PEelleHns Kpaesoil 3amaun (26).
Boimie 66110 nOKa3aHo, 4TO perienne 3aga49u (26) MokeT ObITh CBEJEHO K PElIeHuio 3a1a4u Ko oTHO-
curesibHo byHkiwn (t):

(29)

{ i=[A-DP(t)z, 0<t<T
z(0) = zo

IMocie HAXOXKAEHWS peIIeHus ITOH 3ama4un DyHKIUA 1)(t) BLIYUCAACTCS ABHBIM 00pa3oM. MTak, Meror
[IPOTOHKHU JIJIsl HAXOXKJEHUsI PellleHrs JIUHEeHHON KpaeBoil 3aaa4uu (26) cocrouT u3 Tpex MyHKTOB:

1) wmaitrn marpuanoe pemrenve P(t) 3ama«un Kormm (28),
2) waiitu pemtenve x(t) BekropHoi 3amadn Komu (29)
3) ¢ moOMOMUIBIO ABHOMN (HOPMYJIBI BEIYUCTUTH (DYHKIUIO 1)(t).
Yupaxxuenwne. [IpoBeputh npuMeHNMOCTH T€OpEMbI 13 711 3342491 yIIPABICHUS

i = Ax + Bu re€R" WeR,0<tLT
z(0) = zo

N | =

T
/ (P(z) + lulP) dt — min
1]

rae F : R® — R' — riagkas BoImyKaas byHKINA.
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5 IIpumepsr

5.1 3apgada 0 HarpeBaHWM YaliHUKA /10 3aJaHHOIl TeMIepaTryphbl

Paccmorpum 3amatdy 0 HarpeBaHnM JaifHUKaA C HAYAJIBHON TEMIIEPATYpPOil To A0 3aJAHHON TeMIepaTypPbl
Z1 C MUHUMAJbHBIM pacxoaoM rommusa. [lycrs z(t) — remueparypa daiiauka, u(t) — MCHOBEHHBIN Pacxos
TOIJIMBA B MOMEHT BpeMmen# ¢, F'(u) — CKOpOCTh M3MEHEHUs TeMIIepaTyphbl 3a cuéT Harpesa, G(x) — CKo-
POCTH W3MEHEHWST TEMIIEPATYPhl 34 CUéT paccenBanns Termta. COOTBETCTBYIONIYIO 331aMy OMTUMAIHFHOTO
YIIPABJIEHUST MOXKHO CHOPMYIUPOBATH TOTIA CIELYIOIUM O0Opa30M:

&= F(u) — G(x)

z(0) =z

z(T) =z (30)
T

J = / u(t) dt — min

®yukuun F(u) u G(x) moryr 6biTh BoIOPaHBI Pa3HbIMU criocobaMu. Byjaem cuurars, 4To

1 U
Flu)=~-—2%
(u) al+k—1u’

G(z) = b(z — zp),
rae a, k,b > 0. Orpanndenns Ha ynpasienue u(t) MOKHO HAJIOKATH OJHUM U3 JBYX CIOCODOB:
I. u(t) € [0,+00) (nneanbras curyauus),
II. u(t) € [0,u™], roe ut > 0.

Beezném HoBOe ynpasienue v(t), nonaras

u(t)
t) =2
oty = 40
7 HOBYIO (hA30BYIO TIEPEMEHHY IO
x(t) — xo
t) =
z(t) =a ?
Bazaua (30) B HOBBIX TIEPEMEHHBIX TIPUHUMAET BUJL
¢ v
L _ b
i=qo, b
z2(0) =0
#(T) = 2 (31)
T
J—/ v(t) dt — min
\ 0

Bo3mMorkHbIe orpaHuyenus Ha v(t) UMET BU,

I'. u(t) € ]0,400) ,
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ut
IT'. v(t) € [0,v"], roe ut = %= > 0.

Ucxonnast 3aa49a ¢ NATHIO TapaMeTpaMu a, b, k, xo, 1 cBegeHa, TaKMM 00pa3oM, K 3a/at4e ¢ ABYMs mapa-
merpamu b > 0 u z; > 0. Oyaruus

) =

umeer xapakrep dbyrkunn Hacbimenus: f(0) =0, f(4+o0) =1 u f(v), f'(v) > 0 npu v € [0, +00).

Bompoc 06 yrpaBiasieMoCTH CUCTEMBI SIBIISIETCS CYIIECTBEHHBIM, MTOCKOIBbKY Z(t) MOXKET cTaTh OTPUIA-
TeJIbHBIM (M3 OrpaHMYEHHOro cjaraeMoro f(v) BbIYMTAETCH HEOIPAHMYEHHOE MOJIoKuTeIbHoe bz). Toka-
KEM CIEAYONLYIO JIEMMY:

JIemma. IIpu evinoanenuu yeaosus (1) yeaosue ynpasasemocmu 6 sadaue (31) umeem eud
21 < E,
a npu ewnoanenuy yeaosus (IU) ycaosue ynpasasemocmu umeem 6ud

1 ot
21 < b1t ot
Joxazameavcmeo. HeiicrBurensho, B caydae (I') umeem 0 < 2 < 1 — bz u, mo Teopeme Hamabiruua (M.
HUXKeE),

1 1
0<z(t) < 5(1- et - 5
Eciu ke Bomonueno ycaosue (II'), To umeem 0 < 2 < 1_’;_% — bz u, cieaoBaTEILHO,
1 ot 1 ot
0<2(t) <~ 1—e™%) - - :
A0S prr ) 2 gy

O

Teopema YamibiruHa, UCMoNb3yeMast B TOKA3ATEILCTBE JIEMMBbI, (GPOPMYIUPYETCs CIETYIONINM 00pa-
30M:

Teopema (Yamnsirun). ITyems & = F(x,t), (0) = z vy = F(y,t), y(0) = z. Tozda ecau das écex
z,t sepno F(z,t) > G(z,t), mo das ecex t sepro z(t) > y(t).
[Tpumem 31y Teopemy 6€3 10Ka3aTEIHCTBA.

3ameuanue. Tpu yciaosuu (II') mpumenenue ympasienus v = v+ Tpebyer spemenn T > 0, KoTOpoe
OTIpeNeNIAeTCA U3 YCIOBUS

1 ot

1 1 — b7y —

bl—l—v“‘( e =
JeRIeTt ) )

T:gln_l_bzllj;ﬁJr‘

SIcHo, 9o 3TO ecTh BpeMs ObicTponeiicTust nuist 3ana4an (31) mpu yeaoswun (IT'). TIpu yenosuu (I') Bpems
1 1
Ty =-ln——.
b 1-— bZl #

JIBVKEHUS C TIOCTOSTHHBIM yTipaBiaeaneM V Oyzer Gombime speMenn Ty I JH000T0 TTOCTOSTHHOTO yTIPAB-
nenuss V' > V. Takum obpazom, npu yeinosun (I') 3amadua GbicTpoeiicTBus HEpa3pernmMa.
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s pemenus 3a0a4au (31) paccmorpuM cHadasa caydait (I'). 3amumenm dyuknuio Famunbrona-Tlonrparuna:

H(x,,v) = ov + (1% - bz) .

[Ipu g = 0 momyuaem caydait 3aga4uu ObicTpomeiicTBus, modtomy Yo < 0. [Tonaras ¥y = —1, momyuaem

v
H(z,,v) = —v+1 (— - bz) .
v
st Toro, 9To0bI MAKCHMU3UPOBATh (pyHKIuio H, HalinéM €€ IPON3BOIHYIO:
H =1+ —.
v ¢ (1 + 'U)2

Ecmu ¢ < 1, T0

1
EOE
T0 ecThb H MOHOTOHHO yOBIBaeT mo v > 0 U, CIeJI0BaTENILHO, UMEET MaKCUMyM B Touke v, = 0. Ecau xe
Y > 1, To ypasuenne H! = 0 umeer pemenne v = /1) — 1 u H, = —2¢ﬁ < 0. TaxuM 06pazoM, B

H, < -1+ <0,

sroM ciaydae Gynknus H nmeer MakcuMyM B Todke vy (1) = /1) — 1. Utak,

_Jo. <1,
U*(¢)_{ﬁ—l, b > 1.

ITo Teopeme 7, miist onTHMAILHOTO Tiporiecca npu Jobom ¢ € [0, T'] BHIMONHSAETCS PABEHCTBO
H(z(t),4(t),v(t)) = 0.
B uacraocru, H(z(0),1(0),v(0)) = 0, uiu

—(0) + ¥(0) <% - bz(O)) —0.

[Mockonbky 2z(0) = 0, mosy4yaem, 4To

oo (-1 120 o,

Pacemorpum nsa ciyuas. Eciu v(0) = 0, to 4/1(0) — 1 = 0 u, caeposarensuo, (0) = 1. Eciu xe Hysto
paBeH BTOPOii COMHOXKHUTEJH, TO

P(0) =14+ 0v(0) =1+ /9(0) — 1,

oTKya, ucnonb3ya yeaosue (0) # 0, momygaem, aro 1 (0) = 1. Takum 06pa3oM, HAYAIBHOE YCIOBUE JJIst
conpsizkénnoii nepemennoit umeer uz ¥ (0) = 1. Coupsixkénnas cucrema,

=K =by
¥(0) =1
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nmeer Tormda permenne ¢(t) = e > 1. JIa sKCTpeMasbHOTO yIpaBIeHHs MOay M (hopMyIy
0. (t) = V/O(t) — 1 = e3t — 1. (32)
Yupasiienuto v, (t) orBedaer TpaekTopus zy(t), onpenenénnas 3anadeil Komm

b
ezt —1

14+ezt—1

zZ =

—bz, z2(0)=0,

o

ninm

i=1-e3"—bz, 2(0)=0.
Pemras sty 3amady, moaydumM TpaeKTOPHUIO

1 b

2 (t) = 5(1 — ezt (33)
13 ycnosus z,(T) = 21 MOXKHO Tenepb onpenenuTsb Bpems Ty:
2 1
T, ==In ——— > 0. (34)

b 1— bz
®Oyukuponan J Ha ynpasieHun v (t) npumer 3HadeHue
T. T.
by 2 b b
Jo= [ v.(t)dt = (w-q)m:E et —1- 1) >0,
0 0

OKOHYATETHLHO TTOTyYaeM

J_2<_J___Q_2m__L_
*_b ].—\/bZl b 1—\/b21'

Takum obpasom, B ciayuae orpanudenuii tuna (I') 3amaga nomHocrbio pemena, u dopmyssr (32), (33),
(34) 33250T COOTBETCTBEHHO ONTHMAIBHOE YIIPABICHAE, TPAEKTOPUIO W BPEMSL.

Paccmorpum Tenepn ciayuait orpannyenuii tuna (II'). Onpenenum dynkuuu v, (t), z.(t) u spems T
pasenctBamu (32), (33) u (34). Ecom gna seex t € [0,7.] Bomonmsercss mepaBeHcTBO v.(t) < vT, TO
yupasjenue v, (t) aBisgerca pemenuem 3ama4un takxke u B caydae (II'). B mporusaoM ciyuae naiinércs
takoe 0 € (0,T%), aro v.(f) = vT, HO 2.(#) < 21. Ucxona w3 pasencrsa (32), momydaem

9:%1n(1+v+).

[Tomoxkum Tenepb

M*:{%g% 0<t<0
vr(t), 0<t< T
ZM:{%@,ogtge
Z(t), 0<t< T
rae Z(t) — pemenue 3amaau Komm
z= vt — bz
1+ot
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a Bpema Ty, onpenensercsa usz yeiaoBus Z(Tis) = z1. OueBumno, TpoiKa (Vix(t), zex(t), Tx) ABIACTCS
onruMasbHOi Juis cayyas (IT7).
Cdopmynupyem renepsb pemenue mis ciaydas (I') B Bune 3amauu obparuoii cesasu. 113 dopmys (32) u
(33) momyuaem, uaro
v« (1)
1+ v (2)

Mpbr puxoauM, TAKAM 00Pa3oM, K CHCTEME

:1—e%t:\/5.

i =vVbz—bz
z2(0) =0

Ora cucTeMa UMeeT JBa PeIleHus, OJHO U3 KOTOPBIX JaétT dopmyna (33), a Bropoe TpuBuaabHO. UTOOLI
130ABUTBHCA OT HEOJHO3HAMHOCTH, BBeASM HOBYIO (hazoByio mepemennyto Y = v/bz. Torma bz = Y2 n
b =2YY. Huddepennuanbaoe ypaBHeHne TPUHAMAET BT 2YY =Y — V2. Cucrema oOpaTHO CBsA3U
TOCJIE 3aMEHBI TEPEMEHHON OYIeT MMeTh BU,

OTa cucreMma mMeer €IMHCTBEHHOE penieHune.

5.2 3apgada o pacnpeiejieHIN PECypPCOB B MPOIECCE POCTA KOJIOHUN MUKPOOP-
TAaHU3MOB

Paccmorpum ciemyonyio 3a7ady ONTUMAIBHOTO YIIPABIEHUS:

it=a—(a+2z)u, x€Ete[0,T],uc]l0,1]
z(0) =9 >0

T
J:/<—L>udt—> min
1+ u(-)€Dy
0

rae a > 0. Dra 3amada UMeeT CIeIYNlyI0 MUKPOOHOIOrHYecKyo uHreprperanuio. Oyukinuonan —.J
XapaKTEPHU3YET Pa3Mep JUHEHHO PACTYIIEH KOJOHWA MHUKPOOPTAHH3MOB. 33248 COCTOUT B TOM, ITOOBI
JOCTUTHYTH MaKCUMAJIBHOTO pa3Mepa KOJIOHWW 33 (PUKCHPOBAHHOE BpeMms. lIpemmosaraercs, 9To MATa-
TETHHBIE BEIMIECTBA PACXOLYIOTCS JMOO Ha PasMHOXKEHWe, OO0 Ha MATAHNE MUKPOOPTAHW3MOB. YITpaB-
nenue u(t) ecTb HOJIs PECYPCOB, pacxojyeMas Ha pa3MHOXKeHue B MoMmeHT Bpemenu t (npu u(t) = 0 Bce
Pecypehbl PacXOyIOTCs TOJIBKO HA nutanue, npu u(t) = 1 — TOIbKO HA PA3MHOXKEHUE). G — IIOCTOSHHAS,
XapaKTepu3ylollad Kak BO3JeiCTBUE OKPY2KAIOIIEld Cpelibl, TAK U CBOWCTBA WHIAWBUAYAJIBHOU KOJIOHUM.
Da3zoBas NepeMeHHas T MOJOKUTEIbHA, 9TO Cleayer u3 ee ¢dpusndeckoro cMbicia. Hepaserncrso z > 0 B
mozenu (35), KaK MbI MOKAXKEM HUXKE, BBITIOJHACTCS JIJIs JIIOOO0H JOMyCTUMOI TPAeKTOPUH.

Bagaua onTuMaIbHOrO yrnpasienus (35) — HeJuHeHHAs OJHOMEpHAs 337398 ¢ UHTErPAJbHBIM (DyHK-
UMOHAJIOM Ha (PUKCHPOBAHHOM OTPE3Ke BPEMEHH, € (PUKCUPOBAHHBIM JIEBbIM KOHLIOM TpaekTopuu z(0) = o
u cBoboaubiM npasbiM KoutoM (1) > 0. Jonycrumoe ynpasienue B 3azade (35) npeicraBisier npumep
TaK HA3BIBAEMBIX «OMIMHEHHBIX CHCTEM > : B TIPABOil 9acTh 1 hepeHnmaIbHOTN0 ypaBHEHN T MTPACY TCTBYET
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qnen B opme mpoussenennsi $has3oBoit mepeMenHoit u ynpasienus. Ilog 3nakom nHTerpaia B MyHKIINO-
HaJe TIPUCYTCTBYET HEMNHEHHass PYHKIU BUAIA H_Lm

B 3azmade o marpese gaiinuka ynpaBieHHe MMeIO HEeIIPEPBIBHBIN BU, C BO3MOXKHBIM BBIXOIOM HA BEPX-
HU gomycTuMbIil mpenes. B paccmarpuBaemom ceifuac mpumepe Oyaer OOHAPYIKEHO HOBOE SIBJIEHUE —
ocoboe yTripaByeHne, Uin 0COOBIH PEXKUM: HA HEKOTOPOM BPEMEHHOM MTPOMEIKYTKE TOJOKUTEIHHON TINHB
yCJIOBME MaKCHMyMa He MO3BOJISIET OJHO3HAYHO OTPEIEINTh dKCTpeMasbHoe ympasienne. Ho momonnn-
TeJIbHbIE PACCYK/IEHUS MO3BOJIAIOT W B 3TOM CJIydae BBIYMCIUTH ONTUMAJIbHOE YIPABIEHHE HA 0CODOM
ydacTke. 3HAYEHNWE YIPABICHUS HA OCOOOM yUaCTKe OKA3BIBAETCS BHYTPEHHEH TOYKON 06IacT ypasiie-
uusi. B mesom, onTumanibHOE yrpaBieHrne B TAHHOM MPUMEPE ABJSeTCs KYCOYHO-IIOCTOSHHON (byHKIMeH,
KOTOpas MOYKET NpUHUMATH Kpaitaue 3uadenus 0, 1 u ocoboe 3navenue Ha unrepsasue (0,1).

ITpn u(t) = 0 cucrema 3amaqn (35) MpUHUMAeET BUJ,

& =a, (0) =29 > 0.

Ota 3amaua Komm umeer pemenne xt(t) = 2o + at. lpn u(t) = 1 nonyqaem 3amady Kormu
&= —x, (0) =z >0,

KOTOpas UMeeT pemtenne r (1) = zoe .

JIemma. JTas 10600 donycmumoti mpaexmopuu z(t) 3adavwu (35) npu ecex t > 0 ewnoaneno deotinoe
HEPABEHCMEO
z=(t) <x(t) <™ (1) (36)

Hoxazameavcmeso. Tak kax x(0) = xo > 0, ro cymecrByer takoe 7 > 0, 9ro npu ¢ € [0,7) BbIIOIHEHO
HepaseHcTBO z(t) > 0. Orcrona caenyer, uro nipu t € [0, T) BepHO

#(t) <a=i"(t),

i) > a- (a+z(t) = —o(t) =& (1),

OTKyza 1o reopeme JaruibiriHa BHITEKAET BIMONHEeHNEe HepaBeHcTra (36) npu t € [0, 7).

Ecam monmyctuTh Temepn, 9TO Mpu HEKOTOPOM T > 0 BRIMONHUTCS paBeHCTBO T(7) = 0, TO mepeiins B
npaBoft yacTu HepapeHcTBa (36) x npeneny npu t — T, noayuum z(7) = =7 (1) > 0 — mpoTuBopeyne.
Takum ob6pazom, nepaBencrso (36) BoinosiHsgercs Ha Jobom unrepsase suja [0, 7). Jlemma mokazana. O

Taxkum 06pa3oM, B BHIOPAHHON MOJIEIM ABTOMATHIECKHU BBINOJHAETC yeaosue x(t) > 0, yTo uzbasiger
HaC OT HEOOXOAUMOCTH BBOIWUTH JOMOJIHUTEILHBIE (DA30BHIE OIPAHNYCHST.
Hanumem dynkuuio Famvunbrona mis 3amauu (35):

H(z, v, u) = o <—lin> +¢(a— (a+ z)u).

IMockonbky 3a7a4a (35) npeacTaBiser coboit 3a1a9y cO CBOOOIHBIM MPABBIM KOHIIOM, TO g = — 1. Takum
obpazom, Oyukims [aMuIbTOHA TPUHUMAET BU,

ﬂf(a:,z/;,u): u+1/;(a—(a+a:)u).

1+

Haiiném Tenepsb 3KCTpeMaIHLHOE YIIPpABICHUE

ux (¥, z) = argmax H(zx, ¢, u).
u€[0,1]
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s aToro paccmorpum rpaaueHT GpyHkinu H mo mepeMeHHoOl u:

u = 1+$_¢(a+x)

®Oyukuus 7(t) nasviBaercs dbynkuueil nepexiatouenus. [lockonbky dynkuusg H 3aBucur or nepeMeHHoil
U JTUHEHHO, BO3MOXKHBI TPU CJIydas:

e ecn w(t) > 0, TO u.(t) =1,

e ecmu w(t) < 0, 10 u.(t) =0,

e ecmu 7(t) = 0, TO MAKCHMHU3UPYIOMAS TOIKA HE MOMKET OBITH ONPEENEHA € MOMOIIBI0 YCIOBHST
makcuMmyMma (Bce Touku u € [0, 1] ausitorca makcumuszaropamu Gyskuuu). C MOMOIIBIO HEKOTOPBIX
JIOTIOTHATEILHBIX PACCYYKIACHUN B MPEANONoKeHud, 4ro 7(t) = 0 BIOIbL ONTUMAJIBHOIO MPOLECCa,
HA, HEKOTOPOM BPEMEHHOM OTDPE3Ke MOJIOKUTEIHHON JJIUHDI, OYAeT BBIYUCICHO M ITOTO OTPE3KA
ocoboe yrpasyierue uy(t) = us € (0, 1).

Takum 0b6pa3oM, HAXOAUTCSA ONTUMAJIBHOE YIIPABICHIE

1, 7>0,
U*(l',il)): 07 71'<0,
ug, w=0.

Tereph MbI MOXKEM 3allMCATh KPAEBYIO 33Jady MpPUHIMNA MakcuMyMma [ToHTpsSrvHA Ui 3aa9M ONTH-
MaJIbHOTO ynpasieHus (35):

T = Hzl/; =a-— (a+$)u*(x7¢)

b= —H! = (¢ - ﬁ) (2, )
z(0) = xo
Y(T)=0

OTta KpaeBas 3ajada siisieTcss HeanHeino#. CI0KHOCTH €€ pelleHus CBsi3aHa C TeM, YTO Mbl 3apamHee
HE 3HAEM, CYIIECTBYIOT JIM YIACTKH OCOOOTO yIPABJIEHNS, CKOJIBKO STUX YUIACTKOB M KAK OMPEIETUTH WX
TPaHUIIBI.

Obparumcst Tenepb K U3y9YEHUI0 HEKOTOPBIX CBOMCTB OMTUMAJIBHOTO yIIPABJIEHUS, KOTOPHIE MO3BOJIAT
HAM [OCTPOUTH UIIOTE3Y O BHUJE ONTHMAJILHOIO pernenus 3aaaqu (35).

s byHKINY MepeKII0YeHnst BIOJIb ONTHMAJIHHOTO MPOIECCa Ha MPABOM KOHIIE BPEMEHHOTO OTPE3Ka,
MOYKHO B CHJIy yCJIOBUsI TPAHCBEPCAJIBHOCTU U cOOTHOMmeHus & (t) > 0 3amucarh HEPABEHCTBO

z2(T) z(T)

=t 1+ 2(T) =1t Y

™

—(T)(a + 2(T))

9T0 HEPABEHCTBO COXPAHSAETCS B HEKOTOPOH OKPECTHOCTH TOYKH 1 ':
A0 : 7 >0mpu <t LT.

[TosToMy Ha 3aKNTIOUATENBLHON CTAIWH IPOIECCA YIPABICHA IMEEM:

u(t)=1,0<t<T.
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9TO TaK HA3LIBAEMBIH «3(PdEKT 3HAHMS MOMEHTa, CMEPTH Y, BO3HUKAIOIIMI 13-33, HECOBEPIIIEHCTBA HAIIEH
mozenu. IIpeanonoxuM Temnepb, 4T0 HA HEKOTOPOM ydacTKe BpeMeHu (T,8) BBINOJIHSETCs COOTHOIIEHHNE
m = 0. Oka3bIBaercs, 94T0 JAHHOE TOXKIECTBO BMecTe ¢ udPepeHuaIbHbIM YPABHEHHEM YIIPABISEMOrO
JIBUZKEHUS TO3BOJIAET ONPEJEUTh yIpaBienue u = us. Ha yuactke (7,6) umeem %ﬂ' = ;—;ﬂ' = 0, oTkyza
oy 4aeM

d d 1 . : .
0 E71.2%( x _¢(a+1‘)>:ml’—¢(a+l’)_¢l’:

(o (e )e

_ 1
Cﬂe,ILOBaTeHbH(i, Ha ocobom yudactke (T,6) umMeer MECTO PABEHCTBO ¢ = 3o Iuddepenmmponanne ero
0 BpeMeHu JagT

. 1 2
6= (0= e 1=
orkyja nonydaem & = a — (a + xz)u = 0. CiegoBaresbHo,

a

a+z
Kpowme Toro, u3 ycnosusa m = 0 nonydaem

1 T

1+z)2 (Q+z)(a+2)

Nrak, na ocoboM yuactke (7,6) BBINIOJHEHBI CIEAYIONINE PABEHCTBA!

ZL':\/(_I/,

. 1
(1 ++a)?
_Va_
1++a’

Mpb1 moka He 3HAEeM, CYIIECTBYET JIM yYaCTOK 0cobOro pexuma (7,6), He 3HaeM nmapamerpos T u § u He
3HAEM YHCIIO0 0COOBIX yuacTKoB. Hama runoresa 0THOCHTEIHHO OMTHMAIBLHOTO YIIPABICHUST COCTOUT B TOM,
YTO HA HAYATBHOM OTpe3ke Bpemenu [0, 7| ympasnenne u, pasao 0 (B ciyuae zo < y/a) mm 1 (B cayqae
29 > y/a). B Touke T TpaeKTOpWs JOCTHTAaeT 3HaUeHWs +/a, W manee Ha maTEpBane (T,0) ynpasienwme
paBHO ug, Ha orpe3ke ke [, T] yupasienue pasuo 1.

JokazkeM HaIly MENOTe3y IJs crydast To < /a. Ilycrs T > 0 mocrarouno Bemko. CKOHCTpyHpyeMm
HOBOE yIpaBJIeHUE

0, 0<t<r=ya2

a(t)=<Cu,, T<t<4,
1, 6<t<T

W COOTBETCTBYIOIIYIO €My TPAEKTOPHIO
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[Moncrasum ynpasienne @(t) B GyHKIMOHA:

()

p(0) = Jla] = /T <_Tw(t)> a(t)dt =
0
T

/Od”/o( 1;‘/6\/_>< )dHe/( 1+f69 t) =
:_<1+

t=T

) (0-7)+In(1+vae")| =

t=0
() e ()

o) - min.

B

é

Haiiném mapamerp 6, pemras 3KCTpeMaIbHYIO 33129y

Haitném npoussonuyio dbyHkuuu ¢(7) U npupaBHaeM €€ HyJIIO:

#'(0) = - (1 J\r/a\/a>2+ 1+\/€60—T =0,

() -t

(%) - [ ()

gor L2 _, 1
Va va

0:T—ln<2+%>.

Jlerko nposepsiercs, uro ¢’ (6) > 0. Tpedbyem 7 < 6. Ilocie naxox nenus mapamerpa  MOXKHO BHIYUCIUTH

Z(T) = ae’ T = 2;/_ < va.

S

Bei6op napamerpa € pasaocuien soibopy Z(7T'):

§—7=In (i&?)

O6ocHyeMm Temepb ONTEMATIBHOCTH MOCTPOEHHOTO pemeHns. Bpemenuo 3adukcupyeM mpaBbiii KOHEI
tpaektopun. Ilokaxewm, uaro B 3agade (35) ¢ momonmumrenpHbivM ycnosuem z(T) = z; € (0,+1/a) mapa
(z(t),u(t)) aBasterca oNTUMAIBHOMN, TOTIA 3T MAPA MIPU HEKOTOPOM 6 OyIeT OYeBUIHBIM OOPA30M ONTHU-
MaJIbHON B MCXOTHOIT 3a1a4e.
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IIpencrapum dyukuonan J B Bumge

e
_ §d¢
== /ﬂ+®w+0
w(r) =w'(z)[a — (a + z)u).
[Tonyuaewm:

zu  zla—(a+ w)u]} e

T
= —w(z(T)) + w(z(0)) +/ {_1 +z  (1+2z)(a+a)

T
T A

= w(z) — w(zy) +/T{ 1+a:_ 1+a:)(a+a:)+1+a:] dt:w(mo)—w(ml)-i—a/w'(w)dt

Orciona momygaem GhopMysTy s TpupalieHus GyHKIHOHATA:

T

AJ = J(z,u) — J(Z,0) = a/ [w'(z(t)) — w'(z(t))] dt.

0

N3yumm akcTpeMaabHbIe CBOMCTBA PYHKITUN

3ameTum, 9To

Pacnmmem AJ B BHzE

, T
AT = [alw/ @) - w'@@)] di+ [l @) - o @) d+ [ alw'@©) - '@@0) d
0 [

T

OueHuBasi KaxKIblii M3 TPEX UHTErPAJIOB, TOMYYUM, B cuily (yHKmuu w'(r), UX HEMOJOKUTEILHOCTD,
OTKyJa CJIe/IyeT ONTUMAJIbHOCTH YIIPABIECHUS U.
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